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Abstract

The aircraft landing problem (ALP) is an important issue of assigning an airport’s runways to the
arrival aircrafts as well as to schedule the landing time of these aircrafts in practice. A large number
of the extant studies have tried to address such a practical problem with using various algorithms
for one or more runways. For a static single-runway of the ALP, this paper proposes a new approach
to develop an alternative powerful algorithm. For a given sequence of planes, we develop a faster
algorithm for solving the ALP with the running time O(n log n), where n is the number of aircrafts
in the schedule. Alternatively, we reduce the proposed problem of minimizing the total cost by
determining the landing times for a given landing sequence into a min-cost flow problem. We conduct
a set of experimental studies to compare the performance of our near-linear time algorithm to the
quadratic time algorithm whose time complexity is O(n2), for computing the optimal landing times.
The computational results show that the proposed heuristic based on our algorithm could be much
faster than both such quadratic time algorithm and the one using linear programming.

Keywords: aircraft landing problem; static single-runway system; scheduling; min-cost flow; polynomial-time
algorithm

1 Introduction
The aircraft landing problem (ALP) is an important topic that seeks to determine the sequence of aircraft landing
on or taking off from the available runways at an airport, in order to minimize given objectives (costs) under some
operational constraints (Bennell et al., 2013). Specifically, this problem can be addressed on one or more runways.
In general, on each runway, the landing times of each aircraft should lie within target time windows, and the
safety separation distances between two successive landings must be respected (Atkin et al., 2019; Faye, 2015;
Ikli et al., 2021). In addition, if a plane lands before or after the target landing time, it will incur a cost, and the
objective is to schedule the planes to land as close to their preferred landing time as possible, that is, minimizing
the total cost of deviation from the target times. For solving the ALP, so far there is a large number of studies using
different (heuristic) algorithms. As an initial work on the ALP, Beasley et al. (2000) presented a mixed-integer
zero-one formulation of the problem for the single runway or multiple runway case, and then adopted the linear
programming-based tree search approaches to schedule landing times. Moreover, they pointed out that the ALP is
an NP-hard problem.

To overcome this challenge, the majority of the relevant papers had to use some heuristic algorithms to solve
large instances. For example, Ernst et al. (1999) used a space search heuristic as well as a branch-and-bound
method to solve both single- and multiple-runway problems. Fahle et al. (2003) compared four new exact and
heuristic solution methods in terms of quality, speed, and flexibility. Hansen (2004) used genetic search algorithms
to solve certain complexities associated with air traffic control. Pinol and Beasley (2006) solved the multiple runway
case of the static ALP by scatter search and bionomic algorithms. Bianco et al. (2006) provided a fast dynamic
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local search heuristic algorithm for air traffic control via a deterministic job-shop scheduling model. Soomer and
Franx (2008) adopted a local search heuristic to obtain reasonable solutions for the single runway arrival problem
of determining an arrival schedule. D’Ariano et al. (2012) addressed take-off and landing operations in a TMA
(Terminal Maneuvering Area) and solved the proposed problem via a truncated branch and bound algorithm
for fixed routes. Salehipour et al. (2013) designed a hybrid meta-heuristic algorithm to solve a mixed integer
goal programming model for the ALP. Hancerliogullari et al. (2013) applied greedy heuristics and meta heuristics
to obtain solutions in reasonable computation times for the Aircraft Sequencing Problem (ASP) over multiple
runways. Based on an approximation of the separation time matrix to a rank two matrix, Faye (2015) used the
formulation in Beasley et al. (2000) and presented a dynamic constraint generation algorithm to solve ALP with
a time discretization approach. Moreover, Sama et al. (2019) considered a particularly challenging problem of
efficiently scheduling take-off and landing operations at a busy terminal maneuvering area.

On the other hand, only a few studies have considered the dynamic case of ALP. Note that in this situation,
decisions must be dynamically determined as time passes, and each new decision must consider the previous
decision that was made (see, Beasley et al. (2004)). Within the literature, Lieder and Stolletz (2016) solved
the aircraft scheduling problem with general runway configurations by using a dynamic programming approach.
Ghoniem et al. (2015) developed an effective branch-and-price algorithm to address multiple-runway aircraft
sequencing problems. Ji et al. (2017) proposed a dynamic sequence searching and evaluation, and an estimation
of distribution algorithm and a heuristic search method to find the optimal landing sequence of the aircrafts. Using
the real data of the Beijing Capital International Airport, they also compared the proposed method to other related
algorithms. For the dynamic scheduling of aircraft landings, Bennell et al. (2017) developed an algorithm that
periodically updates the previous schedule to account for newly available aircraft. Bennell et al. (2017) used a
multi-objective approach to model the static/off-line aircraft landing problem and the dynamic/on-line version of
the problem, and conducted dynamic programming, iterated descent, and simulated annealing algorithms to solve
the problems. Other studies include such as Atkin et al. (2019), Ng et al. (2017) and Ghoniem and Farhadi (2015).
For a more comprehensive related review, we refer the reader to Ikli et al. (2021) and the references therein.

In contrast to the previous studies, Lieder et al. (2015) used a dynamic programming approach and provided
an exact algorithm to solve the ALP with multiple runways, positive target landing times, and time windows.
In particular, Faye (2018) proposed a new approach by using a dynamic programming approach to effectively
solve the static case of the ALP in a single runway. Note that the dynamic programming used to solve the ALP is
commonly found in other literature, e.g., Psaraftis (1978), Psaraftis (1980), Brentnall (2006), and Balakrishnan
and Chandran (2010). Importantly, according to this method, Faye developed a quadratic time algorithm to
compute the optimal landing times for a given sequence of planes; that is, the time complexity of this algorithm is
O(n2) where n is the number of planes of the sequence. In addition, Faye (2018) compared the performance of
this quadratic time algorithm to the linear programming method studied in the literature (Beasley et al., 2000).
Then, based on simulated annealing, the two methods are embedded into an iterative algorithm to seek a sequence
of minimum cost. The experimental results showed that the dynamic programming algorithm generates significant
improvements in CPU time compared with linear programming, which allows obtaining better solutions in a fixed
amount of time.

Therefore, motivated by the work of Faye (2018) and Lieder et al. (2015), the purpose of our paper is to
improve the running time of Faye’s algorithm to solve the ALP more effectively. To do this, we provide generalizing
the algorithm in Rote (2018), we develop an alternative approach and a faster algorithm for solving the ALP for
a fixed sequence of planes, i.e., minimizing the total cost via determining the landing times of a fixed sequence
of planes (denoted by FALP). The running time of the proposed algorithm we prove is O(n log n), where n is the
number of planes. For given sequence of planes, our experiments show that the running time of our algorithm
for FALP is much faster. Alternatively, we reduce FALP into a min-cost flow problem. In this regard, we can state
that FALP is a special case of min-cost flow problem on series-parallel graphs. In Appendix A, we embed our
proposed algorithm and the quadratic time algorithm whose time complexity is O(n2) studied in the literature
into an iterative algorithm to heuristically finding a sequence of minimum cost, and numerically compare the
performance of these algorithms. In this regard, the heuristics based on our algorithm could be much faster than
both such quadratic time algorithm and the one using linear programming.

The paper’s main contribution is that we develop a faster O(n log n) time algorithm for solving the aircraft
landing problem for a given sequence of planes considered in the literature, e.g., Faye (2018). For practical
purposes, we find a faster implementation of the dynamic programming algorithm in Faye (2018) by generalizing
the result of Rote (2018) and avoiding complicated data structures. For theoretical elegance, we also show that
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FALP is a special case of the min-cost flow problem on series-parallel graphs.
The rest of the paper is organized as follows. Section 2 briefly goes over the model on the ALP in a static

single-runway case. In Section 3, we design a faster algorithm for solving FALP and numerically compare this
algorithm with that developed by Faye (2018) for the fixed sequence of planes by running the same experiment as
the one in the literature. Section 4 reduces the ALP for a fixed sequence of planes in the schedule into a min-cost
flow problem. Finally, Section 5 concludes the paper.

2 Preliminaries
In this paper, we consider the aircraft landing problem (ALP) under the static case in a single runway, which is
adopted only for landing. This situation is commonly studied in the literature, e.g., Beasley et al. (2000) and Faye
(2018). In particular, there is a sequence of n planes that will land on a runway in order. For ease of exposition, let
[n] be the set of positive integers up to n, that is, [n] = {1, . . . , n}, and x i be the scheduled landing time for plane
i ∈ [n]. For a fixed i ∈ [n], the ith aircraft has a landing time that must be between an earliest landing time Ei and
a latest landing time Li for the aircraft; this is referred to as the landing time constraints. Formally, it is

Ei ≤ x i ≤ Li , ∀i ∈ [n].

Here the earliest landing time represents the time at which the aircraft can land by flying at its fastest speed. Note
that delaying the landing time can be done by such as decreasing the speed of the aircraft or the flight plan can be
lengthened by circling. The latest landing time is referred to as the maximum landing time achievable because of
these delaying mechanisms.

Let P be the set of all permutations of [n]. Moreover, π ∈ P (i.e., a permutation π) can be seen as sequence of
planes, and let π(i) denote plane i’s position in the landing sequence. Associated with each aircraft is a weight
class that determines the minimum separation times between successive landings. Denote Si, j to be the minimum
landing separation time between planes i and j. To ensure the minimum separation time between a plane and all
its successors, it requires that for each π(i)< π( j),

x j ≥ x i + Si, j .

This is referred to as the separation time constraints. In addition, within the time interval [Ei , Li], there is a target
time Ti corresponding to the preferred landing time. There are costs associated with landing either earlier or later
than this target landing time. Specifically, for each i, let bi and ai be the non-negative penalty costs per unit of
time for landing before and after the target time Ti for plane i, respectively. Then, the cost of plane i landing at
time x can be encoded as a function ci : [Ei , Li]→ R≥0, defined as

ci(x) =

¨

bi(Ti − x) if x ≤ Ti

ai(x − Ti) if x > Ti .
(1)

For convenience, we summarize the notation adopted in the model description in Table 1. In line with the literature

Table 1. Notations
n the number of aircrafts in the schedule
x i the scheduled landing time for plane i ∈ [n]
Ei the earliest landing time for plane i ∈ [n]
Li the latest landing time for plane i ∈ [n]
Ti the target (preferred) landing time for plane i ∈ [n]
Si, j the minimum separation time between planes i and j where i lands

before j on the same runway
ai the penalty cost per unit of time for landing after the target time Ti for plane i
bi the penalty cost per unit of time for landing before the target time Ti for plane i
P the set of all permutations of [n]
π(i) the position of plane i in the landing sequence, π ∈ P
ci(x) the cost for plane i ∈ [n] landing at time x
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(Beasley et al., 2000, 2001; Bennell et al., 2013; Faye, 2015, 2018; Pinol & Beasley, 2006), we consider the ALP as
follows:

min
π∈P

min
x

∑

i∈[n]

ci(x i)

s.t. x j ≥ x i + Si, j , i, j ∈ [n],π( j)> π(i)
Ei ≤ x i ≤ Li , ∀i ∈ [n]

Throughout this paper, we mainly focus on solving the ALP for a fixed sequence permutation π, denoted by
FALP, which is mainly considered in Faye (2018). That is,

min
x

∑

i∈[n]

ci(x i)

s.t. x j ≥ x i + Si, j , i, j ∈ [n],π( j)> π(i)
Ei ≤ x i ≤ Li , ∀i ∈ [n]

In particular, we can renumber the planes so π(i) = i. Similarly with the literature above, we also assume that the
separation times satisfy the Triangle Inequality. That is, Si, j + S j,k ≥ Si,k for all i, j, k ∈ [n]. Thus, we only have to
check the separation between consecutive planes. Hence, the separation time constraints above can be simplified
as follows:

x i+1 ≥ x i + Si,i+1, for all 1≤ i ≤ n− 1.

For brevity, let Si = Si,i+1 in the remainder of the paper. Finally, the above problem can be simplified into the
following optimization problem:

min
x

∑

i∈[n]

ci(x i)

s.t. x i+1 ≥ x i + Si , i ∈ [n− 1]
Ei ≤ x i ≤ Li , ∀i ∈ [n].

For ease of exposition, we refer to the above problem as the fixed-sequence ALP (FALP).
Note we make the assumption that the problem is feasible as it will simplify the implementation. In the next

section, we will develop an alternative approach for solving FALP.

3 A near-linear time algorithm for FALP
We show how to implement the computation of Faye (2018) in O(n log n) time and O(n) space by modifying the
algorithm in Rote (2018). We use a simple data structure, a double-ended priority queue, which exists in both Java
and C++, and various other platforms. In particular, TreeMap in Java is a known implementation of double-ended
priority queue. Recall that in Faye (2018), the following sequence of functions was defined.

f1 : [E1, L1]→ R, where f1(x) = c1(x)
gi : [Ei−1 + Si−1,∞)→ R, where gi(x) =min { fi−1(y)|x − y ≥ Si−1} for all 2≤ i ≤ n

fi : [Ei , Li]→ R, where fi(x) = ci(x) + gi(x) for all 2≤ i ≤ n

(2)

Note that we change the index and domain of gi compared to Faye (2018). It does not change the computation,
but only allows technically easier implementation. Intuitively, fi(x i) is the minimum total cost for the sequence of
planes from 1 to i when plane i lands at time x i . The goal is to compute minx∈[En,Ln] fn(x). Faye represents each
function in the above list as a list of breakpoints and additional slope information, computes the representation of
each function fi and gi , and takes O(n2) time in total.

Faye’s algorithm does look like the best possible: the total number of breakpoints in all these functions together
is Ω(n2). Hence, any algorithm that has to listing all the intermediate functions by their breakpoints would already
take Ω(n2) time. The crucial observation for the speed up is that the amount of changes between consecutive
functions in the sequence is small. The goal is to modify the previous function to obtain the new function without
touching most of the breakpoints.
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Our algorithm is inspired by Rote (2018)’s algorithm that takes care of a special case of the FALP, the isotonic
regression problem. A instance of the FALP is called an isotonic regression problem if for each i, Si = 0, ai = bi ,
Li =∞, and Ei = −∞. One can dive into the detail of Rote’s algorithm, and realize that it also works for the
case where ai and bi are not equal. However, it cannot solve the most general FALP. The difficulties are twofold:
taking care of the case when Si is non-zero, which requires shifting; and, Li and Ei can take on finite values, which
requires restriction on the function. Note that for computational purposes, when we write∞, we can replace it
with a large value M instead.

Let 〈 f 〉 be the number of breakpoints in f . Here, the breakpoints include the boundary of the domain. We
need to represent a piecewise-linear convex function that allows a certain set of operations in a particular running
time. When we say “compute” a function, we mean compute some representations of the function, which will be
specified later.

3.1 The slope difference form
To start, we describe how piecewise-linear convex functions are represented. The specific form we call the slope
difference form. This is the same abstract representation described in Rote (2018). Intuitively, we store the function
by the breakpoints and the difference between consecutive slopes around the breakpoint. Rote recognized adding two
functions in the slope difference form is very fast: For f and g (of the same domain), the slope difference form of
( f + g) differs from the slope difference form of f in only 〈g〉 positions. So instead of spending (〈 f 〉+ 〈g〉) time,
we spend 〈g〉 time, which is negligible if 〈g〉 is much smaller than 〈 f 〉. Finding min transform and the minimum
was also handled by Rote’s data structure. However, restriction and shifting are not handled. The goal is to make
sure that in any of the operations, the algorithm should spend O(log n) time per change. Here, a change is either
adding or removing a breakpoint. So we will progressively wrap the data structure to eventually handle all these
operations.

Formally, let sx ,∆ be the function such that sx ,∆(y) =max(0,∆(y − x)). We call this a simple function. Simple
functions are certainly piecewise-linear convex functions with constant number of breakpoints. Assume that we
have a piecewise-linear convex function f : [a, b] → R. Let a = x1, . . . , xn = b be the sequence of increasing
breakpoints of the function f , then for x ∈ [a, b], we have f (x) = z+

∑n−1
i=1 sx i ,∆i

(x) for some ∆i . Observe that ∆i
is precisely the difference in the slope around breakpoint x i .

In order to represent f , we just need z and the set of the associated simple functions. A simple function can
be represented by its unique non-infinity breakpoint. In particular, we will let the representation of f consist of:

• f .breakpoints, a data structure storing (x1,∆1), . . . , (xn,∆n). Here ∆n = 0.

• f .startValue, storing z.

• f .lastSlope, storing
∑n−1

i=1 ∆i .

We remark that f .lastSlope can be derived from f .breakpoints and f .startValue. It is there only to speedup
computations. For simplicity, we write f that is represented by (z; (x1,∆1), . . . , (xn,∆n)).

3.2 Basic operations on slope difference form
We define the five basic methods on slope difference form as follows.

Definition The five basic methods given a slope difference form of a piecewise-linear convex function f with
breakpoints x1, . . . , xn are:

1. f .REMOVELEFTMOSTBREAKPOINT(): restrict the function f to [x2, xn].

2. f .REMOVERIGHTMOSTBREAKPOINT(): restrict the function f to [x1, xn−1].

3. f .INSERTBREAKPOINT(x ,∆): update the function to f + sx ,∆.

4. f .UB(): returns the right most breakpoint.

5. f .LB(): returns the left most breakpoint.

REMOVELEFTMOSTBREAKPOINT and REMOVERIGHTMOSTBREAKPOINT are breakpoint removals, and INSERTBREAKPOINT

is breakpoint insertion. Together, these 3 operations are called breakpoint updates. Breakpoint removal always
decreases the number of breakpoints. Breakpoint insertion increases the number of breakpoints if the insertion
point does not already exist as a breakpoint.
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f .UB():
return (key of f .breakpoints.getMax())

f .LB():
return (key of f .breakpoints.getMin())

f .INSERTBREAKPOINT(x ,∆):
f .breakpoints.update(x ,∆)
f .lastSlope← f .lastSlope +∆

f .REMOVELEFTMOSTBREAKPOINT():
(x1,∆1)← f .breakpoints.removeMin()
f .lastSlope← f .lastSlope −∆1
(x2,∆2)← f .breakpoints.getMin()
f .InsertBreakpoint(x2,∆1)
f .startValue← f .startValue + ∆1 · (x2 − x1)

f .REMOVERIGHTMOSTBREAKPOINT():
f .breakpoints.removeMax()
(xn−1,∆n−1)← f .breakpoints.getMax()
f .lastSlope← f .lastSlope −∆n−1

Figure 3.1. The implementation of the five basic methods.

We show how to implement the five basic methods in the desired running time using a known data structure –
a double-ended priority queue (Sahni, 2004).

A double-ended priority queue stores a set of elements S. For (x , v) ∈ S, x is called the key and v is called the
value. The pairs are ordered by the first element. That is, (x , v)≤ (y, u) if x ≤ y . All the pairs have distinct keys.
Let S be the set we are maintaining, and it has n elements, then each operation below takes O(log |S|) time.

• update(x , v): if there exist some (x , v′) ∈ S, remove (x , v′) from S and add (x , v′ + v) into S. Otherwise,
add (x , v) into S.

• getMin(): return min(S).

• getMax(): return max(S).

• removeMin(): return min(S) and remove it from S.

• removeMax(): return max(S) and remove it from S.

• size(): return |S|.

Theorem 3.1. If f has n breakpoints, then the five basic methods can be implemented in O(log n) time.

Proof: We will store our sequence (x1,∆1), . . . , (xn,∆n) by a double-ended priority queue. Namely, the key is
the breakpoint, and the value is the difference in slopes. The implementations are show in Figure 3.1. The
operations are not only direct translation of the operation on the sequence to double-ended priority queue, but
also maintaining the last slope as the aggregate of

∑n
i=1∆i .

Other than the constant time operations, each of the method queries the double-ended priority queue a
constant number of times. Hence, each method takes O(log n) time. □

3.3 Operations on slope difference form allow restrictions
Now, we describe the data structure for piecewise-linear convex functions, so it supports restrictions. The running
time of the operations is always bounded by O(ℓ log n), where ℓ is the number of breakpoint updates, which can
be expressed by the difference of the input and output functions.

Theorem 3.2. There is a data structure that stores a piecewise-linear convex function, such that the following
operations are supported.

1. f .RESTRICT(x , y) returns the representation of h= f |[x ,y] in O((〈 f 〉 − 〈h〉) log n) time.

2. f .ADD(g) returns the representation of h= f + g, which takes O((〈g〉+ (〈 f 〉+ 〈g〉 − 〈h〉)) log n) time.

3. f .MINTRANSFORM() returns h such that h(x) =miny≤x f (y) in O((〈 f 〉 − 〈h〉) log n) time.

4. f .MIN() returns minx f (x) in O(〈 f 〉 log n) time.
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f .RESTRICT(a, b):
f .INSERTBREAKPOINT(a, 0)
f .INSERTBREAKPOINT(b, 0)
while f .LB()< a:

f .REMOVELEFTMOSTBREAKPOINT()
while f .UB()> b:

f .REMOVERIGHTMOSTBREAKPOINT()

Figure 3.2. The implementation restriction.

f .ADD(g):
lb←max( f .LB(),g.LB())
ub←min( f .UB(),g.UB())
f .RESTRICT(lb,ub)
g.RESTRICT(lb,ub)
for each (x ,∆) in g.breakpoints

f .INSERTBREAKPOINT(x ,∆)
f .startValue← f .startValue + g.startValue

Figure 3.3. The implementation of addition.

f .MINTRANSFORM():
while f .lastSlope > 0 and f .breakpoints.size()> 1

f .REMOVERIGHTMOSTBREAKPOINT()
f .INSERTBREAKPOINT( f .UB(), - f .lastSlope)
f .INSERTBREAKPOINT(∞,0)

Figure 3.4. The implementation of MinTransform

f .MIN():
S← { f .startValue}
while f .breakpoints.size()> 1

f .REMOVELEFTMOSTBREAKPOINT()
S← S ∪ { f .startValue}

return min(S)

Figure 3.5. The implementation of Min.
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f .ADD(g):
〈〈Note in our algorithm g has shift of 0〉〉
〈〈manually shift g by shifting g.unshifted〉〉
p← f .shift
z′← f .unshifted.startvalue
(x1,∆1), . . . , (xn,∆n)← g.unshifted.breakpoints
g ′← (z′; (x1 − p,∆1), . . . , (xn − p,∆n))
f .unshifted.ADD(g ′)

f .SHIFTEDMINTRANSFORM(p):
f .unshifted.MINTRANSFORM()
f .shift← f .shift + p

f .MIN():
return f .unshifted.MIN()

Figure 3.6. The implementation of the methods for shifted functions

Here n is the maximum number of breakpoints involved in any function through out the lifetime of the data
structure.

Proof: Restriction. Let h = f |[a,b]. To find h, if a and b are breakpoints of f , then we can apply REMOVELEFT-
MOSTBREAKPOINT() and REMOVERIGHTMOSTBREAKPOINT() sequentially until we obtain h. This would take
O((〈 f 〉 − 〈h〉) log n) time. To make sure that a and b are breakpoints, we insert dummy breakpoints (a, 0) and
(b, 0) into f ’s list of breakpoints (x1,∆1), . . . , (xn,∆n). This takes O(log n) time. Hence, the total running time is
O((〈 f 〉 − 〈g〉) log n). See the pseudocode in Figure 3.2.

Addition. In order to add two functions, we need both functions to be in the same domain. Hence we can first
apply restriction to ensure that both function are in the same domain. We can assume the inputs of the addition
are functions f and g with representation (z; (x1,∆1), . . . , (xn,∆n)) and (z′; (x ′1,∆′1), . . . , (x ′k,∆′k)) where x1 = x ′1
and xn = x ′k.

We apply f .INSERTBREAKPOINT(x ,∆) repeatedly, where (x ,∆) is in g.breakpoint. Finally, we update the
startValue to z + z′. See Figure 3.3. The running time spent outside RESTRICTION is therefore O(〈g〉 log n). The
time spent in RESTRICTION is O(log n) per breakpoint removed, hence upper bounded by O((〈 f 〉+ 〈g〉 − 〈h〉) log n)
time.

Min Transform. Let h be a function such that h(x) =miny≤x f (y). Min transform is equivalent to remove
breakpoints from f from the right end one by one until the slope is no larger than 0. At that point, extend the
function to infinity with a line of slope 0. The only exception is when f is an increasing function on [a, b]. One
can verify in that case, the output should be the constant function with value f (a) in [a,∞).

Hence, we have to call f .REMOVERIGHTMOSTBREAKPOINT() (〈 f 〉 − 〈h〉) times. The running time is therefore
bounded by O((〈 f 〉 − 〈h〉) log n). See the implementation in Figure 3.4.

Min. We obtain the minimum by looking at the value of the function at each breakpoint. We obtain this by
applying REMOVELEFTMOSTBREAKPOINT() until there is nothing left of the function. Since we always store the
value of the function at the first breakpoint, this will compute the value at all breakpoints. The running time is
O(〈 f 〉 log n). See the implementation in Figure 3.5. □

3.4 Main Data Structure for Shifted Functions
Finally, we wrap around the data structure of the previous section so it supports shifted representation of the
piecewise-linear functions.

Theorem 3.3. There exists a data structure that stores piecewise-linear convex functions, such that for two such
functions f and g, we have:

• f .ADD(g): For function g, returns representation of the function h = f + g , which takes O((〈g〉+ (〈 f 〉+
〈g〉 − 〈h〉)) log n) time.
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Compute(c1, . . . , cn, S1, . . . , Sn):
f1← c1
for i from 2 to n:

gi ← fi−1.SHIFTEDMINTRANSFORM(Si−1)
fi ← gi .ADD(ci)

return fn.MIN()

Figure 3.7. Pseudocode to find the optimal value.

• f .SHIFTEDMINTRANSFORM(s): Returns a function h such that h(x) = minx−y≥s f (y). Running time is
O((〈 f 〉 − 〈h〉) log n).

• f .MIN(): Returns minx∈R f (x). Running time is O(〈 f 〉 log n).

Here n is the largest number of breakpoints of any function involved in the life time of the data structure.

Proof: We are going to store functions in shifted representation, which wraps around our data structure for the
slope difference form in the previous section. Define Shift(g, p) to be the function f : [a+ p, b+ p]→ R such that
f (x) = g(x − p). Computing g from f in slope difference form would take O(〈 f 〉) time, as we have to read the
entire function. Shifted slope difference form avoids this by storing the shift as an extra parameter, thus it allows
one to obtain Shift(g, p) from g in O(1) time.

In order to represent f = Shift(g, p), we store:

• f .unshifted: the representation of g in slope difference form,

• and f .shift is p.

The data structure in Figure 3.7 is working with shifted representation of the functions. Therefore, we have to
implement the 3 method called in that function.

Now we show the data structure has the running time described in our theorem.

• f .ADD(g) takes O(〈g〉 log n) time to obtain all the unshifted breakpoints; and then, we apply shift manually
to these breakpoints, and create a unshifted function g ′, takes another O(〈g〉 log n) time. Finally, the
algorithm calls ADD on unshifted functions, which takes O((〈g〉+ (〈g〉+ 〈 f 〉 − 〈h〉)) log n) time.

• The running time for f .SHIFTEDMINTRANSFORM is the same as MINTRANSFORM, which is O((〈 f 〉−〈g〉) log n).

• The running time for f .MIN for shifted representation carries over from the running time of unshifted
representation, which is O(〈 f 〉 log n).

□

3.5 Compute the optimum
Recall the functions we have to compute in Equation 2. The algorithm is a direct translation of the definitions. To
compute fi , we use gi .ADD(ci). To compute gi , we use fi−1.SHIFTEDMINTRANSFORM(Si−1). Finally, we just have to
call fn.MIN() to return the optimal value. The algorithm is conceptually simple. See Figure 3.7 for the pseudocode.

Theorem 3.4. The running time of the algorithm in Figure 3.7 is O(n log n).

Proof: The algorithm takes the previous function, and we transform it to the next function. Observe that the
algorithm spends O(log n) time per breakpoint updated or removed.

We start with function f1 with 3 breakpoints. In the sequence of functions, the breakpoints can increase only
through addition. The function ci always has 3 breakpoints, and fi created from gi can have at most 3 more
breakpoints than gi . Hence, there can be at most O(n) breakpoints in any of the functions. Also, this proves that the
number of breakpoints inserted in the entire algorithm is O(n). Hence, this shows that the number of breakpoints
removed is also O(n), as one can remove a breakpoint only if it is inserted at some point of the algorithm. Hence
the total running time is O(n log n). □

9



3.6 Running time experiments
The algorithm was implemented in Java, and can be found freely distributed on Github (Xu, 2019). We consider
the problem size from 1,000 to 15,000 planes. For each size, we run 200 times of the test cases of that size. Each
test case consists of 100 generated randomized input. The implementation was run on a MacBook Pro M3 Max
with 128G of memory. We plot the average time it takes to complete a test case of a particular size. The result can
be seen in Table 2. Figure 3.8 gives a comparison of the running times between our proposed algorithm and the
algorithm of Faye (2018), and Figure 3.9 shows the running time of our algorithm by itself, so one can observe the
growth rate. Our experiments demonstrate that our algorithm is faster, and as the size of the input grow, the gap
becomes much larger.

Table 2. Comparison of the average running time of 200 runs in terms of miliseconds between our proposed algorithm and
Faye’s algorithm.

Size Faye Ours
1000 0.314371625 0.110645041
2000 1.201333375 0.19880425
3000 3.066012834 0.289033584
4000 6.129292334 0.37863475
5000 10.14854733 0.540683041
6000 15.20594188 0.717499792
7000 21.29048888 0.86567025
8000 27.80487892 0.945232833
9000 35.51039579 1.116850458

10000 44.02129504 1.239354458
11000 53.35887433 1.373465
12000 63.93943188 1.489784875
13000 75.02833608 1.71857025
14000 88.92440863 1.882641042
15000 106.4652665 2.129256416
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Figure 3.8. Comparison between our proposed algorithm and Faye’s algorithm for solving FALP.
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Figure 3.9. Impact of n on the average running time of our proposed algorithm.

4 FALP as a min-cost flow problem on a series-parallel graph

4.1 Preliminaries
To reduce the proposed FALP into a min-cost flow problem, we first introduce problem and describe some results
on the classical series-parallel graphs in the following subsections.

4.2 Min-cost flow
In this subsection, we introduce the the min-cost flow problem using terminologies in Booth and Tarjan (1993).
Specifically, a network is a tuple (G,ℓ, u, c), where G = (V, E) is a graph and ℓ, u, c : E→ R are real functions over
its edges. Here ℓ(e), u(e) and c(e) are the capacity lower bound, capacity upper bound and cost per unit of flow on
edge e, respectively. We emphasize that both capacities and cost are allowed to be negative.

Let δin(v) denote the set of incoming edges of the vertex v, and δout(v) denote the set of outgoing edges of the
vertex v. For a function f : E→ R, let f in(v) =

∑

e∈δin(v) f (e) be the incoming flow, and f out(v) =
∑

e∈δout (v) f (e)
be the outgoing flow. For two vertices s and t, a function f : E→ R is a st-flow, if the following two conditions are
satisfied:

• Capacity constraint: ℓ(e)≤ f (e)≤ u(e) for all e ∈ E.

• Flow conservation: f in(v) = f out(v) for all v ∈ V \ {s, t}.

Then, the cost of the flow f is given as
∑

e∈E c(e) f (e). In addition, we say that a st-flow is a min-cost st-flow if
it is a st-flow of minimum cost. The min-cost flow problem takes a input network and vertices s and t, and output a
min-cost st-flow. Currently, the fastest algorithm solving the min-cost flow problem has m1+o(1) running time on a
m edge network (Brand et al., 2023).

4.3 Series-parallel graphs
Next we define two-terminal series-parallel graphs (s, t, G), where s and t are vertices of graph G. The vertex s
is called the source and t is called the sink. The graph G = ({s, t} , {st}) is a two-terminal series-parallel graph.
The remaining two-terminal series-parallel graphs are defined recursively. Let (s1, t1, G1) and (s2, t2, G2) be two-
terminal series-parallel graphs, then (s, t, G) is a two-terminal series-parallel graph if it is obtained through either
of the following two compositions.

• Series composition: G is obtained from G1 and G2 by identifying t1 with s2, and s = s1, t = t2.
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• Parallel composition: G is obtained from G1 and G2 by identifying s1 with s2, t1 with t2, and s = s1, t = t1.

A graph G is a series-parallel graph if (s, t, G) is a two-terminal series-parallel graph for some vertices s and t in G
(Eppstein, 1992). A network is series-parallel if its underlying graph is series-parallel.

4.4 The network N
For the input of the FALP, we construct the network N = (G = (V, E),ℓ, u, c). The vertices V = {s, v1, . . . , vn, t}. Let
vn+1 = t for convenience. There is an edge es

i from s to vi for each 1≤ i ≤ n, and there are three edges from vi to
vi+1 for each 1 ≤ i ≤ n, where the three edges are denoted by e+i , e0

i and e−i , respectively. See Figure 4.1 for an
example.

s
<latexit sha1_base64="s4VcPE9j4S6QYAnFRp036SaNRNk=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVZi10c6AjWUC5gJJCLOTs8mY2dllZlaIS57AxkIRW5/BJ7Gz9E2cXApN/GHg4//PYc45QSKFsZR+eSura+sbm7mt/PbO7t5+4eCwbuJUc6zxWMa6GTCDUiisWWElNhONLAokNoLh9SRv3KM2Ila3dpRgJ2J9JULBmXVW1XQLRVqiU5Fl8OdQvPp4+C4DQKVb+Gz3Yp5GqCyXzJiWTxPbyZi2gksc59upwYTxIetjy6FiEZpONh10TE6d0yNhrN1Tlkzd3x0Zi4wZRYGrjJgdmMVsYv6XtVIbXnYyoZLUouKzj8JUEhuTydakJzRyK0cOGNfCzUr4gGnGrbtN3h3BX1x5GernJZ+W/CotlinMlINjOIEz8OECynADFagBB4RHeIYX78578l69t1npijfvOYI/8t5/AEv0j28=</latexit><latexit sha1_base64="BfNBr7a9Wz6HDimd8V6yM6zEsTA=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp6NlgEbywTMByRH2NvMJWv29o7dPSEc+QU2ForY+pPs/Ddukis08cHA470ZZuaFqRTGUvrtbWxube/slvbK+weHR8eVk9O2STLNscUTmehuyAxKobBlhZXYTTWyOJTYCSd3c7/zhNqIRD3YaYpBzEZKRIIz66SmGVSqtEYXIOvEL0gVCjQGla/+MOFZjMpyyYzp+TS1Qc60FVzirNzPDKaMT9gIe44qFqMJ8sWhM3LplCGJEu1KWbJQf0/kLDZmGoeuM2Z2bFa9ufif18tsdBvkQqWZRcWXi6JMEpuQ+ddkKDRyK6eOMK6Fu5XwMdOMW5dN2YXgr768TtrXNZ/W/Cat1mkRRwnO4QKuwIcbqMM9NKAFHBCe4RXevEfvxXv3PpatG14xcwZ/4H3+ANf7jOE=</latexit>

s
<latexit sha1_base64="s4VcPE9j4S6QYAnFRp036SaNRNk=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVZi10c6AjWUC5gJJCLOTs8mY2dllZlaIS57AxkIRW5/BJ7Gz9E2cXApN/GHg4//PYc45QSKFsZR+eSura+sbm7mt/PbO7t5+4eCwbuJUc6zxWMa6GTCDUiisWWElNhONLAokNoLh9SRv3KM2Ila3dpRgJ2J9JULBmXVW1XQLRVqiU5Fl8OdQvPp4+C4DQKVb+Gz3Yp5GqCyXzJiWTxPbyZi2gksc59upwYTxIetjy6FiEZpONh10TE6d0yNhrN1Tlkzd3x0Zi4wZRYGrjJgdmMVsYv6XtVIbXnYyoZLUouKzj8JUEhuTydakJzRyK0cOGNfCzUr4gGnGrbtN3h3BX1x5GernJZ+W/CotlinMlINjOIEz8OECynADFagBB4RHeIYX78578l69t1npijfvOYI/8t5/AEv0j28=</latexit><latexit sha1_base64="BfNBr7a9Wz6HDimd8V6yM6zEsTA=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp6NlgEbywTMByRH2NvMJWv29o7dPSEc+QU2ForY+pPs/Ddukis08cHA470ZZuaFqRTGUvrtbWxube/slvbK+weHR8eVk9O2STLNscUTmehuyAxKobBlhZXYTTWyOJTYCSd3c7/zhNqIRD3YaYpBzEZKRIIz66SmGVSqtEYXIOvEL0gVCjQGla/+MOFZjMpyyYzp+TS1Qc60FVzirNzPDKaMT9gIe44qFqMJ8sWhM3LplCGJEu1KWbJQf0/kLDZmGoeuM2Z2bFa9ufif18tsdBvkQqWZRcWXi6JMEpuQ+ddkKDRyK6eOMK6Fu5XwMdOMW5dN2YXgr768TtrXNZ/W/Cat1mkRRwnO4QKuwIcbqMM9NKAFHBCe4RXevEfvxXv3PpatG14xcwZ/4H3+ANf7jOE=</latexit>

vn+1 = t
<latexit sha1_base64="7ZmMU/v1FhaWsvqwbIh0+2/4b6w=">AAAB8HicbVDLSgNBEOz1GaPGqEcvg0EQhLDrRS9CwIvHCOYhyRJnJ7PJkNnZZaY3EJYc/AYvHhTx6hf4Hd78GyePgyYWNBRV3XR3BYkUBl3321lZXVvf2Mxt5bd3dgt7xf2DuolTzXiNxTLWzYAaLoXiNRQoeTPRnEaB5I1gcD3xG0OujYjVHY4S7ke0p0QoGEUr3Q87mTrzxlfYKZbcsjsFWSbenJQqhcfPBwCodopf7W7M0ogrZJIa0/LcBP2MahRM8nG+nRqeUDagPd6yVNGIGz+bHjwmJ1bpkjDWthSSqfp7IqORMaMosJ0Rxb5Z9Cbif14rxfDSz4RKUuSKzRaFqSQYk8n3pCs0ZyhHllCmhb2VsD7VlKHNKG9D8BZfXib187Lnlr1bm4YLM+TgCI7hFDy4gArcQBVqwCCCJ3iBV0c7z86b8z5rXXHmM4fwB87HD+myke0=</latexit><latexit sha1_base64="FqrxNZlk3BrztRdODXjfh253x8M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBAEIcx60YsQ8OIxgnlIsoTZySQZMju7zPQGwpKv8OJBEa9+jjf/xkmyB00saCiquunuChMlLVL67a2tb2xubRd2irt7+weHpaPjho1Tw0Wdxyo2rZBZoaQWdZSoRCsxgkWhEs1wdDfzm2NhrIz1I04SEURsoGVfcoZOehp3M33pT2+xWyrTCp2DrBI/J2XIUeuWvjq9mKeR0MgVs7bt0wSDjBmUXIlpsZNakTA+YgPRdlSzSNggmx88JedO6ZF+bFxpJHP190TGImsnUeg6I4ZDu+zNxP+8dor9myCTOklRaL5Y1E8VwZjMvic9aQRHNXGEcSPdrYQPmWEcXUZFF4K//PIqaVxVfFrxH2i5SvM4CnAKZ3ABPlxDFe6hBnXgEMEzvMKbZ7wX7937WLSuefnMCfyB9/kDWEiQBg==</latexit>

vn+1 = t
<latexit sha1_base64="7ZmMU/v1FhaWsvqwbIh0+2/4b6w=">AAAB8HicbVDLSgNBEOz1GaPGqEcvg0EQhLDrRS9CwIvHCOYhyRJnJ7PJkNnZZaY3EJYc/AYvHhTx6hf4Hd78GyePgyYWNBRV3XR3BYkUBl3321lZXVvf2Mxt5bd3dgt7xf2DuolTzXiNxTLWzYAaLoXiNRQoeTPRnEaB5I1gcD3xG0OujYjVHY4S7ke0p0QoGEUr3Q87mTrzxlfYKZbcsjsFWSbenJQqhcfPBwCodopf7W7M0ogrZJIa0/LcBP2MahRM8nG+nRqeUDagPd6yVNGIGz+bHjwmJ1bpkjDWthSSqfp7IqORMaMosJ0Rxb5Z9Cbif14rxfDSz4RKUuSKzRaFqSQYk8n3pCs0ZyhHllCmhb2VsD7VlKHNKG9D8BZfXib187Lnlr1bm4YLM+TgCI7hFDy4gArcQBVqwCCCJ3iBV0c7z86b8z5rXXHmM4fwB87HD+myke0=</latexit><latexit sha1_base64="FqrxNZlk3BrztRdODXjfh253x8M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBAEIcx60YsQ8OIxgnlIsoTZySQZMju7zPQGwpKv8OJBEa9+jjf/xkmyB00saCiquunuChMlLVL67a2tb2xubRd2irt7+weHpaPjho1Tw0Wdxyo2rZBZoaQWdZSoRCsxgkWhEs1wdDfzm2NhrIz1I04SEURsoGVfcoZOehp3M33pT2+xWyrTCp2DrBI/J2XIUeuWvjq9mKeR0MgVs7bt0wSDjBmUXIlpsZNakTA+YgPRdlSzSNggmx88JedO6ZF+bFxpJHP190TGImsnUeg6I4ZDu+zNxP+8dor9myCTOklRaL5Y1E8VwZjMvic9aQRHNXGEcSPdrYQPmWEcXUZFF4K//PIqaVxVfFrxH2i5SvM4CnAKZ3ABPlxDFe6hBnXgEMEzvMKbZ7wX7937WLSuefnMCfyB9/kDWEiQBg==</latexit>

vn
<latexit sha1_base64="WMUelDMLcUDutieJYjYEsrD5jK0=">AAAB6nicbVDLSgNBEOxNfMT4inr0MhgET2HXizkGvHiMaB6QLGF20psMmZ1dZmYDYcknePGgiFc/xG/wIPg1OnkcNLGgoajqprsrSATXxnW/nFx+Y3Nru7BT3N3bPzgsHR03dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvmtMSrNY3lvJgn6ER1IHnJGjZXuxj3ZK5XdijsHWSfekpRr+c/vdwCo90of3X7M0gilYYJq3fHcxPgZVYYzgdNiN9WYUDaiA+xYKmmE2s/mp07JuVX6JIyVLWnIXP09kdFI60kU2M6ImqFe9Wbif14nNWHVz7hMUoOSLRaFqSAmJrO/SZ8rZEZMLKFMcXsrYUOqKDM2naINwVt9eZ00LyueW/FubRouLFCAUziDC/DgCmpwA3VoAIMBPMATPDvCeXRenNdFa85ZzpzAHzhvPzSekJ0=</latexit><latexit sha1_base64="2G58CZGKPMwQ75PPYhtjlIlELEo=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswp6NlgEby4jmA5Ij7G32kiV7e8fuXCAc+Qk2ForY+ovs/Ddukis08cHA470ZZuaFqZIWKf32Nja3tnd2S3vl/YPDo+PKyWnLJpnhoskTlZhOyKxQUosmSlSikxrB4lCJdji+m/vtiTBWJvoJp6kIYjbUMpKcoZMeJ33dr1RpjS5A1olfkCoUaPQrX71BwrNYaOSKWdv1aYpBzgxKrsSs3MusSBkfs6HoOqpZLGyQL06dkUunDEiUGFcayUL9PZGz2NppHLrOmOHIrnpz8T+vm2F0G+RSpxkKzZeLokwRTMj8bzKQRnBUU0cYN9LdSviIGcbRpVN2IfirL6+T1nXNpzX/gVbrtIijBOdwAVfgww3U4R4a0AQOQ3iGV3jzlPfivXsfy9YNr5g5gz/wPn8AXm6NxQ==</latexit>

vn
<latexit sha1_base64="WMUelDMLcUDutieJYjYEsrD5jK0=">AAAB6nicbVDLSgNBEOxNfMT4inr0MhgET2HXizkGvHiMaB6QLGF20psMmZ1dZmYDYcknePGgiFc/xG/wIPg1OnkcNLGgoajqprsrSATXxnW/nFx+Y3Nru7BT3N3bPzgsHR03dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvmtMSrNY3lvJgn6ER1IHnJGjZXuxj3ZK5XdijsHWSfekpRr+c/vdwCo90of3X7M0gilYYJq3fHcxPgZVYYzgdNiN9WYUDaiA+xYKmmE2s/mp07JuVX6JIyVLWnIXP09kdFI60kU2M6ImqFe9Wbif14nNWHVz7hMUoOSLRaFqSAmJrO/SZ8rZEZMLKFMcXsrYUOqKDM2naINwVt9eZ00LyueW/FubRouLFCAUziDC/DgCmpwA3VoAIMBPMATPDvCeXRenNdFa85ZzpzAHzhvPzSekJ0=</latexit><latexit sha1_base64="2G58CZGKPMwQ75PPYhtjlIlELEo=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswp6NlgEby4jmA5Ij7G32kiV7e8fuXCAc+Qk2ForY+ovs/Ddukis08cHA470ZZuaFqZIWKf32Nja3tnd2S3vl/YPDo+PKyWnLJpnhoskTlZhOyKxQUosmSlSikxrB4lCJdji+m/vtiTBWJvoJp6kIYjbUMpKcoZMeJ33dr1RpjS5A1olfkCoUaPQrX71BwrNYaOSKWdv1aYpBzgxKrsSs3MusSBkfs6HoOqpZLGyQL06dkUunDEiUGFcayUL9PZGz2NppHLrOmOHIrnpz8T+vm2F0G+RSpxkKzZeLokwRTMj8bzKQRnBUU0cYN9LdSviIGcbRpVN2IfirL6+T1nXNpzX/gVbrtIijBOdwAVfgww3U4R4a0AQOQ3iGV3jzlPfivXsfy9YNr5g5gz/wPn8AXm6NxQ==</latexit>

v3
<latexit sha1_base64="ydaJOoIFGdxo0F2olrUH9ktpsbg=">AAAB6nicbVDLSgNBEOxNfMT4inr0MhgET2FXD3oMePEY0TwgWcLsZDYZMju7zPQGwpJP8OJBEa9+iN/gQfBrdPI4aGJBQ1HVTXdXkEhh0HW/nFx+bX1js7BV3N7Z3dsvHRw2TJxqxusslrFuBdRwKRSvo0DJW4nmNAokbwbD66nfHHFtRKzucZxwP6J9JULBKFrpbtS96JbKbsWdgawSb0HK1fzn9zsA1Lqlj04vZmnEFTJJjWl7boJ+RjUKJvmk2EkNTygb0j5vW6poxI2fzU6dkFOr9EgYa1sKyUz9PZHRyJhxFNjOiOLALHtT8T+vnWJ45WdCJSlyxeaLwlQSjMn0b9ITmjOUY0so08LeStiAasrQplO0IXjLL6+SxnnFcyverU3DhTkKcAwncAYeXEIVbqAGdWDQhwd4gmdHOo/Oi/M6b805i5kj+APn7QfbI5Bi</latexit><latexit sha1_base64="AvLm49iz/OdCmSbOllv4KSwRlnc=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFfa00DJgYxnRfEByhL3NJlmyt3fszgXCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZemChpkdJvr7CxubW9U9wt7e0fHB6Vj0+aNk4NFw0eq9i0Q2aFklo0UKIS7cQIFoVKtMLx3dxvTYSxMtZPOE1EELGhlgPJGTrpcdK77pUrtEoXIOvEz0kFctR75a9uP+ZpJDRyxazt+DTBIGMGJVdiVuqmViSMj9lQdBzVLBI2yBanzsiFU/pkEBtXGslC/T2RscjaaRS6zojhyK56c/E/r5Pi4DbIpE5SFJovFw1SRTAm879JXxrBUU0dYdxIdyvhI2YYR5dOyYXgr768TppXVZ9W/QdaqdE8jiKcwTlcgg83UIN7qEMDOAzhGV7hzVPei/fufSxbC14+cwp/4H3+AAUCjYo=</latexit>

v3
<latexit sha1_base64="ydaJOoIFGdxo0F2olrUH9ktpsbg=">AAAB6nicbVDLSgNBEOxNfMT4inr0MhgET2FXD3oMePEY0TwgWcLsZDYZMju7zPQGwpJP8OJBEa9+iN/gQfBrdPI4aGJBQ1HVTXdXkEhh0HW/nFx+bX1js7BV3N7Z3dsvHRw2TJxqxusslrFuBdRwKRSvo0DJW4nmNAokbwbD66nfHHFtRKzucZxwP6J9JULBKFrpbtS96JbKbsWdgawSb0HK1fzn9zsA1Lqlj04vZmnEFTJJjWl7boJ+RjUKJvmk2EkNTygb0j5vW6poxI2fzU6dkFOr9EgYa1sKyUz9PZHRyJhxFNjOiOLALHtT8T+vnWJ45WdCJSlyxeaLwlQSjMn0b9ITmjOUY0so08LeStiAasrQplO0IXjLL6+SxnnFcyverU3DhTkKcAwncAYeXEIVbqAGdWDQhwd4gmdHOo/Oi/M6b805i5kj+APn7QfbI5Bi</latexit><latexit sha1_base64="AvLm49iz/OdCmSbOllv4KSwRlnc=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFfa00DJgYxnRfEByhL3NJlmyt3fszgXCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZemChpkdJvr7CxubW9U9wt7e0fHB6Vj0+aNk4NFw0eq9i0Q2aFklo0UKIS7cQIFoVKtMLx3dxvTYSxMtZPOE1EELGhlgPJGTrpcdK77pUrtEoXIOvEz0kFctR75a9uP+ZpJDRyxazt+DTBIGMGJVdiVuqmViSMj9lQdBzVLBI2yBanzsiFU/pkEBtXGslC/T2RscjaaRS6zojhyK56c/E/r5Pi4DbIpE5SFJovFw1SRTAm879JXxrBUU0dYdxIdyvhI2YYR5dOyYXgr768TppXVZ9W/QdaqdE8jiKcwTlcgg83UIN7qEMDOAzhGV7hzVPei/fufSxbC14+cwp/4H3+AAUCjYo=</latexit>

v2
<latexit sha1_base64="1T9i1/31jYy38cUOIIG3CSHXNaw=">AAAB6nicbVDLSgNBEOxNfMT4inr0MhgET2E3Fz0GvHiMaB6QLGF20psMmZ1dZmYDYcknePGgiFc/xG/wIPg1OnkcNLGgoajqprsrSATXxnW/nFx+Y3Nru7BT3N3bPzgsHR03dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvmtMSrNY3lvJgn6ER1IHnJGjZXuxr1qr1R2K+4cZJ14S1Ku5T+/3wGg3it9dPsxSyOUhgmqdcdzE+NnVBnOBE6L3VRjQtmIDrBjqaQRaj+bnzol51bpkzBWtqQhc/X3REYjrSdRYDsjaoZ61ZuJ/3md1IRXfsZlkhqUbLEoTAUxMZn9TfpcITNiYgllittbCRtSRZmx6RRtCN7qy+ukWa14bsW7tWm4sEABTuEMLsCDS6jBDdShAQwG8ABP8OwI59F5cV4XrTlnOXMCf+C8/QDZn5Bh</latexit><latexit sha1_base64="/3TjOFTxS6T3HlOWlFozClOaOVo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFfbSaBmwsYxoPiA5wt5mLlmyt3fs7gVCyE+wsVDE1l9k579xk1yhiQ8GHu/NMDMvTKUwltJvr7C1vbO7V9wvHRweHZ+UT89aJsk0xyZPZKI7ITMohcKmFVZiJ9XI4lBiOxzfLfz2BLURiXqy0xSDmA2ViARn1kmPk36tX67QKl2CbBI/JxXI0eiXv3qDhGcxKsslM6br09QGM6at4BLnpV5mMGV8zIbYdVSxGE0wW546J1dOGZAo0a6UJUv198SMxcZM49B1xsyOzLq3EP/zupmNboOZUGlmUfHVoiiTxCZk8TcZCI3cyqkjjGvhbiV8xDTj1qVTciH46y9vklat6tOq/0ArdZrHUYQLuIRr8OEG6nAPDWgChyE8wyu8edJ78d69j1VrwctnzuEPvM8fA36NiQ==</latexit>

v2
<latexit sha1_base64="1T9i1/31jYy38cUOIIG3CSHXNaw=">AAAB6nicbVDLSgNBEOxNfMT4inr0MhgET2E3Fz0GvHiMaB6QLGF20psMmZ1dZmYDYcknePGgiFc/xG/wIPg1OnkcNLGgoajqprsrSATXxnW/nFx+Y3Nru7BT3N3bPzgsHR03dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvmtMSrNY3lvJgn6ER1IHnJGjZXuxr1qr1R2K+4cZJ14S1Ku5T+/3wGg3it9dPsxSyOUhgmqdcdzE+NnVBnOBE6L3VRjQtmIDrBjqaQRaj+bnzol51bpkzBWtqQhc/X3REYjrSdRYDsjaoZ61ZuJ/3md1IRXfsZlkhqUbLEoTAUxMZn9TfpcITNiYgllittbCRtSRZmx6RRtCN7qy+ukWa14bsW7tWm4sEABTuEMLsCDS6jBDdShAQwG8ABP8OwI59F5cV4XrTlnOXMCf+C8/QDZn5Bh</latexit><latexit sha1_base64="/3TjOFTxS6T3HlOWlFozClOaOVo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFfbSaBmwsYxoPiA5wt5mLlmyt3fs7gVCyE+wsVDE1l9k579xk1yhiQ8GHu/NMDMvTKUwltJvr7C1vbO7V9wvHRweHZ+UT89aJsk0xyZPZKI7ITMohcKmFVZiJ9XI4lBiOxzfLfz2BLURiXqy0xSDmA2ViARn1kmPk36tX67QKl2CbBI/JxXI0eiXv3qDhGcxKsslM6br09QGM6at4BLnpV5mMGV8zIbYdVSxGE0wW546J1dOGZAo0a6UJUv198SMxcZM49B1xsyOzLq3EP/zupmNboOZUGlmUfHVoiiTxCZk8TcZCI3cyqkjjGvhbiV8xDTj1qVTciH46y9vklat6tOq/0ArdZrHUYQLuIRr8OEG6nAPDWgChyE8wyu8edJ78d69j1VrwctnzuEPvM8fA36NiQ==</latexit>

v1
<latexit sha1_base64="gtWPDMv/nfde00Ghmu2DO8ymWbQ=">AAAB6nicbVDLSgNBEOxNfMT4inr0MhgET2HXizkGvHiMaB6QLGF2MpsMmZ1dZnoDYcknePGgiFc/xG/wIPg1OnkcNLGgoajqprsrSKQw6LpfTi6/sbm1Xdgp7u7tHxyWjo6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR9cxvjbk2Ilb3OEm4H9GBEqFgFK10N+55vVLZrbhzkHXiLUm5lv/8fgeAeq/00e3HLI24QiapMR3PTdDPqEbBJJ8Wu6nhCWUjOuAdSxWNuPGz+alTcm6VPgljbUshmau/JzIaGTOJAtsZURyaVW8m/ud1UgyrfiZUkiJXbLEoTCXBmMz+Jn2hOUM5sYQyLeythA2ppgxtOkUbgrf68jppXlY8t+Ld2jRcWKAAp3AGF+DBFdTgBurQAAYDeIAneHak8+i8OK+L1pyznDmBP3DefgDYG5Bg</latexit><latexit sha1_base64="i3XFYYUsQYwKymrWeQvCMNnwkfA=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswp6NlgEby4jmA5Ij7G32kiV7e8fuXCAc+Qk2ForY+ovs/Ddukis08cHA470ZZuaFqZIWKf32Nja3tnd2S3vl/YPDo+PKyWnLJpnhoskTlZhOyKxQUosmSlSikxrB4lCJdji+m/vtiTBWJvoJp6kIYjbUMpKcoZMeJ32/X6nSGl2ArBO/IFUo0OhXvnqDhGex0MgVs7br0xSDnBmUXIlZuZdZkTI+ZkPRdVSzWNggX5w6I5dOGZAoMa40koX6eyJnsbXTOHSdMcORXfXm4n9eN8PoNsilTjMUmi8XRZkimJD532QgjeCopo4wbqS7lfARM4yjS6fsQvBXX14nreuaT2v+A63WaRFHCc7hAq7Ahxuowz00oAkchvAMr/DmKe/Fe/c+lq0bXjFzBn/gff4AAfqNiA==</latexit>

v1
<latexit sha1_base64="gtWPDMv/nfde00Ghmu2DO8ymWbQ=">AAAB6nicbVDLSgNBEOxNfMT4inr0MhgET2HXizkGvHiMaB6QLGF2MpsMmZ1dZnoDYcknePGgiFc/xG/wIPg1OnkcNLGgoajqprsrSKQw6LpfTi6/sbm1Xdgp7u7tHxyWjo6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR9cxvjbk2Ilb3OEm4H9GBEqFgFK10N+55vVLZrbhzkHXiLUm5lv/8fgeAeq/00e3HLI24QiapMR3PTdDPqEbBJJ8Wu6nhCWUjOuAdSxWNuPGz+alTcm6VPgljbUshmau/JzIaGTOJAtsZURyaVW8m/ud1UgyrfiZUkiJXbLEoTCXBmMz+Jn2hOUM5sYQyLeythA2ppgxtOkUbgrf68jppXlY8t+Ld2jRcWKAAp3AGF+DBFdTgBurQAAYDeIAneHak8+i8OK+L1pyznDmBP3DefgDYG5Bg</latexit><latexit sha1_base64="i3XFYYUsQYwKymrWeQvCMNnwkfA=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswp6NlgEby4jmA5Ij7G32kiV7e8fuXCAc+Qk2ForY+ovs/Ddukis08cHA470ZZuaFqZIWKf32Nja3tnd2S3vl/YPDo+PKyWnLJpnhoskTlZhOyKxQUosmSlSikxrB4lCJdji+m/vtiTBWJvoJp6kIYjbUMpKcoZMeJ32/X6nSGl2ArBO/IFUo0OhXvnqDhGex0MgVs7br0xSDnBmUXIlZuZdZkTI+ZkPRdVSzWNggX5w6I5dOGZAoMa40koX6eyJnsbXTOHSdMcORXfXm4n9eN8PoNsilTjMUmi8XRZkimJD532QgjeCopo4wbqS7lfARM4yjS6fsQvBXX14nreuaT2v+A63WaRFHCc7hAq7Ahxuowz00oAkchvAMr/DmKe/Fe/c+lq0bXjFzBn/gff4AAfqNiA==</latexit>

vn�1
<latexit sha1_base64="Bey6vTi5qz/aGPa7d+Ol2p6HJmg=">AAAB7nicbVA9SwNBEJ2LXzFqjFraLAbBxnBnE8uAjWUE8wHJEfc2c8mSvb1jdy8QjhT+BBsLRWz9Cf4OO/+Nm49CEx8MPN6bYWZekAiujet+O7mNza3tnfxuYW//oHhYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/NbY1Sax/LeTBL0IzqQPOSMGiu1xr1MXnrTXqnsVtw5yDrxlqRcKz5+PgBAvVf66vZjlkYoDRNU647nJsbPqDKcCZwWuqnGhLIRHWDHUkkj1H42P3dKzq3SJ2GsbElD5urviYxGWk+iwHZG1Az1qjcT//M6qQmv/YzLJDUo2WJRmApiYjL7nfS5QmbExBLKFLe3EjakijJjEyrYELzVl9dJ86riuRXvzqbhwgJ5OIUzuAAPqlCDW6hDAxiM4Ale4NVJnGfnzXlftOac5cwJ/IHz8QORHpEq</latexit><latexit sha1_base64="PNi+1lq+z+Pc8nMwdxBOkDucLv0=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhBsDHs2WgZsLCOYD0iOsLeZS5bs7R27e4Fw5EfYWChi6++x89+4Sa7QxAcDj/dmmJkXplIYS+m3t7G5tb2zW9or7x8cHh1XTk5bJsk0xyZPZKI7ITMohcKmFVZiJ9XI4lBiOxzfz/32BLURiXqy0xSDmA2ViARn1kntST9X1/6sX6nSGl2ArBO/IFUo0OhXvnqDhGcxKsslM6br09QGOdNWcImzci8zmDI+ZkPsOqpYjCbIF+fOyKVTBiRKtCtlyUL9PZGz2JhpHLrOmNmRWfXm4n9eN7PRXZALlWYWFV8uijJJbELmv5OB0MitnDrCuBbuVsJHTDNuXUJlF4K/+vI6ad3UfFrzH2m1Tos4SnAOF3AFPtxCHR6gAU3gMIZneIU3L/VevHfvY9m64RUzZ/AH3ucP/6WPQw==</latexit>

vn�1
<latexit sha1_base64="Bey6vTi5qz/aGPa7d+Ol2p6HJmg=">AAAB7nicbVA9SwNBEJ2LXzFqjFraLAbBxnBnE8uAjWUE8wHJEfc2c8mSvb1jdy8QjhT+BBsLRWz9Cf4OO/+Nm49CEx8MPN6bYWZekAiujet+O7mNza3tnfxuYW//oHhYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/NbY1Sax/LeTBL0IzqQPOSMGiu1xr1MXnrTXqnsVtw5yDrxlqRcKz5+PgBAvVf66vZjlkYoDRNU647nJsbPqDKcCZwWuqnGhLIRHWDHUkkj1H42P3dKzq3SJ2GsbElD5urviYxGWk+iwHZG1Az1qjcT//M6qQmv/YzLJDUo2WJRmApiYjL7nfS5QmbExBLKFLe3EjakijJjEyrYELzVl9dJ86riuRXvzqbhwgJ5OIUzuAAPqlCDW6hDAxiM4Ale4NVJnGfnzXlftOac5cwJ/IHz8QORHpEq</latexit><latexit sha1_base64="PNi+1lq+z+Pc8nMwdxBOkDucLv0=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhBsDHs2WgZsLCOYD0iOsLeZS5bs7R27e4Fw5EfYWChi6++x89+4Sa7QxAcDj/dmmJkXplIYS+m3t7G5tb2zW9or7x8cHh1XTk5bJsk0xyZPZKI7ITMohcKmFVZiJ9XI4lBiOxzfz/32BLURiXqy0xSDmA2ViARn1kntST9X1/6sX6nSGl2ArBO/IFUo0OhXvnqDhGcxKsslM6br09QGOdNWcImzci8zmDI+ZkPsOqpYjCbIF+fOyKVTBiRKtCtlyUL9PZGz2JhpHLrOmNmRWfXm4n9eN7PRXZALlWYWFV8uijJJbELmv5OB0MitnDrCuBbuVsJHTDNuXUJlF4K/+vI6ad3UfFrzH2m1Tos4SnAOF3AFPtxCHR6gAU3gMIZneIU3L/VevHfvY9m64RUzZ/AH3ucP/6WPQw==</latexit>

vn�2
<latexit sha1_base64="XVsQn1kmfnyAK5Y5aUzt9FeTsic=">AAAB7nicbVA9SwNBEJ2LXzFqjFraLAbBxnCXRsuAjWUE8wHJEfc2c8mSvb1jdy8QjhT+BBsLRWz9Cf4OO/+Nm49CEx8MPN6bYWZekAiujet+O7mNza3tnfxuYW//oHhYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/NbY1Sax/LeTBL0IzqQPOSMGiu1xr1MXlanvVLZrbhzkHXiLUm5Vnz8fACAeq/01e3HLI1QGiao1h3PTYyfUWU4EzgtdFONCWUjOsCOpZJGqP1sfu6UnFulT8JY2ZKGzNXfExmNtJ5Ege2MqBnqVW8m/ud1UhNe+xmXSWpQssWiMBXExGT2O+lzhcyIiSWUKW5vJWxIFWXGJlSwIXirL6+TZrXiuRXvzqbhwgJ5OIUzuAAPrqAGt1CHBjAYwRO8wKuTOM/Om/O+aM05y5kT+APn4weSo5Er</latexit><latexit sha1_base64="TgtFtHH3vqJd3uqjm1MWOFhaAHE=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgY9hLo2XAxjKC+YDkCHubTbJkb+/YnQuEIz/CxkIRW3+Pnf/GTXKFJj4YeLw3w8y8MFHSIqXfXmFre2d3r7hfOjg8Oj4pn561bJwaLpo8VrHphMwKJbVookQlOokRLAqVaIeT+4XfngpjZayfcJaIIGIjLYeSM3RSe9rP9E1t3i9XaJUuQTaJn5MK5Gj0y1+9QczTSGjkilnb9WmCQcYMSq7EvNRLrUgYn7CR6DqqWSRskC3PnZMrpwzIMDauNJKl+nsiY5G1syh0nRHDsV33FuJ/XjfF4V2QSZ2kKDRfLRqmimBMFr+TgTSCo5o5wriR7lbCx8wwji6hkgvBX395k7RqVZ9W/UdaqdM8jiJcwCVcgw+3UIcHaEATOEzgGV7hzUu8F+/d+1i1Frx85hz+wPv8AQE5j0Q=</latexit>

vn�2
<latexit sha1_base64="XVsQn1kmfnyAK5Y5aUzt9FeTsic=">AAAB7nicbVA9SwNBEJ2LXzFqjFraLAbBxnCXRsuAjWUE8wHJEfc2c8mSvb1jdy8QjhT+BBsLRWz9Cf4OO/+Nm49CEx8MPN6bYWZekAiujet+O7mNza3tnfxuYW//oHhYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/NbY1Sax/LeTBL0IzqQPOSMGiu1xr1MXlanvVLZrbhzkHXiLUm5Vnz8fACAeq/01e3HLI1QGiao1h3PTYyfUWU4EzgtdFONCWUjOsCOpZJGqP1sfu6UnFulT8JY2ZKGzNXfExmNtJ5Ege2MqBnqVW8m/ud1UhNe+xmXSWpQssWiMBXExGT2O+lzhcyIiSWUKW5vJWxIFWXGJlSwIXirL6+TZrXiuRXvzqbhwgJ5OIUzuAAPrqAGt1CHBjAYwRO8wKuTOM/Om/O+aM05y5kT+APn4weSo5Er</latexit><latexit sha1_base64="TgtFtHH3vqJd3uqjm1MWOFhaAHE=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgY9hLo2XAxjKC+YDkCHubTbJkb+/YnQuEIz/CxkIRW3+Pnf/GTXKFJj4YeLw3w8y8MFHSIqXfXmFre2d3r7hfOjg8Oj4pn561bJwaLpo8VrHphMwKJbVookQlOokRLAqVaIeT+4XfngpjZayfcJaIIGIjLYeSM3RSe9rP9E1t3i9XaJUuQTaJn5MK5Gj0y1+9QczTSGjkilnb9WmCQcYMSq7EvNRLrUgYn7CR6DqqWSRskC3PnZMrpwzIMDauNJKl+nsiY5G1syh0nRHDsV33FuJ/XjfF4V2QSZ2kKDRfLRqmimBMFr+TgTSCo5o5wriR7lbCx8wwji6hkgvBX395k7RqVZ9W/UdaqdM8jiJcwCVcgw+3UIcHaEATOEzgGV7hzUu8F+/d+1i1Frx85hz+wPv8AQE5j0Q=</latexit>

. . .
<latexit sha1_base64="JPml+Vn0q7Gk2VXkWGuYOMtNcnI=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuCoZN7qz4MZlBXuBdiiZTKaNzSRDkhHq0Hdw40IRt76AT+LOpW9iello6w+Bj/8/h5xzwlRwYzH+8gorq2vrG8XN0tb2zu5eef+gaVSmKWtQJZRuh8QwwSVrWG4Fa6eakSQUrBUOryZ5655pw5W8taOUBQnpSx5zSqyzml0RKWt65Qqu4qnQMvhzqFx+PHzXAKDeK392I0WzhElLBTGm4+PUBjnRllPBxqVuZlhK6JD0WcehJAkzQT6ddoxOnBOhWGn3pEVT93dHThJjRknoKhNiB2Yxm5j/ZZ3MxhdBzmWaWSbp7KM4E8gqNFkdRVwzasXIAaGau1kRHRBNqHUHKrkj+IsrL0PzrOrjqn+DKzUMMxXhCI7hFHw4hxpcQx0aQOEOHuEZXjzlPXmv3tustODNew7hj7z3HylukbA=</latexit><latexit sha1_base64="LwFwnE5/K7aF2OEk0jbs65/53k4=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFfZstAzYWEYwH5AcYW9vL1mzd3vszgkh5D/YWChi6/+x89+4Sa7QxAcDj/dmmJkXZkpapPTbK21sbm3vlHcre/sHh0fV45O21bnhosW10qYbMiuUTEULJSrRzYxgSahEJxzfzv3OkzBW6vQBJ5kIEjZMZSw5Qye1+yrSaAfVGq3TBcg68QtSgwLNQfWrH2meJyJFrpi1PZ9mGEyZQcmVmFX6uRUZ42M2FD1HU5YIG0wX187IhVMiEmvjKkWyUH9PTFli7SQJXWfCcGRXvbn4n9fLMb4JpjLNchQpXy6Kc0VQk/nrJJJGcFQTRxg30t1K+IgZxtEFVHEh+Ksvr5P2Vd2ndf+e1hq0iKMMZ3AOl+DDNTTgDprQAg6P8Ayv8OZp78V79z6WrSWvmDmFP/A+fwC1dY8i</latexit>

. . .
<latexit sha1_base64="JPml+Vn0q7Gk2VXkWGuYOMtNcnI=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuCoZN7qz4MZlBXuBdiiZTKaNzSRDkhHq0Hdw40IRt76AT+LOpW9iello6w+Bj/8/h5xzwlRwYzH+8gorq2vrG8XN0tb2zu5eef+gaVSmKWtQJZRuh8QwwSVrWG4Fa6eakSQUrBUOryZ5655pw5W8taOUBQnpSx5zSqyzml0RKWt65Qqu4qnQMvhzqFx+PHzXAKDeK392I0WzhElLBTGm4+PUBjnRllPBxqVuZlhK6JD0WcehJAkzQT6ddoxOnBOhWGn3pEVT93dHThJjRknoKhNiB2Yxm5j/ZZ3MxhdBzmWaWSbp7KM4E8gqNFkdRVwzasXIAaGau1kRHRBNqHUHKrkj+IsrL0PzrOrjqn+DKzUMMxXhCI7hFHw4hxpcQx0aQOEOHuEZXjzlPXmv3tustODNew7hj7z3HylukbA=</latexit><latexit sha1_base64="LwFwnE5/K7aF2OEk0jbs65/53k4=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFfZstAzYWEYwH5AcYW9vL1mzd3vszgkh5D/YWChi6/+x89+4Sa7QxAcDj/dmmJkXZkpapPTbK21sbm3vlHcre/sHh0fV45O21bnhosW10qYbMiuUTEULJSrRzYxgSahEJxzfzv3OkzBW6vQBJ5kIEjZMZSw5Qye1+yrSaAfVGq3TBcg68QtSgwLNQfWrH2meJyJFrpi1PZ9mGEyZQcmVmFX6uRUZ42M2FD1HU5YIG0wX187IhVMiEmvjKkWyUH9PTFli7SQJXWfCcGRXvbn4n9fLMb4JpjLNchQpXy6Kc0VQk/nrJJJGcFQTRxg30t1K+IgZxtEFVHEh+Ksvr5P2Vd2ndf+e1hq0iKMMZ3AOl+DDNTTgDprQAg6P8Ayv8OZp78V79z6WrSWvmDmFP/A+fwC1dY8i</latexit>

es
1

<latexit sha1_base64="vg6qTholWexYJMvOEmk+x7uliLI=">AAAB7HicbVBNS8NAEJ3Ur1q/oh69LFbBU0m86LHgxWMV0xbaWDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x+3HQ1gcDj/dmmJkXZYJr43nfTmltfWNzq7xd2dnd2z9wD4+aOs0Vw4ClIlXtiGoUXGJguBHYzhTSJBLYikY3U7/1hErzVD6YcYZhQgeSx5xRY6UAe/6j7rlVr+bNQFaJvyDVunt2XweARs/96vZTlicoDRNU647vZSYsqDKcCZxUurnGjLIRHWDHUkkT1GExO3ZCzq3SJ3GqbElDZurviYImWo+TyHYm1Az1sjcV//M6uYmvw4LLLDco2XxRnAtiUjL9nPS5QmbE2BLKFLe3EjakijJj86nYEPzll1dJ87LmezX/zqbhwRxlOIFTuAAfrqAOt9CAABhweIZXeHOk8+K8Ox/z1pKzmDmGP3A+fwDS6o9i</latexit><latexit sha1_base64="1THagrGVG6f366df2jLJfn045tE=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmIzGxIns2WpLYWGLiAQmcZG+Zgw17e5fdPRNC+A02Fhpj6w+y89+4wBUKvmSSl/dmMjMvyqQwltJvr7SxubW9U96t7O0fHB5Vj09aJs01x4CnMtWdiBmUQmFghZXYyTSyJJLYjsa3c7/9hNqIVD3YSYZhwoZKxIIz66QA+/6j6VdrtE4XIOvEL0gNCjT71a/eIOV5gspyyYzp+jSz4ZRpK7jEWaWXG8wYH7Mhdh1VLEETThfHzsiFUwYkTrUrZclC/T0xZYkxkyRynQmzI7PqzcX/vG5u45twKlSWW1R8uSjOJbEpmX9OBkIjt3LiCONauFsJHzHNuHX5VFwI/urL66R1Vfdp3b+ntQYt4ijDGZzDJfhwDQ24gyYEwEHAM7zCm6e8F+/d+1i2lrxi5hT+wPv8AXEBjlw=</latexit>

es
1

<latexit sha1_base64="vg6qTholWexYJMvOEmk+x7uliLI=">AAAB7HicbVBNS8NAEJ3Ur1q/oh69LFbBU0m86LHgxWMV0xbaWDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x+3HQ1gcDj/dmmJkXZYJr43nfTmltfWNzq7xd2dnd2z9wD4+aOs0Vw4ClIlXtiGoUXGJguBHYzhTSJBLYikY3U7/1hErzVD6YcYZhQgeSx5xRY6UAe/6j7rlVr+bNQFaJvyDVunt2XweARs/96vZTlicoDRNU647vZSYsqDKcCZxUurnGjLIRHWDHUkkT1GExO3ZCzq3SJ3GqbElDZurviYImWo+TyHYm1Az1sjcV//M6uYmvw4LLLDco2XxRnAtiUjL9nPS5QmbE2BLKFLe3EjakijJj86nYEPzll1dJ87LmezX/zqbhwRxlOIFTuAAfrqAOt9CAABhweIZXeHOk8+K8Ox/z1pKzmDmGP3A+fwDS6o9i</latexit><latexit sha1_base64="1THagrGVG6f366df2jLJfn045tE=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmIzGxIns2WpLYWGLiAQmcZG+Zgw17e5fdPRNC+A02Fhpj6w+y89+4wBUKvmSSl/dmMjMvyqQwltJvr7SxubW9U96t7O0fHB5Vj09aJs01x4CnMtWdiBmUQmFghZXYyTSyJJLYjsa3c7/9hNqIVD3YSYZhwoZKxIIz66QA+/6j6VdrtE4XIOvEL0gNCjT71a/eIOV5gspyyYzp+jSz4ZRpK7jEWaWXG8wYH7Mhdh1VLEETThfHzsiFUwYkTrUrZclC/T0xZYkxkyRynQmzI7PqzcX/vG5u45twKlSWW1R8uSjOJbEpmX9OBkIjt3LiCONauFsJHzHNuHX5VFwI/urL66R1Vfdp3b+ntQYt4ijDGZzDJfhwDQ24gyYEwEHAM7zCm6e8F+/d+1i2lrxi5hT+wPv8AXEBjlw=</latexit>

es
2

<latexit sha1_base64="KuSArwWoL3wVL3SEIHPkBiz8y6g=">AAAB7HicbVBNS8NAEJ34WetX1KOXxSp4Kkkveix48VjFtIU2ls120i7dbMLuRiihv8GLB0W8+oO8+W/cfhy09cHA470ZZuZFmeDaeN63s7a+sbm1Xdop7+7tHxy6R8dNneaKYcBSkap2RDUKLjEw3AhsZwppEglsRaObqd96QqV5Kh/MOMMwoQPJY86osVKAvdqj7rkVr+rNQFaJvyCVunt+XweARs/96vZTlicoDRNU647vZSYsqDKcCZyUu7nGjLIRHWDHUkkT1GExO3ZCLqzSJ3GqbElDZurviYImWo+TyHYm1Az1sjcV//M6uYmvw4LLLDco2XxRnAtiUjL9nPS5QmbE2BLKFLe3EjakijJj8ynbEPzll1dJs1b1vap/Z9PwYI4SnMIZXIIPV1CHW2hAAAw4PMMrvDnSeXHenY9565qzmDmBP3A+fwDUcI9j</latexit><latexit sha1_base64="/zF9y5gvTZdDb1updIHEtONCv1M=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCswl4aLQM2lhHMByRn2NvMJUv29o7dPSEc+Q02ForY+oPs/Ddukis08cHA470ZZuaFqRTGUvrtbWxube/slvbK+weHR8eVk9O2STLNscUTmehuyAxKobBlhZXYTTWyOJTYCSe3c7/zhNqIRD3YaYpBzEZKRIIz66QWDuqPZlCp0hpdgKwTvyBVKNAcVL76w4RnMSrLJTOm59PUBjnTVnCJs3I/M5gyPmEj7DmqWIwmyBfHzsilU4YkSrQrZclC/T2Rs9iYaRy6zpjZsVn15uJ/Xi+z0U2QC5VmFhVfLooySWxC5p+TodDIrZw6wrgW7lbCx0wzbl0+ZReCv/ryOmnXaz6t+fe02qBFHCU4hwu4Ah+uoQF30IQWcBDwDK/w5invxXv3PpatG14xcwZ/4H3+AHKHjl0=</latexit>

es
2

<latexit sha1_base64="KuSArwWoL3wVL3SEIHPkBiz8y6g=">AAAB7HicbVBNS8NAEJ34WetX1KOXxSp4Kkkveix48VjFtIU2ls120i7dbMLuRiihv8GLB0W8+oO8+W/cfhy09cHA470ZZuZFmeDaeN63s7a+sbm1Xdop7+7tHxy6R8dNneaKYcBSkap2RDUKLjEw3AhsZwppEglsRaObqd96QqV5Kh/MOMMwoQPJY86osVKAvdqj7rkVr+rNQFaJvyCVunt+XweARs/96vZTlicoDRNU647vZSYsqDKcCZyUu7nGjLIRHWDHUkkT1GExO3ZCLqzSJ3GqbElDZurviYImWo+TyHYm1Az1sjcV//M6uYmvw4LLLDco2XxRnAtiUjL9nPS5QmbE2BLKFLe3EjakijJj8ynbEPzll1dJs1b1vap/Z9PwYI4SnMIZXIIPV1CHW2hAAAw4PMMrvDnSeXHenY9565qzmDmBP3A+fwDUcI9j</latexit><latexit sha1_base64="/zF9y5gvTZdDb1updIHEtONCv1M=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCswl4aLQM2lhHMByRn2NvMJUv29o7dPSEc+Q02ForY+oPs/Ddukis08cHA470ZZuaFqRTGUvrtbWxube/slvbK+weHR8eVk9O2STLNscUTmehuyAxKobBlhZXYTTWyOJTYCSe3c7/zhNqIRD3YaYpBzEZKRIIz66QWDuqPZlCp0hpdgKwTvyBVKNAcVL76w4RnMSrLJTOm59PUBjnTVnCJs3I/M5gyPmEj7DmqWIwmyBfHzsilU4YkSrQrZclC/T2Rs9iYaRy6zpjZsVn15uJ/Xi+z0U2QC5VmFhVfLooySWxC5p+TodDIrZw6wrgW7lbCx0wzbl0+ZReCv/ryOmnXaz6t+fe02qBFHCU4hwu4Ah+uoQF30IQWcBDwDK/w5invxXv3PpatG14xcwZ/4H3+AHKHjl0=</latexit>

es
3

<latexit sha1_base64="0a/3oPjJz69UgKt0iF5vq5f9nsA=">AAAB7HicbVBNS8NAEJ34WetX1KOXxSp4Koke9Fjw4rGKaQttLJvtpF262YTdjVBCf4MXD4p49Qd589+4/Tho64OBx3szzMyLMsG18bxvZ2V1bX1js7RV3t7Z3dt3Dw4bOs0Vw4ClIlWtiGoUXGJguBHYyhTSJBLYjIY3E7/5hErzVD6YUYZhQvuSx5xRY6UAu5ePuutWvKo3BVkm/pxUau7pfQ0A6l33q9NLWZ6gNExQrdu+l5mwoMpwJnBc7uQaM8qGtI9tSyVNUIfF9NgxObNKj8SpsiUNmaq/JwqaaD1KItuZUDPQi95E/M9r5ya+Dgsus9ygZLNFcS6IScnkc9LjCpkRI0soU9zeStiAKsqMzadsQ/AXX14mjYuq71X9O5uGBzOU4BhO4Bx8uIIa3EIdAmDA4Rle4c2Rzovz7nzMWlec+cwR/IHz+QPV9o9k</latexit><latexit sha1_base64="QRV8Bxpj0umlbfzhK298467gxy4=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFfa00DJgYxnBJEJyhr3NXLJkb+/Y3RPCkd9gY6GIrT/Izn/jJrlCEx8MPN6bYWZemEphLKXfXmltfWNzq7xd2dnd2z+oHh61TZJpji2eyEQ/hMygFApbVliJD6lGFocSO+H4ZuZ3nlAbkah7O0kxiNlQiUhwZp3Uwv7lo+lXa7RO5yCrxC9IDQo0+9Wv3iDhWYzKcsmM6fo0tUHOtBVc4rTSywymjI/ZELuOKhajCfL5sVNy5pQBiRLtSlkyV39P5Cw2ZhKHrjNmdmSWvZn4n9fNbHQd5EKlmUXFF4uiTBKbkNnnZCA0cisnjjCuhbuV8BHTjFuXT8WF4C+/vEraF3Wf1v07WmvQIo4ynMApnIMPV9CAW2hCCzgIeIZXePOU9+K9ex+L1pJXzBzDH3ifP3QNjl4=</latexit>

es
3

<latexit sha1_base64="0a/3oPjJz69UgKt0iF5vq5f9nsA=">AAAB7HicbVBNS8NAEJ34WetX1KOXxSp4Koke9Fjw4rGKaQttLJvtpF262YTdjVBCf4MXD4p49Qd589+4/Tho64OBx3szzMyLMsG18bxvZ2V1bX1js7RV3t7Z3dt3Dw4bOs0Vw4ClIlWtiGoUXGJguBHYyhTSJBLYjIY3E7/5hErzVD6YUYZhQvuSx5xRY6UAu5ePuutWvKo3BVkm/pxUau7pfQ0A6l33q9NLWZ6gNExQrdu+l5mwoMpwJnBc7uQaM8qGtI9tSyVNUIfF9NgxObNKj8SpsiUNmaq/JwqaaD1KItuZUDPQi95E/M9r5ya+Dgsus9ygZLNFcS6IScnkc9LjCpkRI0soU9zeStiAKsqMzadsQ/AXX14mjYuq71X9O5uGBzOU4BhO4Bx8uIIa3EIdAmDA4Rle4c2Rzovz7nzMWlec+cwR/IHz+QPV9o9k</latexit><latexit sha1_base64="QRV8Bxpj0umlbfzhK298467gxy4=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFfa00DJgYxnBJEJyhr3NXLJkb+/Y3RPCkd9gY6GIrT/Izn/jJrlCEx8MPN6bYWZemEphLKXfXmltfWNzq7xd2dnd2z+oHh61TZJpji2eyEQ/hMygFApbVliJD6lGFocSO+H4ZuZ3nlAbkah7O0kxiNlQiUhwZp3Uwv7lo+lXa7RO5yCrxC9IDQo0+9Wv3iDhWYzKcsmM6fo0tUHOtBVc4rTSywymjI/ZELuOKhajCfL5sVNy5pQBiRLtSlkyV39P5Cw2ZhKHrjNmdmSWvZn4n9fNbHQd5EKlmUXFF4uiTBKbkNnnZCA0cisnjjCuhbuV8BHTjFuXT8WF4C+/vEraF3Wf1v07WmvQIo4ynMApnIMPV9CAW2hCCzgIeIZXePOU9+K9ex+L1pJXzBzDH3ifP3QNjl4=</latexit>

es
n

<latexit sha1_base64="KONOQXZ0GPcvXnHx+BrUtrWHsrw=">AAAB7HicbVBNS8NAEJ3Ur1q/oh69LFbBU0m86LHgxWMV0xbaWDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x+3HQ1gcDj/dmmJkXZYJr43nfTmltfWNzq7xd2dnd2z9wD4+aOs0Vw4ClIlXtiGoUXGJguBHYzhTSJBLYikY3U7/1hErzVD6YcYZhQgeSx5xRY6UAe/JR99yqV/NmIKvEX5Bq3T27rwNAo+d+dfspyxOUhgmqdcf3MhMWVBnOBE4q3VxjRtmIDrBjqaQJ6rCYHTsh51bpkzhVtqQhM/X3REETrcdJZDsTaoZ62ZuK/3md3MTXYcFllhuUbL4ozgUxKZl+TvpcITNibAllittbCRtSRZmx+VRsCP7yy6ukeVnzvZp/Z9PwYI4ynMApXIAPV1CHW2hAAAw4PMMrvDnSeXHenY95a8lZzBzDHzifPy/nj58=</latexit><latexit sha1_base64="enAzco4U/KaDAl7HjS91w5SYWqU=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmIzGxIns2WpLYWGLiAQmcZG+Zgw17e5fdPRNC+A02Fhpj6w+y89+4wBUKvmSSl/dmMjMvyqQwltJvr7SxubW9U96t7O0fHB5Vj09aJs01x4CnMtWdiBmUQmFghZXYyTSyJJLYjsa3c7/9hNqIVD3YSYZhwoZKxIIz66QA++rR9Ks1WqcLkHXiF6QGBZr96ldvkPI8QWW5ZMZ0fZrZcMq0FVzirNLLDWaMj9kQu44qlqAJp4tjZ+TCKQMSp9qVsmSh/p6YssSYSRK5zoTZkVn15uJ/Xje38U04FSrLLSq+XBTnktiUzD8nA6GRWzlxhHEt3K2Ej5hm3Lp8Ki4Ef/XlddK6qvu07t/TWoMWcZThDM7hEny4hgbcQRMC4CDgGV7hzVPei/fufSxbS14xcwp/4H3+AM3vjpk=</latexit>

es
n

<latexit sha1_base64="KONOQXZ0GPcvXnHx+BrUtrWHsrw=">AAAB7HicbVBNS8NAEJ3Ur1q/oh69LFbBU0m86LHgxWMV0xbaWDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x+3HQ1gcDj/dmmJkXZYJr43nfTmltfWNzq7xd2dnd2z9wD4+aOs0Vw4ClIlXtiGoUXGJguBHYzhTSJBLYikY3U7/1hErzVD6YcYZhQgeSx5xRY6UAe/JR99yqV/NmIKvEX5Bq3T27rwNAo+d+dfspyxOUhgmqdcf3MhMWVBnOBE4q3VxjRtmIDrBjqaQJ6rCYHTsh51bpkzhVtqQhM/X3REETrcdJZDsTaoZ62ZuK/3md3MTXYcFllhuUbL4ozgUxKZl+TvpcITNibAllittbCRtSRZmx+VRsCP7yy6ukeVnzvZp/Z9PwYI4ynMApXIAPV1CHW2hAAAw4PMMrvDnSeXHenY95a8lZzBzDHzifPy/nj58=</latexit><latexit sha1_base64="enAzco4U/KaDAl7HjS91w5SYWqU=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmIzGxIns2WpLYWGLiAQmcZG+Zgw17e5fdPRNC+A02Fhpj6w+y89+4wBUKvmSSl/dmMjMvyqQwltJvr7SxubW9U96t7O0fHB5Vj09aJs01x4CnMtWdiBmUQmFghZXYyTSyJJLYjsa3c7/9hNqIVD3YSYZhwoZKxIIz66QA++rR9Ks1WqcLkHXiF6QGBZr96ldvkPI8QWW5ZMZ0fZrZcMq0FVzirNLLDWaMj9kQu44qlqAJp4tjZ+TCKQMSp9qVsmSh/p6YssSYSRK5zoTZkVn15uJ/Xje38U04FSrLLSq+XBTnktiUzD8nA6GRWzlxhHEt3K2Ej5hm3Lp8Ki4Ef/XlddK6qvu07t/TWoMWcZThDM7hEny4hgbcQRMC4CDgGV7hzVPei/fufSxbS14xcwp/4H3+AM3vjpk=</latexit>

es
n�1

<latexit sha1_base64="aNUzhxhS3QVqlATCQP+VFRIKhlI=">AAAB8HicbVA9SwNBEJ2LXzF+RcXKZjEINoY7Gy0DNpYRzIckZ9jbzCVL9vaO3T3hOAL+BxsLRWwt/DF2/hs3iYUmPhh4vDfDzLwgEVwb1/1yCkvLK6trxfXSxubW9k55d6+p41QxbLBYxKodUI2CS2wYbgS2E4U0CgS2gtHlxG/do9I8ljcmS9CP6EDykDNqrHSLvVyeeuM73StX3Ko7BVkk3g+p1A6yjwcAqPfKn91+zNIIpWGCat3x3MT4OVWGM4HjUjfVmFA2ogPsWCpphNrPpwePybFV+iSMlS1pyFT9PZHTSOssCmxnRM1Qz3sT8T+vk5rwws+5TFKDks0WhakgJiaT70mfK2RGZJZQpri9lbAhVZQZm1HJhuDNv7xImmdVz6161zYNF2YowiEcwQl4cA41uII6NIBBBI/wDC+Ocp6cV+dt1lpwfmb24Q+c928fWZIT</latexit><latexit sha1_base64="u0CDQ/0cKOPcTe3NdBnUXmyCzoo=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgxTDrRY8BLx4jmIcka5id9CZDZmaXmVkhLPkKLx4U8ernePNvnDwOmljQUFR1090VpYIbS8i3V1hb39jcKm6Xdnb39g/Kh0dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYikY3U7/1hNrwRN3bcYqhpAPFY86oddID9nJ1EUweTa9cIVUyg79KggWpwAL1Xvmr209YJlFZJqgxnYCkNsyptpwJnJS6mcGUshEdYMdRRSWaMJ8dPPHPnNL340S7Utafqb8nciqNGcvIdUpqh2bZm4r/eZ3MxtdhzlWaWVRsvijOhG8Tf/q93+camRVjRyjT3N3qsyHVlFmXUcmFECy/vEqal9WAVIM7UqmRRRxFOIFTOIcArqAGt1CHBjCQ8Ayv8OZp78V79z7mrQVvMXMMf+B9/gBxrZAX</latexit>

es
n�1

<latexit sha1_base64="aNUzhxhS3QVqlATCQP+VFRIKhlI=">AAAB8HicbVA9SwNBEJ2LXzF+RcXKZjEINoY7Gy0DNpYRzIckZ9jbzCVL9vaO3T3hOAL+BxsLRWwt/DF2/hs3iYUmPhh4vDfDzLwgEVwb1/1yCkvLK6trxfXSxubW9k55d6+p41QxbLBYxKodUI2CS2wYbgS2E4U0CgS2gtHlxG/do9I8ljcmS9CP6EDykDNqrHSLvVyeeuM73StX3Ko7BVkk3g+p1A6yjwcAqPfKn91+zNIIpWGCat3x3MT4OVWGM4HjUjfVmFA2ogPsWCpphNrPpwePybFV+iSMlS1pyFT9PZHTSOssCmxnRM1Qz3sT8T+vk5rwws+5TFKDks0WhakgJiaT70mfK2RGZJZQpri9lbAhVZQZm1HJhuDNv7xImmdVz6161zYNF2YowiEcwQl4cA41uII6NIBBBI/wDC+Ocp6cV+dt1lpwfmb24Q+c928fWZIT</latexit><latexit sha1_base64="u0CDQ/0cKOPcTe3NdBnUXmyCzoo=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgxTDrRY8BLx4jmIcka5id9CZDZmaXmVkhLPkKLx4U8ernePNvnDwOmljQUFR1090VpYIbS8i3V1hb39jcKm6Xdnb39g/Kh0dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYikY3U7/1hNrwRN3bcYqhpAPFY86oddID9nJ1EUweTa9cIVUyg79KggWpwAL1Xvmr209YJlFZJqgxnYCkNsyptpwJnJS6mcGUshEdYMdRRSWaMJ8dPPHPnNL340S7Utafqb8nciqNGcvIdUpqh2bZm4r/eZ3MxtdhzlWaWVRsvijOhG8Tf/q93+camRVjRyjT3N3qsyHVlFmXUcmFECy/vEqal9WAVIM7UqmRRRxFOIFTOIcArqAGt1CHBjCQ8Ayv8OZp78V79z7mrQVvMXMMf+B9/gBxrZAX</latexit>

es
n�2

<latexit sha1_base64="T85gPReIlJSKoOn2GTh2SoEMZSI=">AAAB8HicbVA9SwNBEJ2LXzF+RcXKZjEINoa7NFoGbCwjmA9JzrC3mUuW7O0du3tCOAL+BxsLRWwt/DF2/hs3H4UmPhh4vDfDzLwgEVwb1/12ciura+sb+c3C1vbO7l5x/6Ch41QxrLNYxKoVUI2CS6wbbgS2EoU0CgQ2g+HVxG8+oNI8lrdmlKAf0b7kIWfUWOkOu5k8r4zvdbdYcsvuFGSZeHNSqh6NPh8BoNYtfnV6MUsjlIYJqnXbcxPjZ1QZzgSOC51UY0LZkPaxbamkEWo/mx48JqdW6ZEwVrakIVP190RGI61HUWA7I2oGetGbiP957dSEl37GZZIalGy2KEwFMTGZfE96XCEzYmQJZYrbWwkbUEWZsRkVbAje4svLpFEpe27Zu7FpuDBDHo7hBM7AgwuowjXUoA4MIniCF3h1lPPsvDnvs9acM585hD9wPn4AIOCSFA==</latexit><latexit sha1_base64="MmOw/o/wiBLZr+zbdN0cRUIeY/Y=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhBsDHdptAzYWEYwH5KcYW8zSZbs7h27e0I48itsLBSx9efY+W/cJFdo4oOBx3szzMyLEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqhg0Wi1i3I2pQcIUNy63AdqKRykhgKxrfzPzWE2rDY3VvJwmGkg4VH3BGrZMesJepy+r00fRKZb/iz0FWSZCTMuSo90pf3X7MUonKMkGN6QR+YsOMasuZwGmxmxpMKBvTIXYcVVSiCbP5wVNy7pQ+GcTalbJkrv6eyKg0ZiIj1ympHZllbyb+53VSO7gOM66S1KJii0WDVBAbk9n3pM81MismjlCmubuVsBHVlFmXUdGFECy/vEqa1UrgV4I7v1zz8zgKcApncAEBXEENbqEODWAg4Rle4c3T3ov37n0sWte8fOYE/sD7/AFzNJAY</latexit>

es
n�2

<latexit sha1_base64="T85gPReIlJSKoOn2GTh2SoEMZSI=">AAAB8HicbVA9SwNBEJ2LXzF+RcXKZjEINoa7NFoGbCwjmA9JzrC3mUuW7O0du3tCOAL+BxsLRWwt/DF2/hs3H4UmPhh4vDfDzLwgEVwb1/12ciura+sb+c3C1vbO7l5x/6Ch41QxrLNYxKoVUI2CS6wbbgS2EoU0CgQ2g+HVxG8+oNI8lrdmlKAf0b7kIWfUWOkOu5k8r4zvdbdYcsvuFGSZeHNSqh6NPh8BoNYtfnV6MUsjlIYJqnXbcxPjZ1QZzgSOC51UY0LZkPaxbamkEWo/mx48JqdW6ZEwVrakIVP190RGI61HUWA7I2oGetGbiP957dSEl37GZZIalGy2KEwFMTGZfE96XCEzYmQJZYrbWwkbUEWZsRkVbAje4svLpFEpe27Zu7FpuDBDHo7hBM7AgwuowjXUoA4MIniCF3h1lPPsvDnvs9acM585hD9wPn4AIOCSFA==</latexit><latexit sha1_base64="MmOw/o/wiBLZr+zbdN0cRUIeY/Y=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhBsDHdptAzYWEYwH5KcYW8zSZbs7h27e0I48itsLBSx9efY+W/cJFdo4oOBx3szzMyLEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqhg0Wi1i3I2pQcIUNy63AdqKRykhgKxrfzPzWE2rDY3VvJwmGkg4VH3BGrZMesJepy+r00fRKZb/iz0FWSZCTMuSo90pf3X7MUonKMkGN6QR+YsOMasuZwGmxmxpMKBvTIXYcVVSiCbP5wVNy7pQ+GcTalbJkrv6eyKg0ZiIj1ympHZllbyb+53VSO7gOM66S1KJii0WDVBAbk9n3pM81MismjlCmubuVsBHVlFmXUdGFECy/vEqa1UrgV4I7v1zz8zgKcApncAEBXEENbqEODWAg4Rle4c3T3ov37n0sWte8fOYE/sD7/AFzNJAY</latexit>

e+
1

<latexit sha1_base64="+nrtgpOJ53aR1iucAqUT+4H50uE=">AAAB7HicbVA9SwNBEJ2LXzF+JVraLAZBEMKdjZYBG8sIXhJIzrC3mUuW7O0du3tCOPIbbCwUEaz8QXZ2/hQ3H4UmPhh4vDfDzLwwFVwb1/1yCmvrG5tbxe3Szu7e/kG5ctjUSaYY+iwRiWqHVKPgEn3DjcB2qpDGocBWOLqe+q0HVJon8s6MUwxiOpA84owaK/nY8+7Pe+WqW3NnIKvEW5BqvRJ+vwNAo1f+7PYTlsUoDRNU647npibIqTKcCZyUupnGlLIRHWDHUklj1EE+O3ZCTq3SJ1GibElDZurviZzGWo/j0HbG1Az1sjcV//M6mYmugpzLNDMo2XxRlAliEjL9nPS5QmbE2BLKFLe3EjakijJj8ynZELzll1dJ86LmuTXv1qbhwhxFOIYTOAMPLqEON9AAHxhweIRneHGk8+S8Om/z1oKzmDmCP3A+fgD7XpBH</latexit><latexit sha1_base64="slSPfNPk2cjXyxmaLCwdwetcksQ=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoMgCGHPRsuAjWUELxGSM+xt5pIle3vH7p4QQn6DjYUitv4gO/+Nm+QKTXww8Hhvhpl5USaFsZR+e6W19Y3NrfJ2ZWd3b/+genjUMmmuOQY8lal+iJhBKRQGVliJD5lGlkQS29HoZua3n1Abkap7O84wTNhAiVhwZp0UYM9/vOhVa7RO5yCrxC9IDQo0e9Wvbj/leYLKcsmM6fg0s+GEaSu4xGmlmxvMGB+xAXYcVSxBE07mx07JmVP6JE61K2XJXP09MWGJMeMkcp0Js0Oz7M3E/7xObuPrcCJUlltUfLEoziWxKZl9TvpCI7dy7AjjWrhbCR8yzbh1+VRcCP7yy6ukdVn3ad2/o7UGLeIowwmcwjn4cAUNuIUmBMBBwDO8wpunvBfv3ftYtJa8YuYY/sD7/AED4Y4U</latexit>

e+
1

<latexit sha1_base64="+nrtgpOJ53aR1iucAqUT+4H50uE=">AAAB7HicbVA9SwNBEJ2LXzF+JVraLAZBEMKdjZYBG8sIXhJIzrC3mUuW7O0du3tCOPIbbCwUEaz8QXZ2/hQ3H4UmPhh4vDfDzLwwFVwb1/1yCmvrG5tbxe3Szu7e/kG5ctjUSaYY+iwRiWqHVKPgEn3DjcB2qpDGocBWOLqe+q0HVJon8s6MUwxiOpA84owaK/nY8+7Pe+WqW3NnIKvEW5BqvRJ+vwNAo1f+7PYTlsUoDRNU647npibIqTKcCZyUupnGlLIRHWDHUklj1EE+O3ZCTq3SJ1GibElDZurviZzGWo/j0HbG1Az1sjcV//M6mYmugpzLNDMo2XxRlAliEjL9nPS5QmbE2BLKFLe3EjakijJj8ynZELzll1dJ86LmuTXv1qbhwhxFOIYTOAMPLqEON9AAHxhweIRneHGk8+S8Om/z1oKzmDmCP3A+fgD7XpBH</latexit><latexit sha1_base64="slSPfNPk2cjXyxmaLCwdwetcksQ=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoMgCGHPRsuAjWUELxGSM+xt5pIle3vH7p4QQn6DjYUitv4gO/+Nm+QKTXww8Hhvhpl5USaFsZR+e6W19Y3NrfJ2ZWd3b/+genjUMmmuOQY8lal+iJhBKRQGVliJD5lGlkQS29HoZua3n1Abkap7O84wTNhAiVhwZp0UYM9/vOhVa7RO5yCrxC9IDQo0e9Wvbj/leYLKcsmM6fg0s+GEaSu4xGmlmxvMGB+xAXYcVSxBE07mx07JmVP6JE61K2XJXP09MWGJMeMkcp0Js0Oz7M3E/7xObuPrcCJUlltUfLEoziWxKZl9TvpCI7dy7AjjWrhbCR8yzbh1+VRcCP7yy6ukdVn3ad2/o7UGLeIowwmcwjn4cAUNuIUmBMBBwDO8wpunvBfv3ftYtJa8YuYY/sD7/AED4Y4U</latexit>

e0
1

<latexit sha1_base64="4XAcrgS/2afuGELjXiB/sHHUSDU=">AAAB7HicbVBNS8NAEJ3Ur1q/oh69BKvgqWy86LHgxWMV0xbaWDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x+3HQ1gcDj/dmmJkXZYJrQ8i3U1pb39jcKm9Xdnb39g/cw6OmTnPFMGCpSFU7ohoFlxgYbgS2M4U0iQS2otHN1G89odI8lQ9mnGGY0IHkMWfUWCnAnv9Iem6V1MgM3irxF6Rad8/u6wDQ6Llf3X7K8gSlYYJq3fFJZsKCKsOZwEmlm2vMKBvRAXYslTRBHRazYyfeuVX6XpwqW9J4M/X3REETrcdJZDsTaoZ62ZuK/3md3MTXYcFllhuUbL4ozoVnUm/6udfnCpkRY0soU9ze6rEhVZQZm0/FhuAvv7xKmpc1n9T8O5sGgTnKcAKncAE+XEEdbqEBATDg8Ayv8OZI58V5dz7mrSVnMXMMf+B8/gBtXo8f</latexit><latexit sha1_base64="AKpZ9NJ8rp/gDS8/KOfyXuDd9Fc=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmIzGxIns2WpLYWGLiAQmcZG+Zgw17e5fdPRNC+A02Fhpj6w+y89+4wBUKvmSSl/dmMjMvyqQwltJvr7SxubW9U96t7O0fHB5Vj09aJs01x4CnMtWdiBmUQmFghZXYyTSyJJLYjsa3c7/9hNqIVD3YSYZhwoZKxIIz66QA+/4j7VdrtE4XIOvEL0gNCjT71a/eIOV5gspyyYzp+jSz4ZRpK7jEWaWXG8wYH7Mhdh1VLEETThfHzsiFUwYkTrUrZclC/T0xZYkxkyRynQmzI7PqzcX/vG5u45twKlSWW1R8uSjOJbEpmX9OBkIjt3LiCONauFsJHzHNuHX5VFwI/urL66R1Vfdp3b+ntQYt4ijDGZzDJfhwDQ24gyYEwEHAM7zCm6e8F+/d+1i2lrxi5hT+wPv8AQt1jhk=</latexit>

e0
1

<latexit sha1_base64="4XAcrgS/2afuGELjXiB/sHHUSDU=">AAAB7HicbVBNS8NAEJ3Ur1q/oh69BKvgqWy86LHgxWMV0xbaWDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x+3HQ1gcDj/dmmJkXZYJrQ8i3U1pb39jcKm9Xdnb39g/cw6OmTnPFMGCpSFU7ohoFlxgYbgS2M4U0iQS2otHN1G89odI8lQ9mnGGY0IHkMWfUWCnAnv9Iem6V1MgM3irxF6Rad8/u6wDQ6Llf3X7K8gSlYYJq3fFJZsKCKsOZwEmlm2vMKBvRAXYslTRBHRazYyfeuVX6XpwqW9J4M/X3REETrcdJZDsTaoZ62ZuK/3md3MTXYcFllhuUbL4ozoVnUm/6udfnCpkRY0soU9ze6rEhVZQZm0/FhuAvv7xKmpc1n9T8O5sGgTnKcAKncAE+XEEdbqEBATDg8Ayv8OZI58V5dz7mrSVnMXMMf+B8/gBtXo8f</latexit><latexit sha1_base64="AKpZ9NJ8rp/gDS8/KOfyXuDd9Fc=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmIzGxIns2WpLYWGLiAQmcZG+Zgw17e5fdPRNC+A02Fhpj6w+y89+4wBUKvmSSl/dmMjMvyqQwltJvr7SxubW9U96t7O0fHB5Vj09aJs01x4CnMtWdiBmUQmFghZXYyTSyJJLYjsa3c7/9hNqIVD3YSYZhwoZKxIIz66QA+/4j7VdrtE4XIOvEL0gNCjT71a/eIOV5gspyyYzp+jSz4ZRpK7jEWaWXG8wYH7Mhdh1VLEETThfHzsiFUwYkTrUrZclC/T0xZYkxkyRynQmzI7PqzcX/vG5u45twKlSWW1R8uSjOJbEpmX9OBkIjt3LiCONauFsJHzHNuHX5VFwI/urL66R1Vfdp3b+ntQYt4ijDGZzDJfhwDQ24gyYEwEHAM7zCm6e8F+/d+1i2lrxi5hT+wPv8AQt1jhk=</latexit>

e�1
<latexit sha1_base64="FNWcmbYYHT/ypEVaS/KPxSIdAXQ=">AAAB7HicbVA9SwNBEJ2LXzF+JVraLAbBxnBno2XAxjKClwSSM+xt5pIle3vH7p4QjvwGGwtFBCt/kJ2dP8XNR6GJDwYe780wMy9MBdfGdb+cwtr6xuZWcbu0s7u3f1CuHDZ1kimGPktEotoh1Si4RN9wI7CdKqRxKLAVjq6nfusBleaJvDPjFIOYDiSPOKPGSj72vPvzXrnq1twZyCrxFqRar4Tf7wDQ6JU/u/2EZTFKwwTVuuO5qQlyqgxnAielbqYxpWxEB9ixVNIYdZDPjp2QU6v0SZQoW9KQmfp7Iqex1uM4tJ0xNUO97E3F/7xOZqKrIOcyzQxKNl8UZYKYhEw/J32ukBkxtoQyxe2thA2poszYfEo2BG/55VXSvKh5bs27tWm4MEcRjuEEzsCDS6jDDTTABwYcHuEZXhzpPDmvztu8teAsZo7gD5yPH/5mkEk=</latexit><latexit sha1_base64="NHDMfsAhjxLqpZoSt5gvWldI96s=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgY9iz0TJgYxnBS4TkDHubuWTJ3t6xuyeEkN9gY6GIrT/Izn/jJrlCEx8MPN6bYWZelElhLKXfXmltfWNzq7xd2dnd2z+oHh61TJprjgFPZaofImZQCoWBFVbiQ6aRJZHEdjS6mfntJ9RGpOrejjMMEzZQIhacWScF2PMfL3rVGq3TOcgq8QtSgwLNXvWr2095nqCyXDJjOj7NbDhh2goucVrp5gYzxkdsgB1HFUvQhJP5sVNy5pQ+iVPtSlkyV39PTFhizDiJXGfC7NAsezPxP6+T2/g6nAiV5RYVXyyKc0lsSmafk77QyK0cO8K4Fu5WwodMM25dPhUXgr/88ippXdZ9WvfvaK1BizjKcAKncA4+XEEDbqEJAXAQ8Ayv8OYp78V79z4WrSWvmDmGP/A+fwAG6Y4W</latexit>

e�1
<latexit sha1_base64="FNWcmbYYHT/ypEVaS/KPxSIdAXQ=">AAAB7HicbVA9SwNBEJ2LXzF+JVraLAbBxnBno2XAxjKClwSSM+xt5pIle3vH7p4QjvwGGwtFBCt/kJ2dP8XNR6GJDwYe780wMy9MBdfGdb+cwtr6xuZWcbu0s7u3f1CuHDZ1kimGPktEotoh1Si4RN9wI7CdKqRxKLAVjq6nfusBleaJvDPjFIOYDiSPOKPGSj72vPvzXrnq1twZyCrxFqRar4Tf7wDQ6JU/u/2EZTFKwwTVuuO5qQlyqgxnAielbqYxpWxEB9ixVNIYdZDPjp2QU6v0SZQoW9KQmfp7Iqex1uM4tJ0xNUO97E3F/7xOZqKrIOcyzQxKNl8UZYKYhEw/J32ukBkxtoQyxe2thA2poszYfEo2BG/55VXSvKh5bs27tWm4MEcRjuEEzsCDS6jDDTTABwYcHuEZXhzpPDmvztu8teAsZo7gD5yPH/5mkEk=</latexit><latexit sha1_base64="NHDMfsAhjxLqpZoSt5gvWldI96s=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgY9iz0TJgYxnBS4TkDHubuWTJ3t6xuyeEkN9gY6GIrT/Izn/jJrlCEx8MPN6bYWZelElhLKXfXmltfWNzq7xd2dnd2z+oHh61TJprjgFPZaofImZQCoWBFVbiQ6aRJZHEdjS6mfntJ9RGpOrejjMMEzZQIhacWScF2PMfL3rVGq3TOcgq8QtSgwLNXvWr2095nqCyXDJjOj7NbDhh2goucVrp5gYzxkdsgB1HFUvQhJP5sVNy5pQ+iVPtSlkyV39PTFhizDiJXGfC7NAsezPxP6+T2/g6nAiV5RYVXyyKc0lsSmafk77QyK0cO8K4Fu5WwodMM25dPhUXgr/88ippXdZ9WvfvaK1BizjKcAKncA4+XEEDbqEJAXAQ8Ayv8OYp78V79z4WrSWvmDmGP/A+fwAG6Y4W</latexit>

e�n�2
<latexit sha1_base64="SAwdvFWmTd7X4PaPkSo4eQze5Lo=">AAAB8HicbVDLSgNBEOyNrxhfUcGLl8UgeEnYzUXxFPDiMYJJlGQNs5PeZMjM7DIzK4QlX+HFgyJe/QK/w5t/4+Rx0MSChqKqm+6uMOFMG8/7dnIrq2vrG/nNwtb2zu5ecf+gqeNUUWzQmMfqLiQaOZPYMMxwvEsUEhFybIXDq4nfekSlWSxvzSjBQJC+ZBGjxFjpHruZLFfHD+VuseRVvCncZeLPSal29HlZA4B6t/jV6cU0FSgN5UTrtu8lJsiIMoxyHBc6qcaE0CHpY9tSSQTqIJsePHZPrdJzo1jZksadqr8nMiK0HonQdgpiBnrRm4j/ee3URBdBxmSSGpR0tihKuWtid/K922MKqeEjSwhVzN7q0gFRhBqbUcGG4C++vEya1YrvVfwbm4YHM+ThGE7gDHw4hxpcQx0aQEHAE7zAq6OcZ+fNeZ+15pz5zCH8gfPxAxrmkVo=</latexit><latexit sha1_base64="YBHb4ni8oP9LgO4HJq3eUIPVOak=">AAAB8HicbVBNSwMxEM3Wr1q/qh69BIvgpSXbix4LXjxWsB/SriWbzrahSXZJskJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8MBHcWEK+vcLG5tb2TnG3tLd/cHhUPj5pmzjVDFosFrHuhtSA4ApallsB3UQDlaGATji5mfudJ9CGx+reThMIJB0pHnFGrZMeYJCpan32WB2UK6RGFsDrxM9JBeVoDspf/WHMUgnKMkGN6fkksUFGteVMwKzUTw0klE3oCHqOKirBBNni4Bm+cMoQR7F2pSxeqL8nMiqNmcrQdUpqx2bVm4v/eb3URtdBxlWSWlBsuShKBbYxnn+Ph1wDs2LqCGWau1sxG1NNmXUZlVwI/urL66Rdr/mk5t+RSoPkcRTRGTpHl8hHV6iBblETtRBDEj2jV/Tmae/Fe/c+lq0FL585RX/gff4ACRyP0g==</latexit>

e�n�2
<latexit sha1_base64="SAwdvFWmTd7X4PaPkSo4eQze5Lo=">AAAB8HicbVDLSgNBEOyNrxhfUcGLl8UgeEnYzUXxFPDiMYJJlGQNs5PeZMjM7DIzK4QlX+HFgyJe/QK/w5t/4+Rx0MSChqKqm+6uMOFMG8/7dnIrq2vrG/nNwtb2zu5ecf+gqeNUUWzQmMfqLiQaOZPYMMxwvEsUEhFybIXDq4nfekSlWSxvzSjBQJC+ZBGjxFjpHruZLFfHD+VuseRVvCncZeLPSal29HlZA4B6t/jV6cU0FSgN5UTrtu8lJsiIMoxyHBc6qcaE0CHpY9tSSQTqIJsePHZPrdJzo1jZksadqr8nMiK0HonQdgpiBnrRm4j/ee3URBdBxmSSGpR0tihKuWtid/K922MKqeEjSwhVzN7q0gFRhBqbUcGG4C++vEya1YrvVfwbm4YHM+ThGE7gDHw4hxpcQx0aQEHAE7zAq6OcZ+fNeZ+15pz5zCH8gfPxAxrmkVo=</latexit><latexit sha1_base64="YBHb4ni8oP9LgO4HJq3eUIPVOak=">AAAB8HicbVBNSwMxEM3Wr1q/qh69BIvgpSXbix4LXjxWsB/SriWbzrahSXZJskJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8MBHcWEK+vcLG5tb2TnG3tLd/cHhUPj5pmzjVDFosFrHuhtSA4ApallsB3UQDlaGATji5mfudJ9CGx+reThMIJB0pHnFGrZMeYJCpan32WB2UK6RGFsDrxM9JBeVoDspf/WHMUgnKMkGN6fkksUFGteVMwKzUTw0klE3oCHqOKirBBNni4Bm+cMoQR7F2pSxeqL8nMiqNmcrQdUpqx2bVm4v/eb3URtdBxlWSWlBsuShKBbYxnn+Ph1wDs2LqCGWau1sxG1NNmXUZlVwI/urL66Rdr/mk5t+RSoPkcRTRGTpHl8hHV6iBblETtRBDEj2jV/Tmae/Fe/c+lq0FL585RX/gff4ACRyP0g==</latexit>

e0
n�2

<latexit sha1_base64="Gs09FeVfqUbKL72mzhRMxGLKHdA=">AAAB8HicbVC7SgNBFL0bXzG+omJlMxgEG8NsGi0DNpYRzEOSNcxOZpMhM7PLzKwQloD/YGOhiK2FH2Pn3zh5FJp44MLhnHu5954wEdxYjL+93Mrq2vpGfrOwtb2zu1fcP2iYONWU1WksYt0KiWGCK1a33ArWSjQjMhSsGQ6vJn7zgWnDY3VrRwkLJOkrHnFKrJPuWDdT55XxPe4WS7iMp0DLxJ+TUvVo9PkIALVu8avTi2kqmbJUEGPaPk5skBFtORVsXOikhiWEDkmftR1VRDITZNODx+jUKT0UxdqVsmiq/p7IiDRmJEPXKYkdmEVvIv7ntVMbXQYZV0lqmaKzRVEqkI3R5HvU45pRK0aOEKq5uxXRAdGEWpdRwYXgL768TBqVso/L/o1LA8MMeTiGEzgDHy6gCtdQgzpQkPAEL/Dqae/Ze/PeZ605bz5zCH/gffwAu0WR0Q==</latexit><latexit sha1_base64="l1vMI/7FEap+OuU+if3vdEIB090=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYRBsDHtptAzYWEYwH5KcYW8zSZbs7h27e0I48itsLBSx9efY+W/cJFdo4oOBx3szzMyLEsGNJeTbW1vf2NzaLuwUd/f2Dw5LR8dNE6eaYYPFItbtiBoUXGHDciuwnWikMhLYisY3M7/1hNrwWN3bSYKhpEPFB5xR66QH7GXqsjp9JL1SmVTIHP4qCXJShhz1Xumr249ZKlFZJqgxnYAkNsyotpwJnBa7qcGEsjEdYsdRRSWaMJsfPPXPndL3B7F2paw/V39PZFQaM5GR65TUjsyyNxP/8zqpHVyHGVdJalGxxaJBKnwb+7Pv/T7XyKyYOEKZ5u5Wn42opsy6jIouhGD55VXSrFYCUgnuSLlG8jgKcApncAEBXEENbqEODWAg4Rle4c3T3ov37n0sWte8fOYE/sD7/AENqI/V</latexit>

e0
n�2

<latexit sha1_base64="Gs09FeVfqUbKL72mzhRMxGLKHdA=">AAAB8HicbVC7SgNBFL0bXzG+omJlMxgEG8NsGi0DNpYRzEOSNcxOZpMhM7PLzKwQloD/YGOhiK2FH2Pn3zh5FJp44MLhnHu5954wEdxYjL+93Mrq2vpGfrOwtb2zu1fcP2iYONWU1WksYt0KiWGCK1a33ArWSjQjMhSsGQ6vJn7zgWnDY3VrRwkLJOkrHnFKrJPuWDdT55XxPe4WS7iMp0DLxJ+TUvVo9PkIALVu8avTi2kqmbJUEGPaPk5skBFtORVsXOikhiWEDkmftR1VRDITZNODx+jUKT0UxdqVsmiq/p7IiDRmJEPXKYkdmEVvIv7ntVMbXQYZV0lqmaKzRVEqkI3R5HvU45pRK0aOEKq5uxXRAdGEWpdRwYXgL768TBqVso/L/o1LA8MMeTiGEzgDHy6gCtdQgzpQkPAEL/Dqae/Ze/PeZ605bz5zCH/gffwAu0WR0Q==</latexit><latexit sha1_base64="l1vMI/7FEap+OuU+if3vdEIB090=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYRBsDHtptAzYWEYwH5KcYW8zSZbs7h27e0I48itsLBSx9efY+W/cJFdo4oOBx3szzMyLEsGNJeTbW1vf2NzaLuwUd/f2Dw5LR8dNE6eaYYPFItbtiBoUXGHDciuwnWikMhLYisY3M7/1hNrwWN3bSYKhpEPFB5xR66QH7GXqsjp9JL1SmVTIHP4qCXJShhz1Xumr249ZKlFZJqgxnYAkNsyotpwJnBa7qcGEsjEdYsdRRSWaMJsfPPXPndL3B7F2paw/V39PZFQaM5GR65TUjsyyNxP/8zqpHVyHGVdJalGxxaJBKnwb+7Pv/T7XyKyYOEKZ5u5Wn42opsy6jIouhGD55VXSrFYCUgnuSLlG8jgKcApncAEBXEENbqEODWAg4Rle4c3T3ov37n0sWte8fOYE/sD7/AENqI/V</latexit>

e+
n�2

<latexit sha1_base64="+avv8B+1KGPkIPamOMZy6vakdes=">AAAB8HicbVDLSgNBEOz1GeMrKnjxMhgEQQy7uSieAl48RjAPSdYwO+lNhszOLjOzQljyFV48KOLVL/A7vPk3Th4HTSxoKKq66e4KEsG1cd1vZ2l5ZXVtPbeR39za3tkt7O3XdZwqhjUWi1g1A6pRcIk1w43AZqKQRoHARjC4HvuNR1Sax/LODBP0I9qTPOSMGivdYyeT5+XRw1mnUHRL7gRkkXgzUqwcfl5VAKDaKXy1uzFLI5SGCap1y3MT42dUGc4EjvLtVGNC2YD2sGWppBFqP5scPCInVumSMFa2pCET9fdERiOth1FgOyNq+nreG4v/ea3UhJd+xmWSGpRsuihMBTExGX9PulwhM2JoCWWK21sJ61NFmbEZ5W0I3vzLi6ReLnluybu1abgwRQ6O4BhOwYMLqMANVKEGDCJ4ghd4dZTz7Lw579PWJWc2cwB/4Hz8ABfekVg=</latexit><latexit sha1_base64="hCLhz2dHEeybMrfOtqQ56bcOhEA=">AAAB8HicbVBNSwMxEM3Wr1q/qh69BIsgiCXbix4LXjxWsB/SriWbzrahSXZJskJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8MBHcWEK+vcLa+sbmVnG7tLO7t39QPjxqmTjVDJosFrHuhNSA4AqallsBnUQDlaGAdji+mfntJ9CGx+reThIIJB0qHnFGrZMeoJ+py9r08aJfrpAqmQOvEj8nFZSj0S9/9QYxSyUoywQ1puuTxAYZ1ZYzAdNSLzWQUDamQ+g6qqgEE2Tzg6f4zCkDHMXalbJ4rv6eyKg0ZiJD1ympHZllbyb+53VTG10HGVdJakGxxaIoFdjGePY9HnANzIqJI5Rp7m7FbEQ1ZdZlVHIh+Msvr5JWreqTqn9HKnWSx1FEJ+gUnSMfXaE6ukUN1EQMSfSMXtGbp70X7937WLQWvHzmGP2B9/kDBhSP0A==</latexit>

e+
n�2

<latexit sha1_base64="+avv8B+1KGPkIPamOMZy6vakdes=">AAAB8HicbVDLSgNBEOz1GeMrKnjxMhgEQQy7uSieAl48RjAPSdYwO+lNhszOLjOzQljyFV48KOLVL/A7vPk3Th4HTSxoKKq66e4KEsG1cd1vZ2l5ZXVtPbeR39za3tkt7O3XdZwqhjUWi1g1A6pRcIk1w43AZqKQRoHARjC4HvuNR1Sax/LODBP0I9qTPOSMGivdYyeT5+XRw1mnUHRL7gRkkXgzUqwcfl5VAKDaKXy1uzFLI5SGCap1y3MT42dUGc4EjvLtVGNC2YD2sGWppBFqP5scPCInVumSMFa2pCET9fdERiOth1FgOyNq+nreG4v/ea3UhJd+xmWSGpRsuihMBTExGX9PulwhM2JoCWWK21sJ61NFmbEZ5W0I3vzLi6ReLnluybu1abgwRQ6O4BhOwYMLqMANVKEGDCJ4ghd4dZTz7Lw579PWJWc2cwB/4Hz8ABfekVg=</latexit><latexit sha1_base64="hCLhz2dHEeybMrfOtqQ56bcOhEA=">AAAB8HicbVBNSwMxEM3Wr1q/qh69BIsgiCXbix4LXjxWsB/SriWbzrahSXZJskJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8MBHcWEK+vcLa+sbmVnG7tLO7t39QPjxqmTjVDJosFrHuhNSA4AqallsBnUQDlaGAdji+mfntJ9CGx+reThIIJB0qHnFGrZMeoJ+py9r08aJfrpAqmQOvEj8nFZSj0S9/9QYxSyUoywQ1puuTxAYZ1ZYzAdNSLzWQUDamQ+g6qqgEE2Tzg6f4zCkDHMXalbJ4rv6eyKg0ZiJD1ympHZllbyb+53VTG10HGVdJakGxxaIoFdjGePY9HnANzIqJI5Rp7m7FbEQ1ZdZlVHIh+Msvr5JWreqTqn9HKnWSx1FEJ+gUnSMfXaE6ukUN1EQMSfSMXtGbp70X7937WLQWvHzmGP2B9/kDBhSP0A==</latexit>

e�2
<latexit sha1_base64="zx1EEKCRTE0p95huCwmcRgcUtGY=">AAAB7HicbVA9SwNBEJ3zM8avREubxSDYGO7SaBmwsYzgJYHkDHubuWTJ3t6xuyeEI7/BxkIRwcofZGfnT3HzUWjig4HHezPMzAtTwbVx3S9nbX1jc2u7sFPc3ds/OCyVj5o6yRRDnyUiUe2QahRcom+4EdhOFdI4FNgKR9dTv/WASvNE3plxikFMB5JHnFFjJR97tfuLXqniVt0ZyCrxFqRSL4ff7wDQ6JU+u/2EZTFKwwTVuuO5qQlyqgxnAifFbqYxpWxEB9ixVNIYdZDPjp2QM6v0SZQoW9KQmfp7Iqex1uM4tJ0xNUO97E3F/7xOZqKrIOcyzQxKNl8UZYKYhEw/J32ukBkxtoQyxe2thA2poszYfIo2BG/55VXSrFU9t+rd2jRcmKMAJ3AK5+DBJdThBhrgAwMOj/AML450npxX523euuYsZo7hD5yPH//skEo=</latexit><latexit sha1_base64="EFlVqk4P+jNGC6WMkpJjazK4WvU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyXpRY8FLx4rmLbQxrLZTtqlm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777ZQ2Nre2d8q7lb39g8Oj6vFJWyeZYuizRCSqG1KNgkv0DTcCu6lCGocCO+Hkdu53nlBpnsgHM00xiOlI8ogzaqzk46DxeDWo1ty6uwBZJ15BalCgNah+9YcJy2KUhgmqdc9zUxPkVBnOBM4q/UxjStmEjrBnqaQx6iBfHDsjF1YZkihRtqQhC/X3RE5jradxaDtjasZ61ZuL/3m9zEQ3Qc5lmhmUbLkoygQxCZl/ToZcITNiagllittbCRtTRZmx+VRsCN7qy+uk3ah7bt27d2tNt4ijDGdwDpfgwTU04Q5a4AMDDs/wCm+OdF6cd+dj2VpyiplT+APn8wcIb44X</latexit>

e�2
<latexit sha1_base64="zx1EEKCRTE0p95huCwmcRgcUtGY=">AAAB7HicbVA9SwNBEJ3zM8avREubxSDYGO7SaBmwsYzgJYHkDHubuWTJ3t6xuyeEI7/BxkIRwcofZGfnT3HzUWjig4HHezPMzAtTwbVx3S9nbX1jc2u7sFPc3ds/OCyVj5o6yRRDnyUiUe2QahRcom+4EdhOFdI4FNgKR9dTv/WASvNE3plxikFMB5JHnFFjJR97tfuLXqniVt0ZyCrxFqRSL4ff7wDQ6JU+u/2EZTFKwwTVuuO5qQlyqgxnAifFbqYxpWxEB9ixVNIYdZDPjp2QM6v0SZQoW9KQmfp7Iqex1uM4tJ0xNUO97E3F/7xOZqKrIOcyzQxKNl8UZYKYhEw/J32ukBkxtoQyxe2thA2poszYfIo2BG/55VXSrFU9t+rd2jRcmKMAJ3AK5+DBJdThBhrgAwMOj/AML450npxX523euuYsZo7hD5yPH//skEo=</latexit><latexit sha1_base64="EFlVqk4P+jNGC6WMkpJjazK4WvU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyXpRY8FLx4rmLbQxrLZTtqlm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777ZQ2Nre2d8q7lb39g8Oj6vFJWyeZYuizRCSqG1KNgkv0DTcCu6lCGocCO+Hkdu53nlBpnsgHM00xiOlI8ogzaqzk46DxeDWo1ty6uwBZJ15BalCgNah+9YcJy2KUhgmqdc9zUxPkVBnOBM4q/UxjStmEjrBnqaQx6iBfHDsjF1YZkihRtqQhC/X3RE5jradxaDtjasZ61ZuL/3m9zEQ3Qc5lmhmUbLkoygQxCZl/ToZcITNiagllittbCRtTRZmx+VRsCN7qy+uk3ah7bt27d2tNt4ijDGdwDpfgwTU04Q5a4AMDDs/wCm+OdF6cd+dj2VpyiplT+APn8wcIb44X</latexit>

e0
2

<latexit sha1_base64="W7So1Qx3KCWo4ohsNEkBHSp5bqE=">AAAB7HicbVBNS8NAEJ34WetX1KOXxSp4Kkkveix48VjFtIU2ls120i7dbMLuRiihv8GLB0W8+oO8+W/cfhy09cHA470ZZuZFmeDaeN63s7a+sbm1Xdop7+7tHxy6R8dNneaKYcBSkap2RDUKLjEw3AhsZwppEglsRaObqd96QqV5Kh/MOMMwoQPJY86osVKAvdqj13MrXtWbgawSf0Eqdff8vg4AjZ771e2nLE9QGiao1h3fy0xYUGU4Ezgpd3ONGWUjOsCOpZImqMNiduyEXFilT+JU2ZKGzNTfEwVNtB4nke1MqBnqZW8q/ud1chNfhwWXWW5QsvmiOBfEpGT6OelzhcyIsSWUKW5vJWxIFWXG5lO2IfjLL6+SZq3qe1X/zqbhwRwlOIUzuAQfrqAOt9CAABhweIZXeHOk8+K8Ox/z1jVnMXMCf+B8/gBu5I8g</latexit><latexit sha1_base64="dNigtIiZ49fW8Lq9nHmyWTA9l0I=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCswl4aLQM2lhHMByRn2NvMJUv29o7dPSEc+Q02ForY+oPs/Ddukis08cHA470ZZuaFqRTGUvrtbWxube/slvbK+weHR8eVk9O2STLNscUTmehuyAxKobBlhZXYTTWyOJTYCSe3c7/zhNqIRD3YaYpBzEZKRIIz66QWDuqPdFCp0hpdgKwTvyBVKNAcVL76w4RnMSrLJTOm59PUBjnTVnCJs3I/M5gyPmEj7DmqWIwmyBfHzsilU4YkSrQrZclC/T2Rs9iYaRy6zpjZsVn15uJ/Xi+z0U2QC5VmFhVfLooySWxC5p+TodDIrZw6wrgW7lbCx0wzbl0+ZReCv/ryOmnXaz6t+fe02qBFHCU4hwu4Ah+uoQF30IQWcBDwDK/w5invxXv3PpatG14xcwZ/4H3+AAz7jho=</latexit>

e0
2

<latexit sha1_base64="W7So1Qx3KCWo4ohsNEkBHSp5bqE=">AAAB7HicbVBNS8NAEJ34WetX1KOXxSp4Kkkveix48VjFtIU2ls120i7dbMLuRiihv8GLB0W8+oO8+W/cfhy09cHA470ZZuZFmeDaeN63s7a+sbm1Xdop7+7tHxy6R8dNneaKYcBSkap2RDUKLjEw3AhsZwppEglsRaObqd96QqV5Kh/MOMMwoQPJY86osVKAvdqj13MrXtWbgawSf0Eqdff8vg4AjZ771e2nLE9QGiao1h3fy0xYUGU4Ezgpd3ONGWUjOsCOpZImqMNiduyEXFilT+JU2ZKGzNTfEwVNtB4nke1MqBnqZW8q/ud1chNfhwWXWW5QsvmiOBfEpGT6OelzhcyIsSWUKW5vJWxIFWXG5lO2IfjLL6+SZq3qe1X/zqbhwRwlOIUzuAQfrqAOt9CAABhweIZXeHOk8+K8Ox/z1jVnMXMCf+B8/gBu5I8g</latexit><latexit sha1_base64="dNigtIiZ49fW8Lq9nHmyWTA9l0I=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCswl4aLQM2lhHMByRn2NvMJUv29o7dPSEc+Q02ForY+oPs/Ddukis08cHA470ZZuaFqRTGUvrtbWxube/slvbK+weHR8eVk9O2STLNscUTmehuyAxKobBlhZXYTTWyOJTYCSe3c7/zhNqIRD3YaYpBzEZKRIIz66QWDuqPdFCp0hpdgKwTvyBVKNAcVL76w4RnMSrLJTOm59PUBjnTVnCJs3I/M5gyPmEj7DmqWIwmyBfHzsilU4YkSrQrZclC/T2Rs9iYaRy6zpjZsVn15uJ/Xi+z0U2QC5VmFhVfLooySWxC5p+TodDIrZw6wrgW7lbCx0wzbl0+ZReCv/ryOmnXaz6t+fe02qBFHCU4hwu4Ah+uoQF30IQWcBDwDK/w5invxXv3PpatG14xcwZ/4H3+AAz7jho=</latexit>

e+
2

<latexit sha1_base64="yghzb+wTXsl199SeOHXP+CCb6yM=">AAAB7HicbVA9SwNBEJ3zM8avREubxSAIQrhLo2XAxjKClwSSM+xt5pIle3vH7p4QjvwGGwtFBCt/kJ2dP8XNR6GJDwYe780wMy9MBdfGdb+ctfWNza3twk5xd2//4LBUPmrqJFMMfZaIRLVDqlFwib7hRmA7VUjjUGArHF1P/dYDKs0TeWfGKQYxHUgecUaNlXzs1e4veqWKW3VnIKvEW5BKvRx+vwNAo1f67PYTlsUoDRNU647npibIqTKcCZwUu5nGlLIRHWDHUklj1EE+O3ZCzqzSJ1GibElDZurviZzGWo/j0HbG1Az1sjcV//M6mYmugpzLNDMo2XxRlAliEjL9nPS5QmbE2BLKFLe3EjakijJj8ynaELzll1dJs1b13Kp3a9NwYY4CnMApnIMHl1CHG2iADww4PMIzvDjSeXJenbd565qzmDmGP3A+fgD85JBI</latexit><latexit sha1_base64="uTpICI58jt4p1DsR9m1ulCxSVCE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEErSix4LXjxWMG2hjWWznbRLN5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlRwbVz32yltbG5t75R3K3v7B4dH1eOTtk4yxdBniUhUN6QaBZfoG24EdlOFNA4FdsLJ7dzvPKHSPJEPZppiENOR5BFn1FjJx0Hj8WpQrbl1dwGyTryC1KBAa1D96g8TlsUoDRNU657npibIqTKcCZxV+pnGlLIJHWHPUklj1EG+OHZGLqwyJFGibElDFurviZzGWk/j0HbG1Iz1qjcX//N6mYlugpzLNDMo2XJRlAliEjL/nAy5QmbE1BLKFLe3EjamijJj86nYELzVl9dJu1H33Lp379aabhFHGc7gHC7Bg2towh20wAcGHJ7hFd4c6bw4787HsrXkFDOn8AfO5w8FZ44V</latexit>

e+
2

<latexit sha1_base64="yghzb+wTXsl199SeOHXP+CCb6yM=">AAAB7HicbVA9SwNBEJ3zM8avREubxSAIQrhLo2XAxjKClwSSM+xt5pIle3vH7p4QjvwGGwtFBCt/kJ2dP8XNR6GJDwYe780wMy9MBdfGdb+ctfWNza3twk5xd2//4LBUPmrqJFMMfZaIRLVDqlFwib7hRmA7VUjjUGArHF1P/dYDKs0TeWfGKQYxHUgecUaNlXzs1e4veqWKW3VnIKvEW5BKvRx+vwNAo1f67PYTlsUoDRNU647npibIqTKcCZwUu5nGlLIRHWDHUklj1EE+O3ZCzqzSJ1GibElDZurviZzGWo/j0HbG1Az1sjcV//M6mYmugpzLNDMo2XxRlAliEjL9nPS5QmbE2BLKFLe3EjakijJj8ynaELzll1dJs1b13Kp3a9NwYY4CnMApnIMHl1CHG2iADww4PMIzvDjSeXJenbd565qzmDmGP3A+fgD85JBI</latexit><latexit sha1_base64="uTpICI58jt4p1DsR9m1ulCxSVCE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEErSix4LXjxWMG2hjWWznbRLN5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlRwbVz32yltbG5t75R3K3v7B4dH1eOTtk4yxdBniUhUN6QaBZfoG24EdlOFNA4FdsLJ7dzvPKHSPJEPZppiENOR5BFn1FjJx0Hj8WpQrbl1dwGyTryC1KBAa1D96g8TlsUoDRNU657npibIqTKcCZxV+pnGlLIJHWHPUklj1EG+OHZGLqwyJFGibElDFurviZzGWk/j0HbG1Iz1qjcX//N6mYlugpzLNDMo2XJRlAliEjL/nAy5QmbE1BLKFLe3EjamijJj86nYELzVl9dJu1H33Lp379aabhFHGc7gHC7Bg2towh20wAcGHJ7hFd4c6bw4787HsrXkFDOn8AfO5w8FZ44V</latexit>

e0
n

<latexit sha1_base64="0wWoQ8UlG/q249KzefP2yE8+oSs=">AAAB7HicbVBNS8NAEJ3Ur1q/oh69BKvgqWy86LHgxWMV0xbaWDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x+3HQ1gcDj/dmmJkXZYJrQ8i3U1pb39jcKm9Xdnb39g/cw6OmTnPFMGCpSFU7ohoFlxgYbgS2M4U0iQS2otHN1G89odI8lQ9mnGGY0IHkMWfUWCnAnnwkPbdKamQGb5X4C1Ktu2f3dQBo9Nyvbj9leYLSMEG17vgkM2FBleFM4KTSzTVmlI3oADuWSpqgDovZsRPv3Cp9L06VLWm8mfp7oqCJ1uMksp0JNUO97E3F/7xObuLrsOAyyw1KNl8U58IzqTf93OtzhcyIsSWUKW5v9diQKsqMzadiQ/CXX14lzcuaT2r+nU2DwBxlOIFTuAAfrqAOt9CAABhweIZXeHOk8+K8Ox/z1pKzmDmGP3A+fwDKTI9c</latexit><latexit sha1_base64="S+fdo9NadWIp4pnEPjb5C6yQkto=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmIzGxIns2WpLYWGLiAQmcZG+Zgw17e5fdPRNC+A02Fhpj6w+y89+4wBUKvmSSl/dmMjMvyqQwltJvr7SxubW9U96t7O0fHB5Vj09aJs01x4CnMtWdiBmUQmFghZXYyTSyJJLYjsa3c7/9hNqIVD3YSYZhwoZKxIIz66QA++qR9qs1WqcLkHXiF6QGBZr96ldvkPI8QWW5ZMZ0fZrZcMq0FVzirNLLDWaMj9kQu44qlqAJp4tjZ+TCKQMSp9qVsmSh/p6YssSYSRK5zoTZkVn15uJ/Xje38U04FSrLLSq+XBTnktiUzD8nA6GRWzlxhHEt3K2Ej5hm3Lp8Ki4Ef/XlddK6qvu07t/TWoMWcZThDM7hEny4hgbcQRMC4CDgGV7hzVPei/fufSxbS14xcwp/4H3+AGhjjlY=</latexit>

e0
n

<latexit sha1_base64="0wWoQ8UlG/q249KzefP2yE8+oSs=">AAAB7HicbVBNS8NAEJ3Ur1q/oh69BKvgqWy86LHgxWMV0xbaWDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x+3HQ1gcDj/dmmJkXZYJrQ8i3U1pb39jcKm9Xdnb39g/cw6OmTnPFMGCpSFU7ohoFlxgYbgS2M4U0iQS2otHN1G89odI8lQ9mnGGY0IHkMWfUWCnAnnwkPbdKamQGb5X4C1Ktu2f3dQBo9Nyvbj9leYLSMEG17vgkM2FBleFM4KTSzTVmlI3oADuWSpqgDovZsRPv3Cp9L06VLWm8mfp7oqCJ1uMksp0JNUO97E3F/7xObuLrsOAyyw1KNl8U58IzqTf93OtzhcyIsSWUKW5v9diQKsqMzadiQ/CXX14lzcuaT2r+nU2DwBxlOIFTuAAfrqAOt9CAABhweIZXeHOk8+K8Ox/z1pKzmDmGP3A+fwDKTI9c</latexit><latexit sha1_base64="S+fdo9NadWIp4pnEPjb5C6yQkto=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmIzGxIns2WpLYWGLiAQmcZG+Zgw17e5fdPRNC+A02Fhpj6w+y89+4wBUKvmSSl/dmMjMvyqQwltJvr7SxubW9U96t7O0fHB5Vj09aJs01x4CnMtWdiBmUQmFghZXYyTSyJJLYjsa3c7/9hNqIVD3YSYZhwoZKxIIz66QA++qR9qs1WqcLkHXiF6QGBZr96ldvkPI8QWW5ZMZ0fZrZcMq0FVzirNLLDWaMj9kQu44qlqAJp4tjZ+TCKQMSp9qVsmSh/p6YssSYSRK5zoTZkVn15uJ/Xje38U04FSrLLSq+XBTnktiUzD8nA6GRWzlxhHEt3K2Ej5hm3Lp8Ki4Ef/XlddK6qvu07t/TWoMWcZThDM7hEny4hgbcQRMC4CDgGV7hzVPei/fufSxbS14xcwp/4H3+AGhjjlY=</latexit>

e0
n�1

<latexit sha1_base64="frTO3+WVkp5GMxYQr5cm1E6zdSM=">AAAB8HicbVA9SwNBEJ2LXzF+RcXKZjEINoY9Gy0DNpYRzIckZ9jb7CVLdveO3T3hOAL+BxsLRWwt/DF2/hs3iYUmPhh4vDfDzLwwEdxYjL+8wtLyyupacb20sbm1vVPe3WuaONWUNWgsYt0OiWGCK9aw3ArWTjQjMhSsFY4uJ37rnmnDY3Vjs4QFkgwUjzgl1km3rJerU398h3vlCq7iKdAi8X9IpXaQfTwAQL1X/uz2Y5pKpiwVxJiOjxMb5ERbTgUbl7qpYQmhIzJgHUcVkcwE+fTgMTp2Sh9FsXalLJqqvydyIo3JZOg6JbFDM+9NxP+8TmqjiyDnKkktU3S2KEoFsjGafI/6XDNqReYIoZq7WxEdEk2odRmVXAj+/MuLpHlW9XHVv3ZpYJihCIdwBCfgwznU4Arq0AAKEh7hGV487T15r97brLXg/czswx9479+5vpHQ</latexit><latexit sha1_base64="5pA8hE4NOUtj0C6t0nU7Ne1nK3o=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgxTDrRY8BLx4jmIcka5id9CZDZmaXmVkhLPkKLx4U8ernePNvnDwOmljQUFR1090VpYIbS8i3V1hb39jcKm6Xdnb39g/Kh0dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYikY3U7/1hNrwRN3bcYqhpAPFY86oddID9nJ1EUweSa9cIVUyg79KggWpwAL1Xvmr209YJlFZJqgxnYCkNsyptpwJnJS6mcGUshEdYMdRRSWaMJ8dPPHPnNL340S7Utafqb8nciqNGcvIdUpqh2bZm4r/eZ3MxtdhzlWaWVRsvijOhG8Tf/q93+camRVjRyjT3N3qsyHVlFmXUcmFECy/vEqal9WAVIM7UqmRRRxFOIFTOIcArqAGt1CHBjCQ8Ayv8OZp78V79z7mrQVvMXMMf+B9/gAMIY/U</latexit>

e0
n�1

<latexit sha1_base64="frTO3+WVkp5GMxYQr5cm1E6zdSM=">AAAB8HicbVA9SwNBEJ2LXzF+RcXKZjEINoY9Gy0DNpYRzIckZ9jb7CVLdveO3T3hOAL+BxsLRWwt/DF2/hs3iYUmPhh4vDfDzLwwEdxYjL+8wtLyyupacb20sbm1vVPe3WuaONWUNWgsYt0OiWGCK9aw3ArWTjQjMhSsFY4uJ37rnmnDY3Vjs4QFkgwUjzgl1km3rJerU398h3vlCq7iKdAi8X9IpXaQfTwAQL1X/uz2Y5pKpiwVxJiOjxMb5ERbTgUbl7qpYQmhIzJgHUcVkcwE+fTgMTp2Sh9FsXalLJqqvydyIo3JZOg6JbFDM+9NxP+8TmqjiyDnKkktU3S2KEoFsjGafI/6XDNqReYIoZq7WxEdEk2odRmVXAj+/MuLpHlW9XHVv3ZpYJihCIdwBCfgwznU4Arq0AAKEh7hGV487T15r97brLXg/czswx9479+5vpHQ</latexit><latexit sha1_base64="5pA8hE4NOUtj0C6t0nU7Ne1nK3o=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgxTDrRY8BLx4jmIcka5id9CZDZmaXmVkhLPkKLx4U8ernePNvnDwOmljQUFR1090VpYIbS8i3V1hb39jcKm6Xdnb39g/Kh0dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYikY3U7/1hNrwRN3bcYqhpAPFY86oddID9nJ1EUweSa9cIVUyg79KggWpwAL1Xvmr209YJlFZJqgxnYCkNsyptpwJnJS6mcGUshEdYMdRRSWaMJ8dPPHPnNL340S7Utafqb8nciqNGcvIdUpqh2bZm4r/eZ3MxtdhzlWaWVRsvijOhG8Tf/q93+camRVjRyjT3N3qsyHVlFmXUcmFECy/vEqal9WAVIM7UqmRRRxFOIFTOIcArqAGt1CHBjCQ8Ayv8OZp78V79z7mrQVvMXMMf+B9/gAMIY/U</latexit>

e+
n�1

<latexit sha1_base64="W11PHJMs2yW6qFA9iY/MbDt0KWI=">AAAB8HicbVDLSgNBEOyNrxhfUcGLl8EgCGLY9aJ4CnjxGME8JFnD7KQ3GTI7u8zMCmHJV3jxoIhXv8Dv8ObfOHkcNLGgoajqprsrSATXxnW/ndzS8srqWn69sLG5tb1T3N2r6zhVDGssFrFqBlSj4BJrhhuBzUQhjQKBjWBwPfYbj6g0j+WdGSboR7QnecgZNVa6x04mz7zRw2mnWHLL7gRkkXgzUqocfF5VAKDaKX61uzFLI5SGCap1y3MT42dUGc4EjgrtVGNC2YD2sGWppBFqP5scPCLHVumSMFa2pCET9fdERiOth1FgOyNq+nreG4v/ea3UhJd+xmWSGpRsuihMBTExGX9PulwhM2JoCWWK21sJ61NFmbEZFWwI3vzLi6R+Xvbcsndr03BhijwcwhGcgAcXUIEbqEINGETwBC/w6ijn2Xlz3qetOWc2sw9/4Hz8ABZXkVc=</latexit><latexit sha1_base64="G0n9NkqWBdzPGMhVLarkOzCoQuk=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhAEMcx60WPAi8cI5iHJGmYnnWTIzOwyMyuEJV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJYIbS8i3t7K6tr6xWdgqbu/s7u2XDg4bJk41wzqLRaxbETUouMK65VZgK9FIZSSwGY1upn7zCbXhsbq34wRDSQeK9zmj1kkP2M3URTB5PO+WyqRCZvCXSZCTMuSodUtfnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANuOKirRhNns4Il/6pSe34+1K2X9mfp7IqPSmLGMXKekdmgWvan4n9dObf86zLhKUouKzRf1U+Hb2J9+7/e4RmbF2BHKNHe3+mxINWXWZVR0IQSLLy+TxmUlIJXgjpSrJI+jAMdwAmcQwBVU4RZqUAcGEp7hFd487b14797HvHXFy2eO4A+8zx8EjY/P</latexit>

e+
n�1

<latexit sha1_base64="W11PHJMs2yW6qFA9iY/MbDt0KWI=">AAAB8HicbVDLSgNBEOyNrxhfUcGLl8EgCGLY9aJ4CnjxGME8JFnD7KQ3GTI7u8zMCmHJV3jxoIhXv8Dv8ObfOHkcNLGgoajqprsrSATXxnW/ndzS8srqWn69sLG5tb1T3N2r6zhVDGssFrFqBlSj4BJrhhuBzUQhjQKBjWBwPfYbj6g0j+WdGSboR7QnecgZNVa6x04mz7zRw2mnWHLL7gRkkXgzUqocfF5VAKDaKX61uzFLI5SGCap1y3MT42dUGc4EjgrtVGNC2YD2sGWppBFqP5scPCLHVumSMFa2pCET9fdERiOth1FgOyNq+nreG4v/ea3UhJd+xmWSGpRsuihMBTExGX9PulwhM2JoCWWK21sJ61NFmbEZFWwI3vzLi6R+Xvbcsndr03BhijwcwhGcgAcXUIEbqEINGETwBC/w6ijn2Xlz3qetOWc2sw9/4Hz8ABZXkVc=</latexit><latexit sha1_base64="G0n9NkqWBdzPGMhVLarkOzCoQuk=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhAEMcx60WPAi8cI5iHJGmYnnWTIzOwyMyuEJV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJYIbS8i3t7K6tr6xWdgqbu/s7u2XDg4bJk41wzqLRaxbETUouMK65VZgK9FIZSSwGY1upn7zCbXhsbq34wRDSQeK9zmj1kkP2M3URTB5PO+WyqRCZvCXSZCTMuSodUtfnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANuOKirRhNns4Il/6pSe34+1K2X9mfp7IqPSmLGMXKekdmgWvan4n9dObf86zLhKUouKzRf1U+Hb2J9+7/e4RmbF2BHKNHe3+mxINWXWZVR0IQSLLy+TxmUlIJXgjpSrJI+jAMdwAmcQwBVU4RZqUAcGEp7hFd487b14797HvHXFy2eO4A+8zx8EjY/P</latexit>

e�n�1
<latexit sha1_base64="26dls1ZU4cHEUk8XRvyjI3mcNRo=">AAAB8HicbVDLSgNBEOyNrxhfUcGLl8UgeEnY9aJ4CnjxGME8JFnD7KQ3GTIzu8zMCmHJV3jxoIhXv8Dv8ObfOHkcNLGgoajqprsrTDjTxvO+ndzK6tr6Rn6zsLW9s7tX3D9o6DhVFOs05rFqhUQjZxLrhhmOrUQhESHHZji8nvjNR1SaxfLOjBIMBOlLFjFKjJXusZvJsj9+KHeLJa/iTeEuE39OStWjz6sqANS6xa9OL6apQGkoJ1q3fS8xQUaUYZTjuNBJNSaEDkkf25ZKIlAH2fTgsXtqlZ4bxcqWNO5U/T2REaH1SIS2UxAz0IveRPzPa6cmugwyJpPUoKSzRVHKXRO7k+/dHlNIDR9ZQqhi9laXDogi1NiMCjYEf/HlZdI4r/hexb+1aXgwQx6O4QTOwIcLqMIN1KAOFAQ8wQu8Osp5dt6c91lrzpnPHMIfOB8/GV+RWQ==</latexit><latexit sha1_base64="IuAmNPjfNscl1lEIJp+3APDEPI8=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYRBsEvZstAzYWEYwH5KcYW8zSZbs7h27e0I48itsLBSx9efY+W/cJFdo4oOBx3szzMyLEsGNJeTbW1vf2NzaLuwUd/f2Dw5LR8dNE6eaYYPFItbtiBoUXGHDciuwnWikMhLYisY3M7/1hNrwWN3bSYKhpEPFB5xR66QH7GWqEkwfK71SmVTJHP4qCXJShhz1Xumr249ZKlFZJqgxnYAkNsyotpwJnBa7qcGEsjEdYsdRRSWaMJsfPPXPndL3B7F2paw/V39PZFQaM5GR65TUjsyyNxP/8zqpHVyHGVdJalGxxaJBKnwb+7Pv/T7XyKyYOEKZ5u5Wn42opsy6jIouhGD55VXSvKwGpBrckXKN5HEU4BTO4AICuIIa3EIdGsBAwjO8wpunvRfv3ftYtK55+cwJ/IH3+QMHlY/R</latexit>

e�n�1
<latexit sha1_base64="26dls1ZU4cHEUk8XRvyjI3mcNRo=">AAAB8HicbVDLSgNBEOyNrxhfUcGLl8UgeEnY9aJ4CnjxGME8JFnD7KQ3GTIzu8zMCmHJV3jxoIhXv8Dv8ObfOHkcNLGgoajqprsrTDjTxvO+ndzK6tr6Rn6zsLW9s7tX3D9o6DhVFOs05rFqhUQjZxLrhhmOrUQhESHHZji8nvjNR1SaxfLOjBIMBOlLFjFKjJXusZvJsj9+KHeLJa/iTeEuE39OStWjz6sqANS6xa9OL6apQGkoJ1q3fS8xQUaUYZTjuNBJNSaEDkkf25ZKIlAH2fTgsXtqlZ4bxcqWNO5U/T2REaH1SIS2UxAz0IveRPzPa6cmugwyJpPUoKSzRVHKXRO7k+/dHlNIDR9ZQqhi9laXDogi1NiMCjYEf/HlZdI4r/hexb+1aXgwQx6O4QTOwIcLqMIN1KAOFAQ8wQu8Osp5dt6c91lrzpnPHMIfOB8/GV+RWQ==</latexit><latexit sha1_base64="IuAmNPjfNscl1lEIJp+3APDEPI8=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYRBsEvZstAzYWEYwH5KcYW8zSZbs7h27e0I48itsLBSx9efY+W/cJFdo4oOBx3szzMyLEsGNJeTbW1vf2NzaLuwUd/f2Dw5LR8dNE6eaYYPFItbtiBoUXGHDciuwnWikMhLYisY3M7/1hNrwWN3bSYKhpEPFB5xR66QH7GWqEkwfK71SmVTJHP4qCXJShhz1Xumr249ZKlFZJqgxnYAkNsyotpwJnBa7qcGEsjEdYsdRRSWaMJsfPPXPndL3B7F2paw/V39PZFQaM5GR65TUjsyyNxP/8zqpHVyHGVdJalGxxaJBKnwb+7Pv/T7XyKyYOEKZ5u5Wn42opsy6jIouhGD55VXSvKwGpBrckXKN5HEU4BTO4AICuIIa3EIdGsBAwjO8wpunvRfv3ftYtK55+cwJ/IH3+QMHlY/R</latexit>

e�n
<latexit sha1_base64="bDKauZUaFVxN1Q/949v7TdoTq8Y=">AAAB7HicbVBNS8NAEJ34WetX1KOXxSp4sSRe9Fjw4rGKaQttLJvtpF262YTdjVBCf4MXD4p49Qd589+4/Tho64OBx3szzMyLMsG18bxvZ2V1bX1js7RV3t7Z3dt3Dw4bOs0Vw4ClIlWtiGoUXGJguBHYyhTSJBLYjIY3E7/5hErzVD6YUYZhQvuSx5xRY6UAu/LxoutWvKo3BVkm/pxUau7pfQ0A6l33q9NLWZ6gNExQrdu+l5mwoMpwJnBc7uQaM8qGtI9tSyVNUIfF9NgxObNKj8SpsiUNmaq/JwqaaD1KItuZUDPQi95E/M9r5ya+Dgsus9ygZLNFcS6IScnkc9LjCpkRI0soU9zeStiAKsqMzadsQ/AXX14mjcuq71X9O5uGBzOU4BhO4Bx8uIIa3EIdAmDA4Rle4c2Rzovz7nzMWlec+cwR/IHz+QPFwI9Z</latexit><latexit sha1_base64="KU8mY0ePVV67szmi/tnR4+sTvs0=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgY9iz0TJgYxnBS4TkDHubuWTJ3t6xuyeEkN9gY6GIrT/Izn/jJrlCEx8MPN6bYWZelElhLKXfXmltfWNzq7xd2dnd2z+oHh61TJprjgFPZaofImZQCoWBFVbiQ6aRJZHEdjS6mfntJ9RGpOrejjMMEzZQIhacWScF2FOPF71qjdbpHGSV+AWpQYFmr/rV7ac8T1BZLpkxHZ9mNpwwbQWXOK10c4MZ4yM2wI6jiiVowsn82Ck5c0qfxKl2pSyZq78nJiwxZpxErjNhdmiWvZn4n9fJbXwdToTKcouKLxbFuSQ2JbPPSV9o5FaOHWFcC3cr4UOmGbcun4oLwV9+eZW0Lus+rft3tNagRRxlOIFTOAcfrqABt9CEADgIeIZXePOU9+K9ex+L1pJXzBzDH3ifP2PXjlM=</latexit>

e�n
<latexit sha1_base64="bDKauZUaFVxN1Q/949v7TdoTq8Y=">AAAB7HicbVBNS8NAEJ34WetX1KOXxSp4sSRe9Fjw4rGKaQttLJvtpF262YTdjVBCf4MXD4p49Qd589+4/Tho64OBx3szzMyLMsG18bxvZ2V1bX1js7RV3t7Z3dt3Dw4bOs0Vw4ClIlWtiGoUXGJguBHYyhTSJBLYjIY3E7/5hErzVD6YUYZhQvuSx5xRY6UAu/LxoutWvKo3BVkm/pxUau7pfQ0A6l33q9NLWZ6gNExQrdu+l5mwoMpwJnBc7uQaM8qGtI9tSyVNUIfF9NgxObNKj8SpsiUNmaq/JwqaaD1KItuZUDPQi95E/M9r5ya+Dgsus9ygZLNFcS6IScnkc9LjCpkRI0soU9zeStiAKsqMzadsQ/AXX14mjcuq71X9O5uGBzOU4BhO4Bx8uIIa3EIdAmDA4Rle4c2Rzovz7nzMWlec+cwR/IHz+QPFwI9Z</latexit><latexit sha1_base64="KU8mY0ePVV67szmi/tnR4+sTvs0=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgY9iz0TJgYxnBS4TkDHubuWTJ3t6xuyeEkN9gY6GIrT/Izn/jJrlCEx8MPN6bYWZelElhLKXfXmltfWNzq7xd2dnd2z+oHh61TJprjgFPZaofImZQCoWBFVbiQ6aRJZHEdjS6mfntJ9RGpOrejjMMEzZQIhacWScF2FOPF71qjdbpHGSV+AWpQYFmr/rV7ac8T1BZLpkxHZ9mNpwwbQWXOK10c4MZ4yM2wI6jiiVowsn82Ck5c0qfxKl2pSyZq78nJiwxZpxErjNhdmiWvZn4n9fJbXwdToTKcouKLxbFuSQ2JbPPSV9o5FaOHWFcC3cr4UOmGbcun4oLwV9+eZW0Lus+rft3tNagRRxlOIFTOAcfrqABt9CEADgIeIZXePOU9+K9ex+L1pJXzBzDH3ifP2PXjlM=</latexit>

e+
n

<latexit sha1_base64="sldG8yaCsGfrqcFVTguO3BQ/w9g=">AAAB7HicbVBNS8NAEJ34WetX1KOXxSoIQkm86LHgxWMV0xbaWDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x+3HQ1gcDj/dmmJkXZYJr43nfzsrq2vrGZmmrvL2zu7fvHhw2dJorhgFLRapaEdUouMTAcCOwlSmkSSSwGQ1vJn7zCZXmqXwwowzDhPYljzmjxkoBduXjRdeteFVvCrJM/Dmp1NzT+xoA1LvuV6eXsjxBaZigWrd9LzNhQZXhTOC43Mk1ZpQNaR/blkqaoA6L6bFjcmaVHolTZUsaMlV/TxQ00XqURLYzoWagF72J+J/Xzk18HRZcZrlByWaL4lwQk5LJ56THFTIjRpZQpri9lbABVZQZm0/ZhuAvvrxMGpdV36v6dzYND2YowTGcwDn4cAU1uIU6BMCAwzO8wpsjnRfn3fmYta4485kj+APn8wfCuI9X</latexit><latexit sha1_base64="BBf0T7l2kZuzg5Yr4/xQ1mpKVvk=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoMgCGHPRsuAjWUELxGSM+xt5pIle3vH7p4QQn6DjYUitv4gO/+Nm+QKTXww8Hhvhpl5USaFsZR+e6W19Y3NrfJ2ZWd3b/+genjUMmmuOQY8lal+iJhBKRQGVliJD5lGlkQS29HoZua3n1Abkap7O84wTNhAiVhwZp0UYE89XvSqNVqnc5BV4hekBgWavepXt5/yPEFluWTGdHya2XDCtBVc4rTSzQ1mjI/YADuOKpagCSfzY6fkzCl9EqfalbJkrv6emLDEmHESuc6E2aFZ9mbif14nt/F1OBEqyy0qvlgU55LYlMw+J32hkVs5doRxLdythA+ZZty6fCouBH/55VXSuqz7tO7f0VqDFnGU4QRO4Rx8uIIG3EITAuAg4Ble4c1T3ov37n0sWkteMXMMf+B9/gBgz45R</latexit>

e+
n

<latexit sha1_base64="sldG8yaCsGfrqcFVTguO3BQ/w9g=">AAAB7HicbVBNS8NAEJ34WetX1KOXxSoIQkm86LHgxWMV0xbaWDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x+3HQ1gcDj/dmmJkXZYJr43nfzsrq2vrGZmmrvL2zu7fvHhw2dJorhgFLRapaEdUouMTAcCOwlSmkSSSwGQ1vJn7zCZXmqXwwowzDhPYljzmjxkoBduXjRdeteFVvCrJM/Dmp1NzT+xoA1LvuV6eXsjxBaZigWrd9LzNhQZXhTOC43Mk1ZpQNaR/blkqaoA6L6bFjcmaVHolTZUsaMlV/TxQ00XqURLYzoWagF72J+J/Xzk18HRZcZrlByWaL4lwQk5LJ56THFTIjRpZQpri9lbABVZQZm0/ZhuAvvrxMGpdV36v6dzYND2YowTGcwDn4cAU1uIU6BMCAwzO8wpsjnRfn3fmYta4485kj+APn8wfCuI9X</latexit><latexit sha1_base64="BBf0T7l2kZuzg5Yr4/xQ1mpKVvk=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoMgCGHPRsuAjWUELxGSM+xt5pIle3vH7p4QQn6DjYUitv4gO/+Nm+QKTXww8Hhvhpl5USaFsZR+e6W19Y3NrfJ2ZWd3b/+genjUMmmuOQY8lal+iJhBKRQGVliJD5lGlkQS29HoZua3n1Abkap7O84wTNhAiVhwZp0UYE89XvSqNVqnc5BV4hekBgWavepXt5/yPEFluWTGdHya2XDCtBVc4rTSzQ1mjI/YADuOKpagCSfzY6fkzCl9EqfalbJkrv6emLDEmHESuc6E2aFZ9mbif14nt/F1OBEqyy0qvlgU55LYlMw+J32hkVs5doRxLdythA+ZZty6fCouBH/55VXSuqz7tO7f0VqDFnGU4QRO4Rx8uIIG3EITAuAg4Ble4c1T3ov37n0sWkteMXMMf+B9/gBgz45R</latexit>

Figure 4.1. The graph G described in section 4.4.

Now we assign capacities to the edges as follows. Let S0 = 0. For each i ∈ [n], we have

• ℓ(es
i ) = Si−1 and u(es

i ) =∞,

• ℓ(e0
i ) = Ti = u(e0

i ),

• ℓ(e−i ) = Ei − Ti and u(e−i ) = 0,

• ℓ(e+i ) = 0 and u(e+i ) = Li − Ti .

Finally, we give a cost function on the edges. The cost is defined as c(e+i ) = ai , c(e−i ) = −bi , and c(es
i ) = c(es

i ) = 0
for all i.

4.5 Reduction to min-cost flow
The next lemma characterizes the cost of the flow f in network N defined in the previous subsection.

Lemma 4.1. The cost of the flow f in network N is
∑n

i=1 ci( f out(vi)) if for each i, either f (e+i ) or f (e−i ) is 0.

Proof: Recall the definition of ci(·) in (1). Indeed, if f (e+i ) is 0, then f (e−i ) = f out(vi)− Ti . The cost of the flow
on edge e−i is −bi f (e−i ), which is precisely bi(Ti − f out(vi)). Similarly, if f (e−i ) is 0, then f (e+i ) = f out(vi)− Ti .
The cost of the flow on edge e+i is ai f (e+i ), which is precisely ai( f out(vi)− Ti). □

With the results above, we obtain the following theorem, which shows that solving the problem FALP is
equivalent to finding a min-cost st-flow in N .

Theorem 4.1. Suppose that f is a min-cost st-flow in the network N , then x i = f out(vi) is an optimal solution of
the FALP.

Proof: We prove the theorem in two steps. First, we show that if (x1, . . . , xn) is a feasible solution of the FALP with
cost y , then there is a st-flow f in N with cost y . For simplicity, we define x0 to be 0. To see this, we construct a
st-flow f as follows.
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• Let f (e0
i ) = Ti .

• If x i > Ti , then f (e+i ) = x i − Ti and f (e−i ) = 0. Otherwise, f (e+i ) = 0 and f (e−i ) = x i − Ti .

• Moreover, f (es
i ) = x i − x i−1.

The upper and lower bounds of each edge are satisfied. Indeed, we know Ei ≤ x i ≤ Li .

• ℓ(e+i ) = 0≤ f (e+i ) = x i − Ti ≤ Li − Ti = u(e+i ),

• ℓ(e−i ) = Ei − Ti ≤ x i − Ti = f (e−i )≤ 0= u(e−i ),

• ℓ(es
i ) = Si−1 ≤ x i − x i−1 = f (es

i ).

In addition, the flow conservation is satisfied. For each 2≤ i ≤ n− 1

f in(vi) = f (e+i−1) + f (e0
i−1) + f (e−i−1) + f (es

i ) = x i−1 + (x i − x i−1) = x i = f out(vi).

If i = 1, f in(v1) = f (es
1) = x1 = f out(v1). Lemma 4.1 implies that the cost of the flow f is equal to the FALP

solution (x1, . . . , xn).
Second, we show that if f is a min-cost st-flow in N with cost y , then x i = f out(vi) is a feasible solution of the

FALP with cost y . Fixing an i ∈ [n]. Note that if f is a min-cost st-flow, then we can assume either f (e+i ) or f (e−i )
is 0. On one hand, f out(vi) = f (e+i )+ f (e−i )+ f (e0

i ) = f (e+i )+ f (e−i )+Ti . In addition, note that 0≤ f (e+i )≤ Li−Ti
and Ei − Ti ≤ f (e−i )≤ 0. Thus, it follows that Ei ≤ f out(vi) = x i ≤ Li . On the other hand, by flow conservation,
we can obtain that f out(vi) = f in(vi). Note that f in(vi) = f out(vi−1) + f (es

i ). Then, since f (es
i ) ≥ Si−1, we have

x i = f out(vi)≥ f out(vi−1) + Si−1 = x i−1 + Si−1. By Lemma 4.1, we complete the proof. □

4.6 Series-Parallel Property
Finally, we can further show that the graph G is a series-parallel graph with O(n) edges, which is stated in the
following theorem.

Theorem 4.2. The graph G is a series-parallel graph of O(n) edges.

Proof: Recall the directed graph G in Figure 4.1. We show that such a graph is a two-terminal series-parallel
graph with source s and sink t. To see this, it is sufficient to show this graph can be produced by a sequence of
series and parallel compositions.

Let X i to be the graph with vertices vi and vi+1 and 3 parallel edges e+i , e0
i and e−i . Clearly, (vi , vi+1, X i) is a

two-terminal series-parallel graph. Similarly, we define Yi to be the single edge graph ({s, vi} ,
�

es
i

	

). We construct
the graph G by alternatively applying series composition and parallel composition using the previous graph and
either the graph X i or Yi . Let the base graph G′1 = Y0. Let Gi to be the series composition of (s, vi , G′i) and
(vi , vi+1, X i). Let G′i be the parallel composition of (s, vi+1, Gi) and the single edge (s, vi+1, Yi+1). It is clear that
Gn = G, which shows that G is a series-parallel graph. □

5 Conclusion
In this paper, we consider a static single-runway Aircraft Landing Problem (ALP), and mainly focus on computing
the optimal landing times for a fixed sequence of planes. To solve this problem, this paper presents an algorithm
with O(n log n) running time, which is theoretically more efficient than the quadratic time algorithm in Faye (2018)
via a dynamic programming approach. For theoretical curiosity, we find that the proposed FALP can be reduced to
a min-cost flow problem on a series-parallel graph allowing negative capacities. Furthermore, using numerical
simulations of the same set of input of Faye, we implement our proposed algorithm and then compare them. The
result also shows that one of the algorithm has a 36 times speed improvement over Faye’s algorithm for large
inputs. In this regard, the heuristics based on our algorithm could be much faster than both the quadratic time
algorithm and the one using linear programming.
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Appendix A
In this appendix, we further consider using our algorithm for ALP itself and compare it with that of Faye (2018). In
order to show the difference in running time, we should match the same set of input as Faye (2018). It consists of
10 tests from the publicly available OR-library (Beasley, 1996) involving from 10 to 500 aircrafts. One can find the
description of the input in Table 1 of Faye (2018). Note that the experiments are run on the ALP problem instead
of the FALP, where the algorithm is a simulated annealing algorithm, and each iteration it runs the subroutine for
the FALP.

All the parameters for simulated annealing are also the same as Faye’s dynamic programming algorithm; see
Table 2 in Faye (2018). However, instead of the same running time as Faye, which does t seconds and repeat 20
runs, we use t/10 seconds and repeat 200 runs. The simulated annealing algorithm’s convergence is related to the
number of iteration, not actual amount of time spent. The total running time over all tests is still the same. We
consider two measures of improvement. Gains on objective value compared to Faye (2018), which is already the
state of the art, and gains in speed. Speed is measured by the number of iterations per second.

Table 3. Numerical results obtained by using our near-linear algorithm.
Instance Time limit CPU time Iterations Objective min Objective avg Objective max SD

S1 0.1 0.1 31800 700 700 700 0
S2 0.1 0.1 18157 1480 1490.6 1500 9.98
S3 0.1 0.1 12399 820 820 820 0
S4 0.1 0.1 15239 2520 2520 2520 0
S5 0.1 0.1 14106 3100 3100 3100 0
L1 3 3.001 77055 5607.74 5866.47 6629.42 223.28
L2 6 6.001 98336 12292.44 13149.71 15274.21 465.88
L3 8 8.002 95114 12412.83 12873.28 14523.70 345.19
L4 10 10.003 89295 16144.67 16942.46 18864.39 448.30
L5 15 15.005 74539 37690.84 38954.85 41121.73 580.10

In Table 3, CPU time is the average CPU time, iterations are the average total number of iterations using our
proposed algorithm, objective min (avg, and max) refers to the minimum (resp., average, and maximum) values ob-
tained over the runs, and SD is the standard deviation. In Table 4, Gain (%)= Objective value in Faye - Objective value in ours

Objective value in Faye ×
100, and Gain (×)= Iterations in ours

Iterations in Faye . For objective value, we find equal or strictly better results for all but two
instances. In particular, we improve the best known result for instance L1, L3 and the largest instance L5. However,
both the gains and loss are not significant. This is expected because the search algorithm is exactly the same, we
only improved the running time. Our experiments demonstrate that the running time for the FALP is at least 36
times faster for the large instances used in Faye (2018), and at least 5 times faster on smaller instances. This is to
be expected, as we can see more improvements when the size of the instance grows larger.1

Table 4. Comparison between our proposed algorithm and Faye’s algorithm.
Instance Objective value Iteration/second

Faye Ours Gain (%) Faye Ours Gain (×)
S1 700 700 0.00 3432 31800 9.27
S2 1480 1480 0.00 2962 18157 6.13
S3 820 820 0.00 2242 12399 5.53
S4 2520 2520 0.00 2512 15239 6.07
S5 3100 3100 0.00 2522 14106 5.59
L1 5611.7 5607.74 0.07 543.9 25685 47.22
L2 12292.2 12292.44 0.00 414.92 16389.33 39.50
L3 12423.1 12412.83 0.08 293.21 11889.25 40.55
L4 16134.4 16144.67 -0.06 246.17 8929.5 36.27
L5 37983 37690.84 0.77 122.75 4969.26 40.52

1We did not obtain a improved solution for L2 and L4. It is uncertain why. Since the algorithm is randomized, each run the
result can be different. However, recall we only claiming this is a faster implementation of Faye’s algorithm.
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