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Abstract

The minimum violation problem asks for a vertex map from a digraph to a pattern digraph that
minimizes violation, the total weight of the edges not mapped to an edge. We are interested in
surjective mappings. We characterize all patterns where a minimum violation map that fixes some
vertices can be computed in polynomial time. We also make progress in the case where we do not fix
any vertex in the mapping, including when the digraph is disconnected, when the graph is in the
variety of finite paths. Moreover, we obtain a dichotomy result for trees. We apply the result to some
cut problems, including k-cut with size lower bounds and length bounded k-cuts.

1 Introduction
The graph homomorphism problem is a classic decision problem that asks if there exists a homomorphism
from a graph G to H. That is, is there a mapping of the vertices, such that edges in G map to edges in H.

Many problems can be modeled as graph homomorphism problems, for example, graph coloring [30].
The problem also generalizes to the directed case. In optimization contexts, knowing if there exists
a homomorphism is not enough. Therefore, there are generalizations to finding homomorphisms of
minimum cost [28,31].

In this paper, we consider another generalization of the graph homomorphism problem. A special
case was considered by Elem, Hassin and Monnot [18]. Instead of asking for a homomorphism of
minimum cost, we are interested in how close a map can be to a homomorphism. It captures the idea
as to how many edges to remove to obtain a homomorphism. We establish the result on more general
digraphs.

For two digraphs G = (V, E) and H = (U , F), a vertex map from G to H is a mapping f : V → U . We
call the digraph H the pattern. An edge uv ∈ E is a violated edge under f if f (u) f (v) 6∈ F . The violation
of a map is the number of violated edges. If the digraph G is weighted, then the violation is the total
weight of the violated edges. That is, for a weight function w : E→ N, the violation of the vertex map
f : V → U is

∑

uv∈E, f (u) f (v)6∈F

w(uv).

We consider the following problems, where H = (U , F) is a fixed digraph.

• The surjective minimum violation problem for H, SVIO(H): Given a digraph G = (V, E) with weight
w : E→ N, find a surjective vertex map from G to H that minimizes the violation.
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• The retraction minimum violation problem for H, RVIO(H): Given a digraph G = (V, E) such that
U ⊆ V , and a weight function w : E→ N. Find a vertex map f from G to H, such that the restriction
f |U of f to U is the identity function and the violation is minimized.

For SVIO(H), we assume that |V | ≥ |U | as it is necessary and sufficient for the existence of a feasible
surjective vertex map. A problem is tractable if every instance can be solved in polynomial time with
respect to the instance size. A digraph H is s-tractable if SVIO(H) is tractable and r-tractable if RVIO(H) is
tractable. In particular, s-tractable is a strictly weaker property than r-tractable, since there are digraphs
that are s-tractable but not r-tractable, the simplest is a graph consisting of 3 isolated vertices. A digraph
is reflexive, if every vertex has a self-loop. SVIO(H) and RVIO(H) on an appropriate reflexive digraph H
models a variety of graph cut problems (see section 1.2). We are interested in classifying which digraphs
are r-tractable, and which are s-tractable. The r-tractable digraphs have been characterized through the
algebraic approach [49]. However, given a digraph H, it is unclear if one can test if H is r-tractable in
polynomial time. A digraph H is s-intractable if SVIO(H) is NP-hard. A dichotomy result would classify
each digraph H as either s-tractable or s-intractable. Note we differentiate between s-intractable and
not s-tractable. A digraph H could be neither s-tractable nor s-intractable. Indeed, SVIO(H) could be a
NP-intermediate problem, which exists assuming P 6= N P [40].

We give an efficient characterization of the r-tractable digraphs and make progress in classifying
s-tractable reflexive digraphs. We also give some s-tractability and s-intractability results for particular
classes of digraphs.

1.1 Previous and related work

A vertex map f from G to H is a homomorphism if every edge maps to an edge. The violation is 0 if and
only if the mapping is a homomorphism. The minimum violation problem is an optimization version
of the homomorphism problem. Various homomorphism problems have been studied (see [30] for a
survey). We will focus on the variations most relevant to our study. The H-retraction problem, RHOM(H),
can be defined as deciding if the input digraph G has a homomorphism from G to H that fixes the vertices
in H. The digraphs where RHOM(H) is tractable are called r0-tractable. Feder and Vardi showed for each
H, RHOM(H) is equivalent to some constraint satisfaction problem (CSP) depending on H [20]. Since the
resolution of CSP dichotomy conjecture, the r0-tractable digraph have been completely classified [6,52].
However, it is not clear that there is an efficient algorithm for recognizing r0-tractable digraphs. Note
RHOM(H) is not a special case of RVIO(H). In the H-surjective homomorphism problem, denoted by
SHOM(H), the input is a digraph G, and the goal is to verify if there is a surjective homomorphism from
G to H. The problem is also known as surjective H-coloring. A digraph H is s0-tractable if SHOM(H) is
tractable. There are many works on s0-tractable digraphs. We refer to the recent survey by Bodirsky
et al. [5]. A recent breakthrough showed that a length 4 reflexive cycle is not s0-tractable [45]. Chen
studied an algebraic criterion for deciding the equivalence of SHOM(H) and RHOM(H) [12]. It was used
to show that directed reflexive cycles and non-transitive tournaments are not s0-tractable [42]. The
approximation aspect of graph homomorphism was studied in [41]

To the best of our knowledge, the only work on s-tractability of graphs is the work by Elem et al. [19].
They used the terminology of Gc-cut and Gc-multiway-cut for SVIO(Ḡ) and RVIO(Ḡ), respectively. Here
Ḡ is the complement graph of G. They showed approximation results of finding the minimum violation
is NP-hard when the edge weight of the graph forms a metric. One important result is that a graph is
r-tractable if the set of vertices with maximal neighborhoods forms a clique.

For s-tractability, Elem et al. showed various results, all of which follow from the fact that an r-
tractable graph is s-tractable, and s0-intractable graphs are s-intractable. In addition, they claimed that
when the graph is a disjoint union of reflexive complete graphs, it is s-tractable. However, their proof
sketch is missing details, and only the case where each complete graph is a single vertex can be verified.
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In the minimum cost homomorphism problem with respect to H, we are given a digraph G = (V, E)
and a cost function c : V × V (H) → N. The cost of a map f is

∑

v∈V c(v, f (v)). The problem asks
for a homomorphism with minimum cost. A complete classification of pattern H that gives tractable
problems for graphs and digraphs is known [28,31]. For the approximation aspects of minimum cost
homomorphism, Hell et al.showed that for non-reflexive graphs, co-circular arc bigraphs are the only ones
with constant factor approximation [29]. Rafiey, Rafiey and Santos extended the result to a dichotomy of
all graph, and obtained some progress on digraphs [47]. Note that the previous authors allowed infinite
cost, but it can be simulated by having cost with much larger value, as since the cost itself is part of
the input. The minimum cost and violation problem, CVIO(H), does not require the violation to be 0.
Instead, it asks for a map that minimizes the sum of the cost and violation. H is c-tractable if CVIO(H)
is tractable. Deineko et al. gave an efficient classification of c-tractable digraphs as a consequence of
MAXCSP theory. H is c-tractable if and only if the adjacency matrix of H is permuted anti-monge [15].
The approximation aspects were also considered.

Finally, there is another closely related problem. Given a graph G = (V, E), a weight function
w : E → N, a metric d : U × U → N, and cost c : V × U → N. We want to find a function f : V → U ,
such that it minimizes

∑

v∈V c(v, f (v)) +
∑

uv∈E w(uv)d( f (u), f (v)). The problem is studied under the
name the metric labeling problem [38]. If c is 0 everywhere, it is called the 0-extension problem [8]. The
specific metrics d where 0-extension problem can be solved in polynomial time was characterized by
Hirai [33].

Valued CSP The problem RVIO and CVIO are special cases of Valued CSPs (VCSP) over weighted
constraint languages. That is, for each H, there exists a weighted constraint language Γ , such that
RVIO(H) (CVIO(H)) is equivalent to VCSP(Γ ). The complexity dichotomy of VCSP result was completely
resolved [49]. Given Γ , testing if VCSP(Γ ) is polynomial time solvable is NP-complete [49], but can be
solved in polynomial time when the size of the domain is a constant [39]. Similarly, each SVIO(H) is
equivalent to a Surjective Valued CSP on some constraint language Γ , denoted SVCSP(Γ ). However,
SVCSP is much less well understood. SVCSP for the Boolean case are completely understood [21],
which implies the case for SVIO(H) where H consists of 2 vertices. In particular, in the same paper, they
showed examples of graph H that is s-tractable but not r-tractable. Recently, Matl and Živný have made
additional progress to SVCSP, characterizing more cases where the problem can be solved in polynomial
time [46]. However, it does not provide new insights to SVIO.

1.2 Applications to cut problems

A cut problem is a problem where one removes the minimum number of edges to “disconnect” some set
of k terminals. Here the definition of disconnect varies among the problems. In the fixed-terminal cut
problems, we fix the set of terminals to disconnect. The global cut problems take the minimum over
all fixed-terminal cuts. If the fixed-terminal cut problem is equivalent to RVIO(H), then the global cut
problem is usually equivalent to SVIO(H). In cut applications, the pattern H is always reflexive. SVIO(H)
is closer to a coloring problem if H does not have any self-loop.

A k-partition of V is a k-tuple of pairwise disjoint non-empty sets (V1, . . . , Vk) such that their union is
V . Each Vi is a partition class. An edge crosses the partition if its two endpoints are in different partition
classes. The value of a set of edges is the sum of the weight of the edges. The value of a partition is the
value of the edges crossing the partition. Many cut problems often have an equivalent formulation as
finding a k-partition satisfying a certain property.

Here we survey some cut problems that can be modeled by the minimum violation framework.

k-way-cut and k-cut Given a graph G and k terminal vertices T , a k-way-cut is a set of edges C , such
that each vertex in T is in a different component of G − C . A k-cut is a k-way-cut for some set of k
terminals. The kWAYCUT problem asks for a minimum k-way-cut, given the input graph and k terminals.
kWAYCUT is the same as finding a k-partition where each terminal is in a different partition class, and
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Find a minimum Directed? Property P Equivalent pattern H

k-cut undirected no path between terminals k isolated vertices
s-size-k-cut undirected a k-cut with s-size constraints Ks1

∪ · · · ∪ Ksk

(`, k)-cut undirected no length ≤ ` path between terminals B`+1,k
k-reach-cut directed no vertex can reach two terminals Sk
linear-k-cut directed t i cannot reach t j for j > i Tk
bicut directed no t1 t2-path nor t2 t1-path Hbicut

Table 1: The cut problems. How to read the table: Finding a minimum weight set of edges C in a
undirected(directed) graph such that G − C has property P over some sequence of terminals (t1, . . . , tk)
is equivalent to SVIO(H).

the number of edges crossing partitions is minimized. The kCUT problem asks for the minimum k-cut in
the graph. Hence kCUT is the global version of kWAYCUT. Let kK1 be the graph that consists of k isolated
vertices with self-loops. kWAYCUT is equivalent to RVIO(kK1) and kCUT is equivalent to SVIO(kK1). kCUT

is solvable in polynomial time for all fixed k [23]. kCUT is W[1]-hard in terms of k [16], but it is in FPT
for cut-size [37]. kWAYCUT is NP-hard for k ≥ 3 [13]. kCUT is an example of the global problem strictly
easier than the fixed-terminal problem.

s-size k-cut Let s = (s1, . . . , sk) be a non-decreasing vector of positive integers, where the sum is σ. For
a graph G, a k-cut C is a s-size k-cut if we can find a k-partition (V1, . . . , Vk), such that |Vi| ≥ si for all
1 ≤ i ≤ k, and C are the edges crossing the k-partition. The sSIZEkCUT problem asks to find a s-size
k-cut of minimum weight for an input graph G. We recover kCUT when s is the all 1 vector. sSIZEkCUT

is equivalent to SVIO(Ks1
∪ . . .∪ Ksk

), where Kn is the reflexive complete graph on n vertices. We always

assume the number of vertices in the input graph is at least
∑k

i=1 si .

When k = 2, there are at most t =
∑s2−1

i=1

�n
i

�

= O(ns2−1) cuts with the smaller side size smaller than
s2. By the pigeonhole principle, one of the smallest t + 1 cuts is a minimum s-size cut. Hence we can
obtain an algorithm with running time Õ(mns2) = Õ(mnσ−s1), where Õ hides log factors by enumerating
the smallest t + 1 cuts [50]. Here n and m are the number of vertices and edges of the input graph,
respectively. Elem et al. claimed the algorithm of Goldschmidt and Hochbaum can be modified to solve
sSIZEkCUT for fixed k, but we could not verify the proof [19]. A randomized algorithm is known for
arbitrary k with running time Õ(n2σ) in an unpublished manuscript [24]. The s-size k-cut problem was
also noted as the lower-bounded k-Way Min-Cut problem [46].

(`, k)-way-cut and (`, k)-cut The length of a path is the number of edges in the path. Consider a
graph G with k specified terminal vertices t1, . . . , tk. A set of edges C such that in G − C , the distance
between each pair of terminals is at least `+ 1, is a (`, k)-way-cut. A (`, k)-cut is an (`, k)-way-cut for
some set of k terminals. In the graph with an (`, k)-way-cut removed, the distance between every pair of
terminals is at least `+ 1. The (`, k)-way-cut problem, denoted by (`, k)WAYCUT, takes an input graph
G and k terminals, and returns an (`, k)-way-cut of minimum weight. Similarly, finding a minimum
(`, k)-cut is the problem denoted by (`, k)CUT. Note (∞, k)-way-cut is the standard k-way-cut. For the
special case where k = 2, (`, 2)-way-cut is the `-length bounded st-cut. In this case, (`, 2)WAYCUT is
polynomial time solvable for `≤ 3 and `=∞. It is NP-hard if 4≤ ` <∞, but constant approximation
is possible [1,35,44]. Note (`, 2)CUT is equivalent to remove the minimum number of edges to increase
the diameter to at least `+ 1. It was shown to be NP-hard if ` is not fixed [48]. Recently, there is a study
on the FPT aspects of a more general version of (`, k)-way-cut, which specify a length lower bound for
each pair of the vertices [17]. However, it is still unknown for which fixed ` and k ≥ 3 the problem is
NP-hard. Consider that ` is finite, let Bk,` be the following reflexive graph. If ` is even, it consists of k
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copies of length `
2 paths. One endpoint of each path is identified. If ` is odd, it consists of k copies of

length `−1
2 paths and a clique defined on one endpoint of each path (See Figure 1.1a and Figure 1.1b).

We show (`− 1, k)WAYCUT, (`− 1, k)CUT, RVIO(Bk,`) and SVIO(Bk,`) are all equivalent.

k-way-reach-cut and k-reach-cut Let G be a digraph. A set of edges C is a k-way-reach-cut for a set of
k terminals T , if in G − C , each vertex can reach at most one terminal in T . C is a k-reach-cut if C is a k-
way-reach-cut for some set of k terminals. Again, kWAYREACHCUT and kREACHCUT denotes the problem
of finding a minimum k-way-reach-cut and k-reach-cut, respectively. When k = 2, kWAYREACHCUT is
studied as the minimum st-double cut problem. Bernáth and Pap showed that minimum st-double cut
can be solved in polynomial time using a flow-based approach [3]. The minimum 2-reach-cut is precisely
the minimum set of edges such that its removal destroys all arborescences in the digraph [3]. Let Sk be a
reflexive directed in-star, that is, a set of k vertices having an outgoing edge to the center vertex. (See
Figure 1.1d). It was shown that kWAYREACHCUT is equivalent to RVIO(Sk) and kREACHCUT is equivalent
to SVIO(Sk) [9]. We will show S3 is not r-tractable, but s-tractable.

Linear-k-cut For a digraph G, a set of edges C is a linear-k-way-cut for a tuple of k terminals (t1, . . . , tk),
if there is no path from t i to t j for all i < j in G−C . C is a linear-k-cut if it is a linear-k-way-cut for some
k-tuple of terminals. LINEARkWAYCUT and LINEARkCUT denote the problem of finding a minimum linear-
k-way-cut and a minimum linear-k-cut. LINEARkWAYCUT was studied in approximating multicuts [10].
LINEARkWAYCUT is NP-hard for all k ≥ 3. A

p
2-approximation algorithm exists for the case when k = 3,

and it is tight assuming the Unique Game Conjecture [7]. It is unknown if LINEARkCUT is tractable.
LINEARkWAYCUT is equivalent to finding k nested sets V1 ⊆ · · · ⊆ Vk = V , such that t i ∈ Vi \ Vi−1 and the
total number of incoming edges to V1, . . . , Vk is minimized ( [2] proved k = 3 case). It is not hard to see
that LINEARkWAYCUT is equivalent to RVIO(Tk) and LINEARkCUT is equivalent to SVIO(Tk), where Tk is
the reflexive transitive tournament on k vertices (See Figure 1.1c).

Bicut A set of edges is a st-bicut if removing it disconnects s and t in both ways. That is, there is no
path from s to t nor from t to s. A set of edges is a bicut if it is a st-bicut for some s and t. Finding a
minimum st-bicut is NP-hard but a simple 2-approximation algorithm exists [22]. There is no efficient
(2− ε)-approximation for any constant ε > 0 assuming the Unique Game Conjecture [10,43]. However,
it is unknown if finding the minimum bicut is NP-hard. A (2− 1/448)-approximation exists, showing the
problem could be easier than finding a minimum st-bicut [2]. Finding a minimum bicut can be reduced
to SVIO(Hbicut), where Hbicut is the graph in Figure 1.1e [2].

1.3 Main contributions

Our main contributions are the following:

• We give an efficient classification of r-tractable digraphs. (Theorem 3.3)

• We show that a reflexive digraph is s-tractable if and only if each of its components is s-tractable.
(Theorem 4.1)

• We make progress on s-tractability for the variety of reflexive finite paths. In particular, we establish
the dichotomy of reflexive trees. (Theorem 5.9)

• We show s-tractability result for star-like digraphs, which shows the first example where r-
tractability is not equivalent to s-tractability and the digraph is weakly connected. (Theorem 6.2)

We show a deterministic algorithm for sSIZEkCUT faster than the current randomized algorithm [24]
(Theorem 4.4), and we also resolve the complexity of (`, k)CUT and (`, k)WAYCUT (Corollary 5.6).
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(a) Bk,`, k = 3, `= 4

(b) Bk,`, k = 3, `= 5

(c) T3

(d) Sk, k = 3

(e) Hbicut

Figure 1.1: Various patterns useful in cut problems. All graphs are reflexive. Self-loops are not shown.

2 Preliminaries
The set of positive integers from 1 to n is denoted by [n]. Let G = (V, E) and H = (U , F) be digraphs.
G ∪ H is a new digraph (V ∪ U , E ∪ F). G[V ′] is an induced subgraph of G on V ′, defined as G[V ′] =
(V ′,

�

e|e ⊆ V ′, e ∈ E
	

). G is trivial if it does not contain any edge, reflexive if every vertex has a self-loop.
The out neighbors and in neighbors of v are defined as N+G (v) = {u | vu ∈ E} and N−G (v) = {u | uv ∈ E},
respectively. The set of all neighborhoods is NG =

�

N+G (v)|v ∈ V
	

∪
�

N−G (v)|v ∈ V
	

. For any set A, we
define the complement characteristic function χ̄A(x) = 0 if x ∈ A and 1 otherwise. The universe of χ̄A is
always non-ambiguous from context. We define hG : V 2→ {0, 1} as hG = χ̄E . That is, hG(u, v) = 0 if and
only if uv is an edge in G. A problem is polynomial-time equivalent (or equivalent for short) to another,
if there is a polynomial-time Turing reduction between them. We use components in digraphs to refer
to the weakly connected components. The distance between u and v in G, denoted by dG(u, v), is the
length of the shortest path from u to v. The distance dG(u, v) =∞ if u cannot reach v. In the entire
paper, k and ` are assumed to be constants.

Recall that if a digraph is r-tractable, then it is s-tractable. If it is not s0-tractable, then it is not
s-tractable.

We use n and m to denote the number of vertices and number of edges, respectively, in the input
digraph G.

Let H be a digraph. We always assume there is some total ordering ≺ of the vertices, e.g., based on
vertex labels. A vertex v dominates u if

1. N−H (u) ⊆ N−H (v) and N+H (u) ( N+H (v), or

2. N−H (u) ( N−H (v) and N+H (u) ⊆ N+H (v), or

3. N−H (u) = N−H (v), N+H (u) = N+H (v) and u≺ v.
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Domination relation is an inclusion relation of the neighborhoods with ties broken by the vertex total
order. A vertex is a dominated vertex if it is dominated by some other vertex. There is always a minimum
violation surjective map from G to H such that the preimage of each dominated vertex is a single
vertex [19].

We introduce some notions to describe the minimum violation problem in both digraphs and graphs
uniformly. A digraph is symmetric if (u, v) is an edge iff (v, u) is an edge. For simplicity, we formally
define a graph to be a symmetric digraph. However, we will still use standard graph terminology. For
example, removing an edge in a graph is equivalent to removing the two opposing edges (or a self-loop)
in the symmetric digraph. Other notions follow similarly.

If H is a graph, we define SVIOu(H) to be SVIO(H) but with input restricted to graphs. It is easy to
see that SVIO(H) is tractable if and only if SVIOu(H) is tractable. Therefore, in the paper, the input of the
problem SVIO(H) is assumed to be a graph if H is a graph. The same statement holds for every variation
of the minimum violation problem described in this paper.

2.1 Distances and retraction

Let G be a graph, and H a subgraph of G. A homomorphism from G to H is a retraction if it is the identity
function when the domain is restricted to vertices on H. H is a retract of G if there is a retraction from G
to H. H is a isometric subgraph of G if dH(u, v) = dG(u, v) for all u, v ∈ U . Namely, dH = dG|U×U .

Theorem 2.1 For any homomorphism f from G to H, dG(x , y)≥ dH( f (x), f (y)).

Theorem 2.2 Let H be a retract of H ′. If H ′ is r-tractable then H is r-tractable.

Proof: Let φ be a retraction from H ′ to H. Consider an input graph G to RVIO(H), we construct
G′ = G ∪H ′.

Let f be the optimal solution of RVIO(H) with input graph G. f has value α. Let f ′ be the optimal
solution of RVIO(H ′) with input graph G′. f ′ has value α′.

We will show that α = α′. Construct a map g : V (G)→ V (H), such that g(v) = φ( f ′(v)). The map g
is a feasible solution of RVIO(H) because φ is a retraction. Since φ is a homomorphism, g has violation
no larger than f ′, therefore this shows α′ ≥ α. We construct g ′ from f such that g ′ is a feasible solution
to RVIO(H ′) with input G′. g ′(v) = v if v ∈ V (H ′) and g ′(v) = f (v) otherwise. The violation of g ′ is at
most the violation of f , hence this shows α≥ α′. �

The (direct) product of two graphs G1 = (V1, E1) and G2 = (V2, E2) is G1 × G2 = (V1 × V2, E), where
E = {{(u1, u2), (v1, v2)} |u1v1 ∈ E1 and u2v2 ∈ E2}. One can generalize it to product of finite number
of graphs.

∏k
i=1(Vi , Ei) = (V, E) where V = V1 × · · · × Vk, and {(u1, . . . , uk), (v1, . . . , vk)} is an edge if

and only if ui vi ∈ Ei for each 1 ≤ i ≤ k. Pn is the reflexive path graph of length n, where the vertices
are {0, . . . , n} and the edges are {{i, i + 1} |0≤ i ≤ n− 1} ∪ {{i} |0≤ i ≤ n}. The variety of finite paths,
denoted FP, is the set of retracts of product of finite paths. That is, G ∈ FP if and only if it is a retract of
∏k

i=1 Pai
for some sequence of non-negative integers a1, . . . , ak.

Theorem 2.3 ( [32]) Let H ∈ FP. There is a retract from G to H if and only if H is an isometric subgraph
of G.

2.2 Minimum CSP

Our main result on r-tractability requires tools from VCSP theory. In particular, we describe a simpler
special case of VCSP, the minimum constraint satisfaction problem (MINCSP). We formally define MINCSP
using the notations in [15]. Note [15] actually defines MAXCSP, but it is equivalent to MINCSP.

Let the domain D be a finite set. The set of all m-ary {0, 1}-valued functions over the domain D is
R(m)D . That is, f ∈ R(m)D if and only if f : Dm → {0,1}. The set of all {0,1}-valued functions over the
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product space of D is RD =
⋃∞

m=1 R(m)D . For f ∈ R(m)D , w ∈ N and π : [m]→ [n], a 3-tuple ( f , w,π) is a Dn-
constraint. A finite set Γ ⊆ RD is a constraint language. We define an instance of the problem MINCSP(Γ ) as
follows. The input consists of an integer n and a sequence of Dn-constraints ( f1, w1,π1), . . . , ( fk, wk,πk),
where either each fi ∈ Γ or fi ∈ R(0)D . The case of fi ∈ R(0)D allows fi to be a constant. Assume that the
arity of fi is mi . The output of the MINCSP(Γ ) instance is the value of

min
(x1,...,xn)∈Dn

k
∑

i=1

wi fi(xπi(1), . . . , xπi(mi)).

For D′ ⊆ D and f : Dm → {0, 1}, we define f [D′] to be f |D′m . For Γ a constraint language, we define
Γ [D′] to be

�

f [D′] | f ∈ Γ
	

, the constraint language induced on D′. A constraint language Γ is tractable if
every instance of MINCSP(Γ ) can be solved in polynomial time. The set Γc consists of functions obtained
from Γ by fixing a subset of variables. For example, if f ∈ Γ and it is a binary function, then functions of
the form gb(a) = f (a, b) and ha(b) = f (a, b) are in Γc. In fact, if Γ consists of a binary function h and
some unary functions, then Γc also consists of the same binary function h and some (possibly a larger set
of) unary functions.

Let H = (U , F) be a digraph, we define ΓH = {hH}c . Observe that

ΓH = {hH} ∪
¦

χ̄N+H (u)
| u ∈ U

©

∪
¦

χ̄N−H (u)
| u ∈ U

©

.

Indeed, for an arbitrary u ∈ U , define the function gu(v) = hH(u, v). We have gu(v) = 0 if and only if
v ∈ N+H (u). Therefore gu = χ̄N+H (u)

. The case of χ̄N−H (u)
can be handled similarly.

Let Γ be a constraint language on D. Then φ : D→ D is an endomorphism of Γ if for every f ∈ Γ
and f (x) = 0 implies f (φ(x)) = 0. An injective endomorphism is an automorphism. Γ is a core if every
endomorphism is an automorphism. We say a core Γ ′ is a core of Γ , if there exists an endomorphism φ of
Γ , such that Γ ′ = Γ [φ(D)].

We state a sequence of theorems.

Theorem 2.4 ( [15]) If constraint language Γ ′ is a core of constraint language Γ , then Γ ′ is tractable if
and only if Γ is tractable.

Theorem 2.5 ( [34]) Let the constraint language Γ on D be a core. Γ is tractable if and only if Γc ∪
�

χ̄{a} | a ∈ D
	

is tractable.

Theorem 2.6 ( [15]) Γ is a constraint language on D. Γ ∪
�

χ̄{a} | a ∈ D
	

is tractable if and only if
Γ ∪ {χ̄U | U ⊆ D} is tractable.

The problems in CVIO can be modeled by MINCSP.

Theorem 2.7 ( [15]) A digraph H is c-tractable if and only if {hH} ∪ {χ̄U | U ⊆ V (H)} is tractable.

Theorem 2.8 Let H be a digraph on vertices D and let Γ be a constraint language on the domain D consisting
of hH and some unary functions. If Γ [D′] is a core of Γ , then Γ is tractable if and only if H[D′] is c-tractable.

Proof: Γ [D′] is a core of Γ and therefore by Theorem 2.4 and Theorem 2.5, Γ is tractable if and only if
Γc[D′]∪

�

χ̄{a} | a ∈ D′
	

is tractable. By Theorem 2.6, Γc[D′]∪
�

χ̄{a} | a ∈ D′
	

is tractable if and only if
Γc[D′]∪

�

χ̄U | U ⊆ D′
	

is tractable. Note that Γc[D′]∪
�

χ̄U | U ⊆ D′
	

=
�

hH[D′]
	

∪
�

χ̄U | U ⊆ D′
	

. Hence
by Theorem 2.7, Γ is tractable if and only if H[D′] is c-tractable. �
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2.3 c-tractable digraphs

A matrix M is anti-monge if Mi, j′ +Mi′, j ≤ Mi, j +Mi′, j′ for all i < i′ and j < j′. The matrix M is permuted
anti-monge, if there exists some permutation π, such that π applied to both the rows and columns, we
obtain an anti-monge matrix.

Theorem 2.9 (Classification of c-tractable digraphs [14,15]) H is c-tractable if and only if the adja-
cency matrix of H is a permuted anti-monge matrix. Moreover, c-tractability can be decided in O(n2) time,
where n is the number of vertices in H.

A set is called a rectangle if it is A×B for two sets A and B such that A⊆ B or B ⊆ A. For a n×n matrix,
an L-anchored rectangle is [a]× [b] for some a, b ∈ [n]. An R-anchored rectangle is ([n]\ [a])× ([n]\ [b])
for some a, b ∈ [n].

Lemma 2.10 (Lemma 4.4 [15]) An n× n {0,1} matrix M without all-ones rows and columns is anti-
monge if and only if the indices of the 1 entries is a union of an L-anchored and an R-anchored rectangles
that are disjoint.

Lemma 2.11 (Lemma 3.3 [36]) Let M and N be two {0, 1}-matrices such that all entries are the same
except one single row (column), such that the row (column) is all 1 in M and all 0 in N. N is anti-monge if
and only if M is anti-monge.

The reflexive c-tractable digraphs have an easy combinatorial description.

Theorem 2.12 (combinatorial classification of c-tractable reflexive digraphs) Consider a reflexive di-
graph H = (V, E) with S ⊆ V the set of vertices with outgoing edges to all vertices, and T ⊆ V the set of
vertices with incoming edges from all vertices.

H is c-tractable if and only if there are 4 sets A, A′, B, B′ such that E is the union of disjoint sets A× B,
A′ × B′ and E′, where

1. if T is non-empty, then E′ = V × T and T = V \ (B ∪ B′),

2. otherwise, E′ = S × V and S = V \ (A∪ A′).

Proof: First we prove one direction. Consider a reflexive digraph H = (V, E) where there are 4 sets
A, A′, B and B′ with the desired property, then H is c-tractable.

Let M be the adjacency matrix of H. There is a permutation of M , M ′, such that A×B is an L-anchored
rectangle, A′ × B′ is an R-anchored rectangle. E′ is either the all-ones rows or all-ones columns. By
Lemma 2.11 and Lemma 2.10, we know M ′ is anti-monge, and M is permuted anti-monge. Therefore H
is c-tractable.

Now, we prove the other direction. Let H be a reflexive c-tractable digraph and M be the adjacency
matrix of H. Every column has at least one 1. There are two cases, either there is an all-ones column or
there is no all-ones column. We consider the case of having an all-ones column.

We change each all-ones column into an all-zeros column. The new matrix is M ′, and has no all-ones
column or rows. By Lemma 2.11, M ′ has the permuted anti-monge property. M ′ is permuted anti-monge
if and only if we can permute the matrix into the form in Lemma 2.10. Let N ′ be such a permuted
matrix. We reverse the change of the all-ones columns in N ′, which must consist of all columns indexed
by T = V \ (B ∪ B′) due to the fact every column has at least one 1. Let the new matrix be N . N consists
of 3 different parts, an L-anchored rectangle of the form A× B, an R-anchored rectangle of the form
A′ × B′, and a rectangle E′ = V × T .

Otherwise, if there is no all-ones column. We consider the above operation again but using all-ones
rows (if it exists) instead. The only difference is the last rectangle E′ in N is (V \ (A∪ A′))× V . �
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A graph G = (V, E) is a double clique, if there exists A, B ⊆ V such that E = (A× A)∪ (B × B). Next
we use the previous theorem on digraphs to obtain a much simplified characterization for c-tractable
reflexive graphs.

Theorem 2.13 (combinatorial classification of c-tractable reflexive graphs) A reflexive graph H is
c-tractable if and only if it is a reflexive double clique.

Proof: One direction is trivial as adjacency matrix of reflexive double cliques consists of an L-anchored
rectangle, an R-anchored rectangle and some all-ones columns, so it is c-tractable.

The other direction is straightforward but tedious. Let H = (V, E) be a c-tractable reflexive digraph.
S is the set of vertices with outgoing edges to all vertices and T is the set of vertices with incoming
edges from all vertices. If E = V × V then we are done, the two cliques are V and V . Now we
consider when E 6= V × V . By Theorem 2.12, when H is c-tractable, there are 4 sets A, A′, B, B′ such
that E = (A× B)∪ (A′ × B′)∪ E′. Because S = T , there are only two cases. If T is empty, then we have
A= B and A′ = B′ to be the only solution. The desired cliques are A and A′. If T is non-empty, we will
show that A∩ A′ are the index of all-ones rows. Assume a ∈ A∩ A′. Consider a b ∈ V , if b ∈ B, then
(a, b) ∈ A× B. If b ∈ B′, then (a, b) ∈ A′× B′. Otherwise, (a, b) ∈ V × T . On the other hand, if a 6∈ A∩A′,
then there is a b ∈ B ∪ B′ where (a, b) 6∈ E. So A∩ A′ = S = T .

If b ∈ B and (a, b) ∈ E, then a ∈ A. Since (b, b) ∈ E, we also know b ∈ A. This shows B ⊆ A. Similarly,
B′ ⊆ A′.

We claim E ⊆ (A× A)∪ (A′ × A′). Note that E = (A× B)∪ (A′ × B′)∪ (V × T ).

• A× B ⊆ A× A,

• A′ × B′ ⊆ A′ × A′,

• and

V × T

=V × (A∩ A′)

=(A∪ A′)× (A∩ A′)

=(A× (A∩ A′))∪ (A′ × (A∩ A′))

⊆(A× A)∪ (A′ × A′).

We show (A× A)∪ (A′ × A′) ⊆ E. Consider (a, b) ∈ A× A.

1. b ∈ B, then (a, b) ∈ A× B,

2. b ∈ T , then (a, b) ∈ V × T ,

3. b ∈ B′, then b ∈ A∩ A′ = S, so (a, b) ∈ S × V .

One can show the above for (a, b) ∈ A′ × A′. This shows (A× A)∪ (A′ × A′) ⊆ E. Therefore A and A′ are
the desired cliques. �

3 Classification of r-tractable digraphs
In this section, we characterize the r-tractable digraphs by giving a simple condition that can be checked
in polynomial time. The idea is to reduce r-tractability to c-tractability. One can observe RVIO(H) and
MINCSP(ΓH) are equivalent problems. The proof is just a direct translation between terminologies.

Theorem 3.1 For a digraph H, RVIO(H) and MINCSP(ΓH) are equivalent problems.
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Proof: Let H = (U , F). Let G = (U ∪ V, E) be the input to RVIO(H), here U ∩ V = ;. Also, we assume
V = [n]. That is, the non-fixed vertices in G are integers from 1 to n. Assume G is simple, and there is a
weight function w on the edges. Let f be a minimum violation map from G to H.

We construct an instance of MINCSP(ΓH). Let πuv be the function πuv(1) = u and πuv(2) = v, which
simulates the edge uv. We define πv to be the function πv(1) = v, which can be used to simulate both
edges of the form uv and vu, where u ∈ U . π is a function of 0 arity.

1. For each edge uv ∈ E where u, v ∈ V , we create a tuple (hH , w(uv),πuv).

2. For each edge uv ∈ E where u ∈ U and v ∈ V , we create a tuple (χ̄N+H (u)
, w(uv),πv).

3. For each edge vu ∈ E where u ∈ U and v ∈ V , we create a tuple (χ̄N−H (u)
, w(vu),πv).

4. For each edge uv ∈ E where u, v ∈ U and uv 6∈ F we create a tuple (1, w(uv),π).

Let the instance consist of all the tuples above and n. It is not hard to see the optimal value of the
instance is equal to the minimum violation of the optimal f .

The above construction can be reversed to build input digraph G and its weight. Indeed, for example,
we can replace (hH , w,πuv) with an edge with weight w from u to v in digraph G. �

To study the tractability of ΓH , we need to introduce the notion of apex vertices. A vertex v is an
apex if no vertex dominates v. The set of apex vertices is the apex set. Consider a digraph G = (V, E)
with apex set A. G[A] is the apex subgraph. The apex map α is the following vertex map.

α(v) =

¨

v if v ∈ A

u if u ∈ A and is the smallest vertex that dominates v

Elem et al. observed that, in our terminology, an undirected graph with a reflexive complete graph as
its apex subgraph is r-tractable [19]. Reflexive complete graphs are c-tractable. It is natural to conjecture
that if the apex subgraph of a digraph is c-tractable, then the digraph itself is r-tractable. We will show
that it is both necessary and sufficient.

Recall, that, by Theorem 3.1, we are interested in the tractability of ΓH . To this end, we find the core
of ΓH . The next lemma shows that the core of ΓH is induced on the the apex set of H.

Lemma 3.2 Let H = (V, E) be a graph and A be the apex set of H. Then ΓH[A] is the core of ΓH .

Proof: Let α be the apex map of H. Clearly, A= α(V ).
First, we show that α is an endomorphism of ΓH . v is dominated by α(v) and v ∈ N−H (u) implies

α(v) ∈ N−H (u). Therefore α is an endomorphism for χ̄N−H (u)
for all u. Similarly it is an endomorphism for

all χ̄N+H (u)
for all u. For each edge uv in E, v ∈ N−H (u) implies α(v) ∈ N−H (u). Therefore uα(v) ∈ E. Apply

the same argument for u, we get α(u)α(v) ∈ E. α is therefore an endomorphism for hH .
Second, we show ΓH[A] is a core. Consider an endomorphism g : A → A of ΓH[A]. Consider

an arbitrary u ∈ A. For each v ∈ V , if u ∈ N−H (v), then g(u) ∈ N−H (v) ∩ A. Indeed, this is because
g(u) ∈ χ̄N−H (v)

[A]. Similarly, if u ∈ N+H (v), then g(u) ∈ N+H (v) ∩ A. Let Bu =
⋂

{B|B ∈NH , u ∈ B} ∩ A.
Note that by definition g(u) ∈ Bu. But Bu consists of precisely the single element u, since Bu consists of
elements that have neighborhoods containing the neighborhoods of u. Thus we have g(u) = u for all
u ∈ A, therefore g is an automorphism of ΓH[A]. �

Theorem 3.3 (classification of r-tractable digraphs) A digraph H is r-tractable if and only if its apex
subgraph is c-tractable. Moreover, r-tractability can be decided in polynomial time.
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Proof: Let A be the apex vertices of H. By Lemma 3.2, ΓH[A] is the core of ΓH . By Theorem 2.8, we have
H is r-tractable if and only if H[A] is c-tractable. Finding A is equivalent to finding the vertices with
maximal neighborhood. For a graph on k vertices and ` edges, a O(k`) time algorithm exists for finding
the set of maximal neighborhoods [51]. Since A can be found in O(nm) time, and c-tractability can be
decided in O(n2) time [14,15]. We can decide if H is r-tractable in O(nm) time. �

Remark There is no forbidden graph characterization for r-tractable digraphs. One can modify any
graph by adding a single vertex that incident to all other vertices. The new graph is r-tractable because
the apex subgraph is a single vertex.

As an application of the theorem, we show the following two results on r-tractability which we also
use later. In particular, the one on Bk,` can be used for hardness of (`, k)WAYCUT.

Corollary 3.4 Sk is r-tractable if and only if k ≤ 2.

Proof: The apex subgraph of Sk is itself. By applying Theorem 3.3, we just have to show the c-tractability
of Sk. All permutations of the adjacency matrix of Sk are essentially the same: one column and the
diagonal consists of all 1, all other entries are 0. By Lemma 2.11, we can replace the entries of the 1
column to all 0s. It’s easy to see that except for S1 and S2, the 1 entries cannot equal to a union of an
L-anchored and an R-anchored rectangle. We obtain the corollary by Lemma 2.10. �

Corollary 3.5 Bk,` is r-tractable if and only if k = 2 and `≤ 4, or k ≥ 3 and `≤ 3.

Proof: By Theorem 3.3, we have to find for which k and ` the apex subgraph of Bk,` is c-tractable. The
apex subgraph of Bk,` is Bk,`−2. By Theorem 2.13, we can see that B2,2 is a path of length 2, a double
clique. Bk,1 is is a clique of size k. No other Bk,` is a double clique. �

4 s-tractability of disconnected reflexive digraphs
In this section, we show that the s-tractability of a reflexive digraph is determined by the s-tractability of
its components. There were no general techniques to show a digraph H is s-tractable beyond showing H
is r-tractable. But s-tractable graphs are much richer. The first result in this area is the solution to the
k-cut problem, which demonstrates a reflexive graph that consists of k isolated vertices is s-tractable.
Here we extend the result. If each component of a reflexive digraph is s-tractable, then the digraph is
s-tractable. The converse is also true. We introduce the main theorem established in this section.

Theorem 4.1 A reflexive digraph H is s-tractable if and only if every component of H is s-tractable.

We demonstrate a polynomial time algorithm for SVIO(H) knowing that each component of H is
s-tractable. We use the fact that the minimum violation can be bounded by the value of a min-k-cut, and
partitions with value no more than min-k-cut can be found effectively.

Recall a k-cut is a set of edges such that after its removal, the graph has at least k components. Let
λk(G) denote the weight of the minimum k-cut in G.

Theorem 4.2 ( [11]) Given a graph G of n nodes and m edges. There are O(n2(k−1)) partitions with value
no larger than λk(G). Such partitions, together with their values, can be computed in Õ(mn2(k−1)) time.

Gupta, Lee and Li showed the number of partitions with value no larger than λk(G) is n(1.981+o(1))k, and
subsequently improved it to nk2O(log log n)2 [26,27]. Recently with the addition of Harris, the optimum
O(nk) bound was established [25]. The partitions can also be found in the same time using a randomized
algorithm. However, the deterministic algorithm in the above theorem is not able to obtain the same
result.
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Theorem 4.3 If each component of a reflexive digraph H is s-tractable then H is s-tractable.

Proof: Let H = (U , F) be a k vertex digraph consisting of components U1, . . . , Ut . For each i, let
Hi = H[Ui]. Assume SVIO(Hi) can be solved in Ti(n) time for graphs of size n for some polynomial Ti.
Let G = (V, E) be a digraph. Consider a minimum violation surjective vertex map f : V → U from G to
H. Define Vi = f −1(Ui). The edges crossing the t-partition P = (V1, . . . , Vt) are violated edges of f . Let
G′ be the graph where we undirect each edge in G. The total weight of the edges crossing P in G is at
most the weight of the min k-cut of G′. In particular, by Theorem 4.2, a collection X of partitions where
P is one of them can be found in polynomial time.

For (V1, . . . , Vt) ∈ X, we solve SVIO(Hi) on G[Vi] to obtain fi in O(Ti(n)) time. Gluing together fi in
the natural way gives us a candidate solution. We return the candidate with the minimum violation. The
total running time is therefore O(mn2(k−1) + n2(k−1)∑k

i=1 Ti(n)), which is a polynomial. �

As a consequence, we obtain a faster deterministic algorithm for sSIZEkCUT.

Theorem 4.4 Let s = (s1, . . . , sk) and si ≥ si+1 for all i ≤ k− 1. sSIZEkCUT for graph G can be solved in
O(mn2(σ−s1)) time, where σ =

∑k
i=1 si and n is the number of vertices of G.

Proof: Let σ′ = σ−s1. Assume that n is at least s1(σ′+1), otherwise brute force takes O(1) time because
both σ′ and s1 are constants. We show that the value of the min s-size k-cut is at most the value of a
min-(σ′+1)-cut when n≥ s1(σ′+1). Consider any (σ′+1)-cut with vertex partition V1, . . . , Vσ′+1, each
has size n1, . . . , nσ′+1 respectively. Assume that ni ≥ ni+1 for all i. We will find a k-partition (U1, . . . , Uk)
that induces a s-size constrained k-cut. By the pigeonhole principle, |V1| ≥ s1. Let U1 = V1. We consider
an arbitrary partition of the remaining σ′ sets into k − 1 partition classes, such that the ith partition
class contain si+1 of the sets. This is feasible since σ′ =

∑k
i=2 si . Let Ui+1 be the union of the sets in the

ith partition class. The resulting {U1, . . . , Uk} induces a s-size k-cut that only uses edges in the minimum
(σ′ + 1)-cut. Hence we have shown that the minimum s-size k-cut is bounded above by minimum
(σ′ + 1)-cut. Therefore, by Theorem 4.2, the optimal partition is one of the O(n2(σ−s1)) k-partitions that
can be computed in Õ(mn2(σ−s1)) time. It takes O(k) = O(1) time to verify if the k-partition is a s-size
k-partition. Hence the total running time is Õ(mn2(σ−s1)). �

One can show the converse of Theorem 4.3.

Theorem 4.5 If any component of a reflexive digraph H is not s-tractable, then H is not s-tractable.

Proof: Consider H = (U , F) consisting of k components. The components are subgraphs H1, . . . , Hk.
The vertices in Hi is Ui .

We want to reduce SVIO(H1) to SVIO(H) in polynomial time. Let the input of SVIO(H1) be G1 =
(V1, E1). Let M be a value larger than the sum of weights of edges in G1. We create digraph G that is the
union of G1 and G2, . . . , Gk. Here for i ≥ 2, Gi and Hi are exactly the same digraph except each edge in
Gi have weight M . We will use Vi to denote the vertices in Gi , although it is clear that Vi = Ui . If there is
a surjective map f1 of violation t from G1 to H1, then there is a surjective map f of violation t from G to
H. Indeed, we extend the map f1 to f , such that f |V\V1

is the identity function. We want to show this is
true in the other direction. That is, if there is a minimum violation surjective map f of violation t from G
to H, then there is a surjective map f ′ of violation at most t from G1 to H1.

For a surjective map f from G to H, an index i is good if f (Vi) = Ui and f −1(Ui) = Vi, otherwise it
is bad. If f ∗ is a minimum violation surjective map from G to H with no bad indices, then f ∗|V1

is the
minimum violation map from G1 to H1. We will show that there always exists an optimal surjective map
with no bad indices. We show that if f has at least one bad index, then there exists an optimal solution
with strictly fewer bad indices.
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First, the number of bad indices cannot be 1. Let i be a bad index. If f (Vi) \ Ui is non-empty, then
f (Vi)∩ U j is non-empty for some j 6= i, and therefore j is a bad index. If Ui \ f (Vi) is non-empty, then
f −1(Ui) 6= Vi. There is some j 6= i such that there is a vertex v ∈ Vj and f (v) ∈ Ui. Hence j is a bad
index. In either case, there are at least two bad indices.

Any optimal solution to SVIO(H) has violation smaller than M . Indeed, a map that acts as an identity
map Gi to Hi for all i ≥ 2 has violation smaller than M . Let f be a minimum violation map from G to
H. Let B be the set of bad indices of f . If B is empty, then we are done. Let i ∈ B and i 6= 1. Such i
must exist, since |B| ≥ 2. No edge in Gi can be a violated edge, since it would incur violation at least M .
Therefore, f (Vi) is contained in one of U1, . . . , Uk.

Case 1: f (Vi) ⊆ Ui . Pick j ∈ B such that j 6= i. Let u be any vertex in U j .

f ′(v) =











v if v ∈ Vi

u if v ∈ f −1(Ui) \ Vi

f (v) otherwise

We show that any non-violated edge with respect to f is also an non-violated edge with respect to f ′. An
edge not in Gi maps to an edge not in Hi under f , and still maps to the same edge under f ′. If an edge
not in Gi maps to an edge Hi by f , then it maps to a self-loop of u under f ′. An edge in Gi maps to an
edge in Hi under f ′. The violation of f ′ is no larger than the violation of f . Also, i is not a bad index for
f ′. No new bad index was generated in the process. The number of bad indices for f ′ is strictly smaller
since i is no longer in B.

Case 2: f (Vi)∩ Ui = ;.

f ′(v) =











v if v ∈ Vi

f ( f (v)) if v ∈ f −1(Ui)
f (v) otherwise

A similar argument as case 1 holds. The number of bad indices for f ′ is strictly smaller than the number
of bad indices for f . We have to argue that the non-violated edges not in Gi that gets mapped to Hi are
still non-violated. Indeed, if uv is an edge, then f (u) f (v) is an edge for all u, v ∈ Vi . Now if f (a) f (b) is
an edge in Hi then a, b ∈ f −1(Ui). If additionally ab is an edge in G, then f ( f (a)) f ( f (b)) is an edge.

We showed we can find an optimal mapping with strictly smaller number of bad indices. Hence there
exists an optimal mapping with no bad indices. �

The exact same proof also shows that if any component of H is s-intractable, then H is s-intractable.

5 s-tractability for variety of finite paths and dichotomy of trees
In this section we show that if H ∈ FP, then SVIO(H) is intractable if diam(H)≥ 5, or at least 3 vertices
has pairwise distance 4. Every reflexive tree is a variety of finite paths [32], the result is used to show a
s-tractability dichotomy theorem for reflexive trees. The reduction is not a direct one. It relies on the
intermediate results on (`, k)WAYCUT and existence of c-connectors, which we will describe first.

5.1 c-connector

We first introduce c-connectors, which is a useful tool to force some vertices to have a certain distance.

Definition Let c : U2 → {`,`+ 1} and ` ≥ 3. A graph G = (V, E) is a c-connector if U ⊆ V , and the
following distance properties hold.

1. dG(x , y) = c(x , y) for all distinct x , y ∈ U ,

2. dG(x , y)≤ ` for all x , y ∈ V such that x ∈ V \ U
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Theorem 5.1 For any c : U2→ {`,`+ 1} such that c(x , y) = c(y, x) and `≥ 3. There exists a c-connector
of O(`|U |2) vertices and edges.

Proof: Let k = b`/2c − 1. Note that k+ 3≤ ` for `≥ 3. We build the c-connector base graph G = (V, E)
using the following construction. For each vertex u ∈ U , we create a path with a sequence of vertices
u0, . . . , uk, where u0 = u and all other vertices are new. These vertices are U ′ = {ui|u ∈ U , 0≤ i ≤ k}.
For each u ∈ U , create a star centered at uk, with new vertices uv for each v ∈ U and v 6= u. Finally, we
add a vertex p where p is adjacent to each vertex uv for distinct u, v ∈ U .

See Figure 5.1a for an example of the c-connector base.
Observe we already have some nice properties for the c-connector base G.

• dG(p, v)≤ k+ 2≤ ` for all v ∈ V .

• dG(uv , wx) = 2≤ ` for u, v, w, x ∈ U .

• dG(ui , u j)≤ j − i ≤ k ≤ ` for u ∈ U and 0≤ i, j ≤ k.

• dG(u, vw)≤ k+ 3≤ ` for u, v, w ∈ U .

We will construct a c-connector H by adding edges to G. If ` is odd, then H is obtained from G by
adding edges uv vu if c(u, v) = `. If ` is even, then H is obtained from G by adding edges uv vk where
c(u, v) = `, and adding edges uv vu if c(u, v) = `+ 1.

This establishes dH ≤ dG. Each newly added edge incidents to some vertex uk where u ∈ U , or uv
where u, v ∈ U . Therefore, every path in H containing u ∈ U either contains uk, or it consists of only
u0, . . . , ui for some i ≤ k. In particular, this shows dH(a, ui)≤ dH(a, u) for a ∈ V \U ′ and u ∈ U . Together
with the distance facts of G, this shows that dH(u, v)≤ ` for all u ∈ V and v ∈ V \ U . Therefore, in order
to show H is a c-connector, we just have to show dH(u, v) = c(u, v) for u, v ∈ U .

Now, we argue depending on the parity of ` by consider distinct u, v ∈ U .

` ≥ 3 and is odd. Any path from u to v must contain u0, u1, . . . , uk, ux and vy , vk, . . . , v0 for some x
and y , which shows dH(u, v)≥ `. If c(u, v) = `+ 1, then dH(u, v) = `+ 1= c(u, v) since there does not
exist x and y such that ux vy is an edge. If c(u, v) = `, then dH(u, v) = `= c(u, v) since there is a path
uk, uv , vu, vk.

`≥ 4 and is even. Any path from u to v must contain u0, u1, . . . , uk and vk, . . . , v0. If c(u, v) = `, then
there is a path from vk and uk using uk, uv , vk. This is the shortest uk-vk path, since there is no edge ukvk.
This shows dH(u, v) = c(u, v). If c(u, v) = `+ 1, then there is a path from vk and uk using uk, uv , vu, vk.
There is no shorter path, since there is no edge ukvk, and all neighbors of uk is not a neighbor of vk.
Therefore we have dH(u, v) = c(u, v).

It is clear the number of vertices and edges in H is O(`|U |2). �

5.2 (`, k)WAYCUT and Bk,`

In this section, we show that (`, k)WAYCUT and (`, k)CUT are equivalent problems. Then, we show
RVIO(Bk,`) and (`− 1, k)WAYCUT are equivalent.

This is the first time we demonstrate the use of c-connector.

Theorem 5.2 (`, k)WAYCUT and (`, k)CUT are equivalent for `≥ 3.

Proof: In the easy direction, (`, k)CUT reduces to
�n

k

�

instances of (`, k)WAYCUT. We consider the harder
direction. Let G = (V, E) be the graph and T the set of terminals. Consider a c-connector H with
c : V 2 → N such that c(u, v) = `+ 1 if u, v ∈ T and c(u, v) = ` otherwise. Let G′ = G ∪ H, where the
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v
<latexit sha1_base64="N3VrlrBNE10e2KsS0LFYZDZcDes=">AAAB6HicbZA9TwJBEIbn/ET8Qi1tLqKJFbnDQjtJbCwhkY8ELmRvmYOVvb3L7h4JufALbCw0Bks7/46d/8Y9oFDwTTZ58r4z2ZnxY86Udpxva219Y3NrO7eT393bPzgsHB03VJRIinUa8Ui2fKKQM4F1zTTHViyRhD7Hpj+8y/LmCKVikXjQ4xi9kPQFCxgl2li1UbdQdErOTPYquAso3n5OM71Xu4WvTi+iSYhCU06UartOrL2USM0ox0m+kyiMCR2SPrYNChKi8tLZoBP7wjg9O4ikeULbM/d3R0pCpcahbypDogdqOcvM/7J2ooMbL2UiTjQKOv8oSLitIzvb2u4xiVTzsQFCJTOz2nRAJKHa3CZvjuAur7wKjXLJvSqVa06xcg5z5eAUzuASXLiGCtxDFepAAeEJXuDVerSerTdrOi9dsxY9J/BH1scP5mSRWw==</latexit>

v
<latexit sha1_base64="N3VrlrBNE10e2KsS0LFYZDZcDes=">AAAB6HicbZA9TwJBEIbn/ET8Qi1tLqKJFbnDQjtJbCwhkY8ELmRvmYOVvb3L7h4JufALbCw0Bks7/46d/8Y9oFDwTTZ58r4z2ZnxY86Udpxva219Y3NrO7eT393bPzgsHB03VJRIinUa8Ui2fKKQM4F1zTTHViyRhD7Hpj+8y/LmCKVikXjQ4xi9kPQFCxgl2li1UbdQdErOTPYquAso3n5OM71Xu4WvTi+iSYhCU06UartOrL2USM0ox0m+kyiMCR2SPrYNChKi8tLZoBP7wjg9O4ikeULbM/d3R0pCpcahbypDogdqOcvM/7J2ooMbL2UiTjQKOv8oSLitIzvb2u4xiVTzsQFCJTOz2nRAJKHa3CZvjuAur7wKjXLJvSqVa06xcg5z5eAUzuASXLiGCtxDFepAAeEJXuDVerSerTdrOi9dsxY9J/BH1scP5mSRWw==</latexit>

u
<latexit sha1_base64="thHAKelmQT44hJycl8083714b6w=">AAAB6HicbZA9TwJBEIbn8AvxC7W0uYgmVuQOC+0ksbGERD4SuJC9ZQ5W9vYuu3sm5MIvsLHQGCzt/Dt2/hv3gELBN9nkyfvOZGfGjzlT2nG+rdza+sbmVn67sLO7t39QPDxqqiiRFBs04pFs+0QhZwIbmmmO7VgiCX2OLX90m+WtR5SKReJej2P0QjIQLGCUaGPVk16x5JSdmexVcBdQuvmcZnqv9Ypf3X5EkxCFppwo1XGdWHspkZpRjpNCN1EYEzoiA+wYFCRE5aWzQSf2uXH6dhBJ84S2Z+7vjpSESo1D31SGRA/VcpaZ/2WdRAfXXspEnGgUdP5RkHBbR3a2td1nEqnmYwOESmZmtemQSEK1uU3BHMFdXnkVmpWye1mu1J1S9QzmysMJnMIFuHAFVbiDGjSAAsITvMCr9WA9W2/WdF6asxY9x/BH1scP5OCRWg==</latexit>

u
<latexit sha1_base64="thHAKelmQT44hJycl8083714b6w=">AAAB6HicbZA9TwJBEIbn8AvxC7W0uYgmVuQOC+0ksbGERD4SuJC9ZQ5W9vYuu3sm5MIvsLHQGCzt/Dt2/hv3gELBN9nkyfvOZGfGjzlT2nG+rdza+sbmVn67sLO7t39QPDxqqiiRFBs04pFs+0QhZwIbmmmO7VgiCX2OLX90m+WtR5SKReJej2P0QjIQLGCUaGPVk16x5JSdmexVcBdQuvmcZnqv9Ypf3X5EkxCFppwo1XGdWHspkZpRjpNCN1EYEzoiA+wYFCRE5aWzQSf2uXH6dhBJ84S2Z+7vjpSESo1D31SGRA/VcpaZ/2WdRAfXXspEnGgUdP5RkHBbR3a2td1nEqnmYwOESmZmtemQSEK1uU3BHMFdXnkVmpWye1mu1J1S9QzmysMJnMIFuHAFVbiDGjSAAsITvMCr9WA9W2/WdF6asxY9x/BH1scP5OCRWg==</latexit> w

<latexit sha1_base64="aEg4eA84G4aKVFPwNcMYtag745E=">AAAB6HicbZA9TwJBEIbn/ET8Qi1tLqKJFbnDQjtJbCwhkY8ELmRvmYOVvb3L7p6GXPgFNhYag6Wdf8fOf+MeUCj4Jps8ed+Z7Mz4MWdKO863tbK6tr6xmdvKb+/s7u0XDg4bKkokxTqNeCRbPlHImcC6ZppjK5ZIQp9j0x/eZHnzAaVikbjToxi9kPQFCxgl2li1x26h6JScqexlcOdQvP6cZHqvdgtfnV5EkxCFppwo1XadWHspkZpRjuN8J1EYEzokfWwbFCRE5aXTQcf2mXF6dhBJ84S2p+7vjpSESo1C31SGRA/UYpaZ/2XtRAdXXspEnGgUdPZRkHBbR3a2td1jEqnmIwOESmZmtemASEK1uU3eHMFdXHkZGuWSe1Eq15xi5RRmysExnMA5uHAJFbiFKtSBAsITvMCrdW89W2/WZFa6Ys17juCPrI8f5+iRXA==</latexit>

w
<latexit sha1_base64="aEg4eA84G4aKVFPwNcMYtag745E=">AAAB6HicbZA9TwJBEIbn/ET8Qi1tLqKJFbnDQjtJbCwhkY8ELmRvmYOVvb3L7p6GXPgFNhYag6Wdf8fOf+MeUCj4Jps8ed+Z7Mz4MWdKO863tbK6tr6xmdvKb+/s7u0XDg4bKkokxTqNeCRbPlHImcC6ZppjK5ZIQp9j0x/eZHnzAaVikbjToxi9kPQFCxgl2li1x26h6JScqexlcOdQvP6cZHqvdgtfnV5EkxCFppwo1XadWHspkZpRjuN8J1EYEzokfWwbFCRE5aXTQcf2mXF6dhBJ84S2p+7vjpSESo1C31SGRA/UYpaZ/2XtRAdXXspEnGgUdPZRkHBbR3a2td1jEqnmIwOESmZmtemASEK1uU3eHMFdXHkZGuWSe1Eq15xi5RRmysExnMA5uHAJFbiFKtSBAsITvMCrdW89W2/WZFa6Ys17juCPrI8f5+iRXA==</latexit>

vw
<latexit sha1_base64="DAdqwEHdJbc9yue9QeL0SrORSQc=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gFKzCblJoZyCNZURzgWQJs5PZZMjs7DIzGwlLHsHGQhFb38GXsBIbH8E3sHRyKTTxh4GP/z+HOed4EWdK2/anlVpaXlldS69nNja3tneyu3s1FcaS0CoJeSgbHlaUM0GrmmlOG5GkOPA4rXv98jivD6hULBQ3ehhRN8BdwXxGsDbW9aB9287m7Lw9EVoEZwa5i++314+D8lelnX1vdUISB1RowrFSTceOtJtgqRnhdJRpxYpGmPRxlzYNChxQ5SaTUUfoxDgd5IfSPKHRxP3dkeBAqWHgmcoA656az8bmf1kz1v65mzARxZoKMv3IjznSIRrvjTpMUqL50AAmkplZEelhiYk218mYIzjzKy9CrZB3ivnClZ0rHcNUaTiEIzgFB86gBJdQgSoQ6MIdPMCjxa1768l6npamrFnPPvyR9fID5dGSlw==</latexit>

vw
<latexit sha1_base64="DAdqwEHdJbc9yue9QeL0SrORSQc=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gFKzCblJoZyCNZURzgWQJs5PZZMjs7DIzGwlLHsHGQhFb38GXsBIbH8E3sHRyKTTxh4GP/z+HOed4EWdK2/anlVpaXlldS69nNja3tneyu3s1FcaS0CoJeSgbHlaUM0GrmmlOG5GkOPA4rXv98jivD6hULBQ3ehhRN8BdwXxGsDbW9aB9287m7Lw9EVoEZwa5i++314+D8lelnX1vdUISB1RowrFSTceOtJtgqRnhdJRpxYpGmPRxlzYNChxQ5SaTUUfoxDgd5IfSPKHRxP3dkeBAqWHgmcoA656az8bmf1kz1v65mzARxZoKMv3IjznSIRrvjTpMUqL50AAmkplZEelhiYk218mYIzjzKy9CrZB3ivnClZ0rHcNUaTiEIzgFB86gBJdQgSoQ6MIdPMCjxa1768l6npamrFnPPvyR9fID5dGSlw==</latexit>

vu
<latexit sha1_base64="+78J7x320O7CMQhPLBKJLl2PWKo=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gFKzCbiy0M5DGMqK5QLKE2clsMmR2dpmZDYQlj2BjoYit7+BLWImNj+AbWDrZpNDEHwY+/v8c5pzjRZwpbdufVmZpeWV1Lbue29jc2t7J7+7VVRhLQmsk5KFselhRzgStaaY5bUaS4sDjtOENKpO8MaRSsVDc6lFE3QD3BPMZwdpYN8NO3MkX7KKdCi2CM4PC5ffb68dB5avayb+3uyGJAyo04ViplmNH2k2w1IxwOs61Y0UjTAa4R1sGBQ6ocpN01DE6MU4X+aE0T2iUur87EhwoNQo8Uxlg3Vfz2cT8L2vF2r9wEyaiWFNBph/5MUc6RJO9UZdJSjQfGcBEMjMrIn0sMdHmOjlzBGd+5UWol4rOWbF0bRfKxzBVFg7hCE7BgXMowxVUoQYEenAHD/BoceveerKep6UZa9azD39kvfwA4smSlQ==</latexit>

vu
<latexit sha1_base64="+78J7x320O7CMQhPLBKJLl2PWKo=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gFKzCbiy0M5DGMqK5QLKE2clsMmR2dpmZDYQlj2BjoYit7+BLWImNj+AbWDrZpNDEHwY+/v8c5pzjRZwpbdufVmZpeWV1Lbue29jc2t7J7+7VVRhLQmsk5KFselhRzgStaaY5bUaS4sDjtOENKpO8MaRSsVDc6lFE3QD3BPMZwdpYN8NO3MkX7KKdCi2CM4PC5ffb68dB5avayb+3uyGJAyo04ViplmNH2k2w1IxwOs61Y0UjTAa4R1sGBQ6ocpN01DE6MU4X+aE0T2iUur87EhwoNQo8Uxlg3Vfz2cT8L2vF2r9wEyaiWFNBph/5MUc6RJO9UZdJSjQfGcBEMjMrIn0sMdHmOjlzBGd+5UWol4rOWbF0bRfKxzBVFg7hCE7BgXMowxVUoQYEenAHD/BoceveerKep6UZa9azD39kvfwA4smSlQ==</latexit>

v1
<latexit sha1_base64="vM9hJ1YjUWWfhnb3t9/MSzvGpU0=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gFKzCbiy0M5DGMqK5QLKE2clsMmR2dpmZDYQlj2BjoYit7+BLWImNj+AbWDrZpNDEHwY+/v8c5pzjRZwpbdufVmZpeWV1Lbue29jc2t7J7+7VVRhLQmsk5KFselhRzgStaaY5bUaS4sDjtOENKpO8MaRSsVDc6lFE3QD3BPMZwdpYN8OO08kX7KKdCi2CM4PC5ffb68dB5avayb+3uyGJAyo04ViplmNH2k2w1IxwOs61Y0UjTAa4R1sGBQ6ocpN01DE6MU4X+aE0T2iUur87EhwoNQo8Uxlg3Vfz2cT8L2vF2r9wEyaiWFNBph/5MUc6RJO9UZdJSjQfGcBEMjMrIn0sMdHmOjlzBGd+5UWol4rOWbF0bRfKxzBVFg7hCE7BgXMowxVUoQYEenAHD/BoceveerKep6UZa9azD39kvfwAe7mSUQ==</latexit>

v1
<latexit sha1_base64="vM9hJ1YjUWWfhnb3t9/MSzvGpU0=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gFKzCbiy0M5DGMqK5QLKE2clsMmR2dpmZDYQlj2BjoYit7+BLWImNj+AbWDrZpNDEHwY+/v8c5pzjRZwpbdufVmZpeWV1Lbue29jc2t7J7+7VVRhLQmsk5KFselhRzgStaaY5bUaS4sDjtOENKpO8MaRSsVDc6lFE3QD3BPMZwdpYN8OO08kX7KKdCi2CM4PC5ffb68dB5avayb+3uyGJAyo04ViplmNH2k2w1IxwOs61Y0UjTAa4R1sGBQ6ocpN01DE6MU4X+aE0T2iUur87EhwoNQo8Uxlg3Vfz2cT8L2vF2r9wEyaiWFNBph/5MUc6RJO9UZdJSjQfGcBEMjMrIn0sMdHmOjlzBGd+5UWol4rOWbF0bRfKxzBVFg7hCE7BgXMowxVUoQYEenAHD/BoceveerKep6UZa9azD39kvfwAe7mSUQ==</latexit>

v2
<latexit sha1_base64="OQdQZmIQJNf8euzNLLfBKNIMPpM=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gFKzC7lpoZyCNZURzgWQJs5PZZMjs7DIzGwhLHsHGQhFb38GXsBIbH8E3sHRyKTTxh4GP/z+HOef4MWdK2/anlVlaXlldy67nNja3tnfyu3s1FSWS0CqJeCQbPlaUM0GrmmlOG7GkOPQ5rfv98jivD6hULBK3ehhTL8RdwQJGsDbWzaDttvMFu2hPhBbBmUHh8vvt9eOg/FVp599bnYgkIRWacKxU07Fj7aVYakY4HeVaiaIxJn3cpU2DAodUeelk1BE6MU4HBZE0T2g0cX93pDhUahj6pjLEuqfms7H5X9ZMdHDhpUzEiaaCTD8KEo50hMZ7ow6TlGg+NICJZGZWRHpYYqLNdXLmCM78yotQc4vOWdG9tgulY5gqC4dwBKfgwDmU4AoqUAUCXbiDB3i0uHVvPVnP09KMNevZhz+yXn4AfT2SUg==</latexit>

v2
<latexit sha1_base64="OQdQZmIQJNf8euzNLLfBKNIMPpM=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gFKzC7lpoZyCNZURzgWQJs5PZZMjs7DIzGwhLHsHGQhFb38GXsBIbH8E3sHRyKTTxh4GP/z+HOef4MWdK2/anlVlaXlldy67nNja3tnfyu3s1FSWS0CqJeCQbPlaUM0GrmmlOG7GkOPQ5rfv98jivD6hULBK3ehhTL8RdwQJGsDbWzaDttvMFu2hPhBbBmUHh8vvt9eOg/FVp599bnYgkIRWacKxU07Fj7aVYakY4HeVaiaIxJn3cpU2DAodUeelk1BE6MU4HBZE0T2g0cX93pDhUahj6pjLEuqfms7H5X9ZMdHDhpUzEiaaCTD8KEo50hMZ7ow6TlGg+NICJZGZWRHpYYqLNdXLmCM78yotQc4vOWdG9tgulY5gqC4dwBKfgwDmU4AoqUAUCXbiDB3i0uHVvPVnP09KMNevZhz+yXn4AfT2SUg==</latexit>

u1
<latexit sha1_base64="f+UOz5OuOkkG5o1M7kFd1IIf6EY=">AAAB6nicbZC7SgNBFIbPeo3xFrWwsBmMglXYjYV2BtJYRjQXSJYwO5lNhszOLnMRwpJHsLFQxNZ38CWsxMZH8A0snVwKTfxh4OP/z2HOOUHCmdKu++ksLC4tr6xm1rLrG5tb27md3ZqKjSS0SmIey0aAFeVM0KpmmtNGIimOAk7rQb88yuu3VCoWixs9SKgf4a5gISNYW+vatL12Lu8W3LHQPHhTyF98v71+7Je/Ku3ce6sTExNRoQnHSjU9N9F+iqVmhNNhtmUUTTDp4y5tWhQ4ospPx6MO0bF1OiiMpX1Co7H7uyPFkVKDKLCVEdY9NZuNzP+yptHhuZ8ykRhNBZl8FBqOdIxGe6MOk5RoPrCAiWR2VkR6WGKi7XWy9gje7MrzUCsWvNNC8crNl45gogwcwCGcgAdnUIJLqEAVCHThDh7g0eHOvfPkPE9KF5xpzx78kfPyA3ozklA=</latexit>

u1
<latexit sha1_base64="f+UOz5OuOkkG5o1M7kFd1IIf6EY=">AAAB6nicbZC7SgNBFIbPeo3xFrWwsBmMglXYjYV2BtJYRjQXSJYwO5lNhszOLnMRwpJHsLFQxNZ38CWsxMZH8A0snVwKTfxh4OP/z2HOOUHCmdKu++ksLC4tr6xm1rLrG5tb27md3ZqKjSS0SmIey0aAFeVM0KpmmtNGIimOAk7rQb88yuu3VCoWixs9SKgf4a5gISNYW+vatL12Lu8W3LHQPHhTyF98v71+7Je/Ku3ce6sTExNRoQnHSjU9N9F+iqVmhNNhtmUUTTDp4y5tWhQ4ospPx6MO0bF1OiiMpX1Co7H7uyPFkVKDKLCVEdY9NZuNzP+yptHhuZ8ykRhNBZl8FBqOdIxGe6MOk5RoPrCAiWR2VkR6WGKi7XWy9gje7MrzUCsWvNNC8crNl45gogwcwCGcgAdnUIJLqEAVCHThDh7g0eHOvfPkPE9KF5xpzx78kfPyA3ozklA=</latexit>

u2
<latexit sha1_base64="hqvS66jvwFkanSoiD+V1IxRIFgA=">AAAB6nicbZC7SgNBFIbPeI3xFrWwsBmMglXYjYV2BtJYRjQXSJYwO5lNhszOLjOzQljyCDYWitj6Dr6Eldj4CL6BpZNLoYk/DHz8/znMOcePBdfGcT7RwuLS8spqZi27vrG5tZ3b2a3pKFGUVWkkItXwiWaCS1Y13AjWiBUjoS9Y3e+XR3n9linNI3ljBjHzQtKVPOCUGGtdJ+1iO5d3Cs5YeB7cKeQvvt9eP/bLX5V27r3ViWgSMmmoIFo3XSc2XkqU4VSwYbaVaBYT2idd1rQoSci0l45HHeJj63RwECn7pMFj93dHSkKtB6FvK0Nieno2G5n/Zc3EBOdeymWcGCbp5KMgEdhEeLQ37nDFqBEDC4QqbmfFtEcUocZeJ2uP4M6uPA+1YsE9LRSvnHzpCCbKwAEcwgm4cAYluIQKVIFCF+7gAR6RQPfoCT1PShfQtGcP/gi9/AB7t5JR</latexit>

u2
<latexit sha1_base64="hqvS66jvwFkanSoiD+V1IxRIFgA=">AAAB6nicbZC7SgNBFIbPeI3xFrWwsBmMglXYjYV2BtJYRjQXSJYwO5lNhszOLjOzQljyCDYWitj6Dr6Eldj4CL6BpZNLoYk/DHz8/znMOcePBdfGcT7RwuLS8spqZi27vrG5tZ3b2a3pKFGUVWkkItXwiWaCS1Y13AjWiBUjoS9Y3e+XR3n9linNI3ljBjHzQtKVPOCUGGtdJ+1iO5d3Cs5YeB7cKeQvvt9eP/bLX5V27r3ViWgSMmmoIFo3XSc2XkqU4VSwYbaVaBYT2idd1rQoSci0l45HHeJj63RwECn7pMFj93dHSkKtB6FvK0Nieno2G5n/Zc3EBOdeymWcGCbp5KMgEdhEeLQ37nDFqBEDC4QqbmfFtEcUocZeJ2uP4M6uPA+1YsE9LRSvnHzpCCbKwAEcwgm4cAYluIQKVIFCF+7gAR6RQPfoCT1PShfQtGcP/gi9/AB7t5JR</latexit>

w2
<latexit sha1_base64="par8tSan/cPz/Whg4YhPeif4MM0=">AAAB6nicbZC7TsMwFIZPyq2UW4GBgcWiIDFVSRhgo1IXxiLoRWqjynGd1qrjRLYDqqI+AgsDCLHyDrwEE2LhEXgDRtzLAC2/ZOnT/58jn3P8mDOlbfvTyiwsLi2vZFdza+sbm1v57Z2aihJJaJVEPJINHyvKmaBVzTSnjVhSHPqc1v1+eZTXb6hULBLXehBTL8RdwQJGsDbW1W3bbecLdtEeC82DM4XC+ffb68de+avSzr+3OhFJQio04VippmPH2kux1IxwOsy1EkVjTPq4S5sGBQ6p8tLxqEN0ZJwOCiJpntBo7P7uSHGo1CD0TWWIdU/NZiPzv6yZ6ODMS5mIE00FmXwUJBzpCI32Rh0mKdF8YAATycysiPSwxESb6+TMEZzZleeh5hadk6J7aRdKhzBRFvbhAI7BgVMowQVUoAoEunAHD/BoceveerKeJ6UZa9qzC39kvfwAfsOSUw==</latexit>

w2
<latexit sha1_base64="par8tSan/cPz/Whg4YhPeif4MM0=">AAAB6nicbZC7TsMwFIZPyq2UW4GBgcWiIDFVSRhgo1IXxiLoRWqjynGd1qrjRLYDqqI+AgsDCLHyDrwEE2LhEXgDRtzLAC2/ZOnT/58jn3P8mDOlbfvTyiwsLi2vZFdza+sbm1v57Z2aihJJaJVEPJINHyvKmaBVzTSnjVhSHPqc1v1+eZTXb6hULBLXehBTL8RdwQJGsDbW1W3bbecLdtEeC82DM4XC+ffb68de+avSzr+3OhFJQio04VippmPH2kux1IxwOsy1EkVjTPq4S5sGBQ6p8tLxqEN0ZJwOCiJpntBo7P7uSHGo1CD0TWWIdU/NZiPzv6yZ6ODMS5mIE00FmXwUJBzpCI32Rh0mKdF8YAATycysiPSwxESb6+TMEZzZleeh5hadk6J7aRdKhzBRFvbhAI7BgVMowQVUoAoEunAHD/BoceveerKeJ6UZa9qzC39kvfwAfsOSUw==</latexit>

wv
<latexit sha1_base64="SLHXq1VHij1ev8LGqY/vEMWhHH8=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gFKzCblJoZyCNZURzgWQJs5PZZMjs7DIzGwlLHsHGQhFb38GXsBIbH8E3sHRyKTTxh4GP/z+HOed4EWdK2/anlVpaXlldS69nNja3tneyu3s1FcaS0CoJeSgbHlaUM0GrmmlOG5GkOPA4rXv98jivD6hULBQ3ehhRN8BdwXxGsDbW9W170M7m7Lw9EVoEZwa5i++314+D8lelnX1vdUISB1RowrFSTceOtJtgqRnhdJRpxYpGmPRxlzYNChxQ5SaTUUfoxDgd5IfSPKHRxP3dkeBAqWHgmcoA656az8bmf1kz1v65mzARxZoKMv3IjznSIRrvjTpMUqL50AAmkplZEelhiYk218mYIzjzKy9CrZB3ivnClZ0rHcNUaTiEIzgFB86gBJdQgSoQ6MIdPMCjxa1768l6npamrFnPPvyR9fID5dOSlw==</latexit>

wv
<latexit sha1_base64="SLHXq1VHij1ev8LGqY/vEMWhHH8=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gFKzCblJoZyCNZURzgWQJs5PZZMjs7DIzGwlLHsHGQhFb38GXsBIbH8E3sHRyKTTxh4GP/z+HOed4EWdK2/anlVpaXlldS69nNja3tneyu3s1FcaS0CoJeSgbHlaUM0GrmmlOG5GkOPA4rXv98jivD6hULBQ3ehhRN8BdwXxGsDbW9W170M7m7Lw9EVoEZwa5i++314+D8lelnX1vdUISB1RowrFSTceOtJtgqRnhdJRpxYpGmPRxlzYNChxQ5SaTUUfoxDgd5IfSPKHRxP3dkeBAqWHgmcoA656az8bmf1kz1v65mzARxZoKMv3IjznSIRrvjTpMUqL50AAmkplZEelhiYk218mYIzjzKy9CrZB3ivnClZ0rHcNUaTiEIzgFB86gBJdQgSoQ6MIdPMCjxa1768l6npamrFnPPvyR9fID5dOSlw==</latexit>

w1
<latexit sha1_base64="ZJjry762elUNB/sxSd2aiigfrok=">AAAB6nicbZC7TsMwFIZPyq2UW4GBgcWiIDFVSRlgo1IXxiJIW6mNKsd1WquOE9kOqIr6CCwMIMTKO/ASTIiFR+ANGHEvA7T8kqVP/3+OfM7xY86Utu1PK7OwuLS8kl3Nra1vbG7lt3dqKkokoS6JeCQbPlaUM0FdzTSnjVhSHPqc1v1+ZZTXb6hULBLXehBTL8RdwQJGsDbW1W3baecLdtEeC82DM4XC+ffb68de5avazr+3OhFJQio04VippmPH2kux1IxwOsy1EkVjTPq4S5sGBQ6p8tLxqEN0ZJwOCiJpntBo7P7uSHGo1CD0TWWIdU/NZiPzv6yZ6ODMS5mIE00FmXwUJBzpCI32Rh0mKdF8YAATycysiPSwxESb6+TMEZzZleehVio6J8XSpV0oH8JEWdiHAzgGB06hDBdQBRcIdOEOHuDR4ta99WQ9T0oz1rRnF/7IevkBfT+SUg==</latexit>

w1
<latexit sha1_base64="ZJjry762elUNB/sxSd2aiigfrok=">AAAB6nicbZC7TsMwFIZPyq2UW4GBgcWiIDFVSRlgo1IXxiJIW6mNKsd1WquOE9kOqIr6CCwMIMTKO/ASTIiFR+ANGHEvA7T8kqVP/3+OfM7xY86Utu1PK7OwuLS8kl3Nra1vbG7lt3dqKkokoS6JeCQbPlaUM0FdzTSnjVhSHPqc1v1+ZZTXb6hULBLXehBTL8RdwQJGsDbW1W3baecLdtEeC82DM4XC+ffb68de5avazr+3OhFJQio04VippmPH2kux1IxwOsy1EkVjTPq4S5sGBQ6p8tLxqEN0ZJwOCiJpntBo7P7uSHGo1CD0TWWIdU/NZiPzv6yZ6ODMS5mIE00FmXwUJBzpCI32Rh0mKdF8YAATycysiPSwxESb6+TMEZzZleehVio6J8XSpV0oH8JEWdiHAzgGB06hDBdQBRcIdOEOHuDR4ta99WQ9T0oz1rRnF/7IevkBfT+SUg==</latexit>

wu
<latexit sha1_base64="PIEXDqr+2Xr5bxlBrtCzofsq2Po=">AAAB6nicbZC7TsMwFIZPyq2UW4GBgcWiIDFVSRlgo1IXxiJIW6mNKsd1WquOE9kOqIr6CCwMIMTKO/ASTIiFR+ANGHEvA7T8kqVP/3+OfM7xY86Utu1PK7OwuLS8kl3Nra1vbG7lt3dqKkokoS6JeCQbPlaUM0FdzTSnjVhSHPqc1v1+ZZTXb6hULBLXehBTL8RdwQJGsDbW1W07aecLdtEeC82DM4XC+ffb68de5avazr+3OhFJQio04VippmPH2kux1IxwOsy1EkVjTPq4S5sGBQ6p8tLxqEN0ZJwOCiJpntBo7P7uSHGo1CD0TWWIdU/NZiPzv6yZ6ODMS5mIE00FmXwUJBzpCI32Rh0mKdF8YAATycysiPSwxESb6+TMEZzZleehVio6J8XSpV0oH8JEWdiHAzgGB06hDBdQBRcIdOEOHuDR4ta99WQ9T0oz1rRnF/7IevkB5E+Slg==</latexit>

wu
<latexit sha1_base64="PIEXDqr+2Xr5bxlBrtCzofsq2Po=">AAAB6nicbZC7TsMwFIZPyq2UW4GBgcWiIDFVSRlgo1IXxiJIW6mNKsd1WquOE9kOqIr6CCwMIMTKO/ASTIiFR+ANGHEvA7T8kqVP/3+OfM7xY86Utu1PK7OwuLS8kl3Nra1vbG7lt3dqKkokoS6JeCQbPlaUM0FdzTSnjVhSHPqc1v1+ZZTXb6hULBLXehBTL8RdwQJGsDbW1W07aecLdtEeC82DM4XC+ffb68de5avazr+3OhFJQio04VippmPH2kux1IxwOsy1EkVjTPq4S5sGBQ6p8tLxqEN0ZJwOCiJpntBo7P7uSHGo1CD0TWWIdU/NZiPzv6yZ6ODMS5mIE00FmXwUJBzpCI32Rh0mKdF8YAATycysiPSwxESb6+TMEZzZleehVio6J8XSpV0oH8JEWdiHAzgGB06hDBdQBRcIdOEOHuDR4ta99WQ9T0oz1rRnF/7IevkB5E+Slg==</latexit>uw

<latexit sha1_base64="wdJjfj9XyXHGZ4BnKK3TnccIxaA=">AAAB6nicbZC7TsMwFIZPyq2UW4GBgcWiIDFVSRlgo1IXxiJIW6mNKsd1WquOE9kOqIr6CCwMIMTKO/ASTIiFR+ANGHEvA7T8kqVP/3+OfM7xY86Utu1PK7OwuLS8kl3Nra1vbG7lt3dqKkokoS6JeCQbPlaUM0FdzTSnjVhSHPqc1v1+ZZTXb6hULBLXehBTL8RdwQJGsDbWVdK+becLdtEeC82DM4XC+ffb68de5avazr+3OhFJQio04VippmPH2kux1IxwOsy1EkVjTPq4S5sGBQ6p8tLxqEN0ZJwOCiJpntBo7P7uSHGo1CD0TWWIdU/NZiPzv6yZ6ODMS5mIE00FmXwUJBzpCI32Rh0mKdF8YAATycysiPSwxESb6+TMEZzZleehVio6J8XSpV0oH8JEWdiHAzgGB06hDBdQBRcIdOEOHuDR4ta99WQ9T0oz1rRnF/7IevkB5EuSlg==</latexit>

uw
<latexit sha1_base64="wdJjfj9XyXHGZ4BnKK3TnccIxaA=">AAAB6nicbZC7TsMwFIZPyq2UW4GBgcWiIDFVSRlgo1IXxiJIW6mNKsd1WquOE9kOqIr6CCwMIMTKO/ASTIiFR+ANGHEvA7T8kqVP/3+OfM7xY86Utu1PK7OwuLS8kl3Nra1vbG7lt3dqKkokoS6JeCQbPlaUM0FdzTSnjVhSHPqc1v1+ZZTXb6hULBLXehBTL8RdwQJGsDbWVdK+becLdtEeC82DM4XC+ffb68de5avazr+3OhFJQio04VippmPH2kux1IxwOsy1EkVjTPq4S5sGBQ6p8tLxqEN0ZJwOCiJpntBo7P7uSHGo1CD0TWWIdU/NZiPzv6yZ6ODMS5mIE00FmXwUJBzpCI32Rh0mKdF8YAATycysiPSwxESb6+TMEZzZleehVio6J8XSpV0oH8JEWdiHAzgGB06hDBdQBRcIdOEOHuDR4ta99WQ9T0oz1rRnF/7IevkB5EuSlg==</latexit>uv

<latexit sha1_base64="MlkCZPCfjXSmZgmv57LCwQunIwg=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gFKzCbiy0M5DGMqK5QLKE2clsMmR2dpmZDYQlj2BjoYit7+BLWImNj+AbWDrZpNDEHwY+/v8c5pzjRZwpbdufVmZpeWV1Lbue29jc2t7J7+7VVRhLQmsk5KFselhRzgStaaY5bUaS4sDjtOENKpO8MaRSsVDc6lFE3QD3BPMZwdpYN3Fn2MkX7KKdCi2CM4PC5ffb68dB5avayb+3uyGJAyo04ViplmNH2k2w1IxwOs61Y0UjTAa4R1sGBQ6ocpN01DE6MU4X+aE0T2iUur87EhwoNQo8Uxlg3Vfz2cT8L2vF2r9wEyaiWFNBph/5MUc6RJO9UZdJSjQfGcBEMjMrIn0sMdHmOjlzBGd+5UWol4rOWbF0bRfKxzBVFg7hCE7BgXMowxVUoQYEenAHD/BoceveerKep6UZa9azD39kvfwA4seSlQ==</latexit>

uv
<latexit sha1_base64="MlkCZPCfjXSmZgmv57LCwQunIwg=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gFKzCbiy0M5DGMqK5QLKE2clsMmR2dpmZDYQlj2BjoYit7+BLWImNj+AbWDrZpNDEHwY+/v8c5pzjRZwpbdufVmZpeWV1Lbue29jc2t7J7+7VVRhLQmsk5KFselhRzgStaaY5bUaS4sDjtOENKpO8MaRSsVDc6lFE3QD3BPMZwdpYN3Fn2MkX7KKdCi2CM4PC5ffb68dB5avayb+3uyGJAyo04ViplmNH2k2w1IxwOs61Y0UjTAa4R1sGBQ6ocpN01DE6MU4X+aE0T2iUur87EhwoNQo8Uxlg3Vfz2cT8L2vF2r9wEyaiWFNBph/5MUc6RJO9UZdJSjQfGcBEMjMrIn0sMdHmOjlzBGd+5UWol4rOWbF0bRfKxzBVFg7hCE7BgXMowxVUoQYEenAHD/BoceveerKep6UZa9azD39kvfwA4seSlQ==</latexit>

p
<latexit sha1_base64="VKRbBOS8gqZ71v9eSb0Jdodl4Jo=">AAAB6HicbZC7TgJBFIbP4g0RFbW0mYgmVmQXC7WSxMYSErkY2JDZ4QAjs5fMzJqQDU9gY6Extj6SnYUPoC+hw6VQ8E8m+fL/52TOOV4kuNK2/W6llpZXVtfS65mN7ObWdm5nt6bCWDKsslCEsuFRhYIHWNVcC2xEEqnvCax7g8txXr9DqXgYXOthhK5PewHvcka1sSpRO5e3C/ZEZBGcGeQvvj/Pvz5usuV27q3VCVnsY6CZoEo1HTvSbkKl5kzgKNOKFUaUDWgPmwYD6qNyk8mgI3JknA7phtK8QJOJ+7sjob5SQ98zlT7VfTWfjc3/smasu2duwoMo1hiw6UfdWBAdkvHWpMMlMi2GBiiT3MxKWJ9KyrS5TcYcwZlfeRFqxYJzUihW7HzpEKZKwz4cwDE4cAoluIIyVIEBwj08wpN1az1Yz9bLtDRlzXr24I+s1x/x7JFi</latexit>

p
<latexit sha1_base64="VKRbBOS8gqZ71v9eSb0Jdodl4Jo=">AAAB6HicbZC7TgJBFIbP4g0RFbW0mYgmVmQXC7WSxMYSErkY2JDZ4QAjs5fMzJqQDU9gY6Extj6SnYUPoC+hw6VQ8E8m+fL/52TOOV4kuNK2/W6llpZXVtfS65mN7ObWdm5nt6bCWDKsslCEsuFRhYIHWNVcC2xEEqnvCax7g8txXr9DqXgYXOthhK5PewHvcka1sSpRO5e3C/ZEZBGcGeQvvj/Pvz5usuV27q3VCVnsY6CZoEo1HTvSbkKl5kzgKNOKFUaUDWgPmwYD6qNyk8mgI3JknA7phtK8QJOJ+7sjob5SQ98zlT7VfTWfjc3/smasu2duwoMo1hiw6UfdWBAdkvHWpMMlMi2GBiiT3MxKWJ9KyrS5TcYcwZlfeRFqxYJzUihW7HzpEKZKwz4cwDE4cAoluIIyVIEBwj08wpN1az1Yz9bLtDRlzXr24I+s1x/x7JFi</latexit>

(a) The connector base for k = 2.

v
<latexit sha1_base64="N3VrlrBNE10e2KsS0LFYZDZcDes=">AAAB6HicbZA9TwJBEIbn/ET8Qi1tLqKJFbnDQjtJbCwhkY8ELmRvmYOVvb3L7h4JufALbCw0Bks7/46d/8Y9oFDwTTZ58r4z2ZnxY86Udpxva219Y3NrO7eT393bPzgsHB03VJRIinUa8Ui2fKKQM4F1zTTHViyRhD7Hpj+8y/LmCKVikXjQ4xi9kPQFCxgl2li1UbdQdErOTPYquAso3n5OM71Xu4WvTi+iSYhCU06UartOrL2USM0ox0m+kyiMCR2SPrYNChKi8tLZoBP7wjg9O4ikeULbM/d3R0pCpcahbypDogdqOcvM/7J2ooMbL2UiTjQKOv8oSLitIzvb2u4xiVTzsQFCJTOz2nRAJKHa3CZvjuAur7wKjXLJvSqVa06xcg5z5eAUzuASXLiGCtxDFepAAeEJXuDVerSerTdrOi9dsxY9J/BH1scP5mSRWw==</latexit>

v
<latexit sha1_base64="N3VrlrBNE10e2KsS0LFYZDZcDes=">AAAB6HicbZA9TwJBEIbn/ET8Qi1tLqKJFbnDQjtJbCwhkY8ELmRvmYOVvb3L7h4JufALbCw0Bks7/46d/8Y9oFDwTTZ58r4z2ZnxY86Udpxva219Y3NrO7eT393bPzgsHB03VJRIinUa8Ui2fKKQM4F1zTTHViyRhD7Hpj+8y/LmCKVikXjQ4xi9kPQFCxgl2li1UbdQdErOTPYquAso3n5OM71Xu4WvTi+iSYhCU06UartOrL2USM0ox0m+kyiMCR2SPrYNChKi8tLZoBP7wjg9O4ikeULbM/d3R0pCpcahbypDogdqOcvM/7J2ooMbL2UiTjQKOv8oSLitIzvb2u4xiVTzsQFCJTOz2nRAJKHa3CZvjuAur7wKjXLJvSqVa06xcg5z5eAUzuASXLiGCtxDFepAAeEJXuDVerSerTdrOi9dsxY9J/BH1scP5mSRWw==</latexit>

u
<latexit sha1_base64="thHAKelmQT44hJycl8083714b6w=">AAAB6HicbZA9TwJBEIbn8AvxC7W0uYgmVuQOC+0ksbGERD4SuJC9ZQ5W9vYuu3sm5MIvsLHQGCzt/Dt2/hv3gELBN9nkyfvOZGfGjzlT2nG+rdza+sbmVn67sLO7t39QPDxqqiiRFBs04pFs+0QhZwIbmmmO7VgiCX2OLX90m+WtR5SKReJej2P0QjIQLGCUaGPVk16x5JSdmexVcBdQuvmcZnqv9Ypf3X5EkxCFppwo1XGdWHspkZpRjpNCN1EYEzoiA+wYFCRE5aWzQSf2uXH6dhBJ84S2Z+7vjpSESo1D31SGRA/VcpaZ/2WdRAfXXspEnGgUdP5RkHBbR3a2td1nEqnmYwOESmZmtemQSEK1uU3BHMFdXnkVmpWye1mu1J1S9QzmysMJnMIFuHAFVbiDGjSAAsITvMCr9WA9W2/WdF6asxY9x/BH1scP5OCRWg==</latexit>

u
<latexit sha1_base64="thHAKelmQT44hJycl8083714b6w=">AAAB6HicbZA9TwJBEIbn8AvxC7W0uYgmVuQOC+0ksbGERD4SuJC9ZQ5W9vYuu3sm5MIvsLHQGCzt/Dt2/hv3gELBN9nkyfvOZGfGjzlT2nG+rdza+sbmVn67sLO7t39QPDxqqiiRFBs04pFs+0QhZwIbmmmO7VgiCX2OLX90m+WtR5SKReJej2P0QjIQLGCUaGPVk16x5JSdmexVcBdQuvmcZnqv9Ypf3X5EkxCFppwo1XGdWHspkZpRjpNCN1EYEzoiA+wYFCRE5aWzQSf2uXH6dhBJ84S2Z+7vjpSESo1D31SGRA/VcpaZ/2WdRAfXXspEnGgUdP5RkHBbR3a2td1nEqnmYwOESmZmtemQSEK1uU3BHMFdXnkVmpWye1mu1J1S9QzmysMJnMIFuHAFVbiDGjSAAsITvMCr9WA9W2/WdF6asxY9x/BH1scP5OCRWg==</latexit> w

<latexit sha1_base64="aEg4eA84G4aKVFPwNcMYtag745E=">AAAB6HicbZA9TwJBEIbn/ET8Qi1tLqKJFbnDQjtJbCwhkY8ELmRvmYOVvb3L7p6GXPgFNhYag6Wdf8fOf+MeUCj4Jps8ed+Z7Mz4MWdKO863tbK6tr6xmdvKb+/s7u0XDg4bKkokxTqNeCRbPlHImcC6ZppjK5ZIQp9j0x/eZHnzAaVikbjToxi9kPQFCxgl2li1x26h6JScqexlcOdQvP6cZHqvdgtfnV5EkxCFppwo1XadWHspkZpRjuN8J1EYEzokfWwbFCRE5aXTQcf2mXF6dhBJ84S2p+7vjpSESo1C31SGRA/UYpaZ/2XtRAdXXspEnGgUdPZRkHBbR3a2td1jEqnmIwOESmZmtemASEK1uU3eHMFdXHkZGuWSe1Eq15xi5RRmysExnMA5uHAJFbiFKtSBAsITvMCrdW89W2/WZFa6Ys17juCPrI8f5+iRXA==</latexit>

w
<latexit sha1_base64="aEg4eA84G4aKVFPwNcMYtag745E=">AAAB6HicbZA9TwJBEIbn/ET8Qi1tLqKJFbnDQjtJbCwhkY8ELmRvmYOVvb3L7p6GXPgFNhYag6Wdf8fOf+MeUCj4Jps8ed+Z7Mz4MWdKO863tbK6tr6xmdvKb+/s7u0XDg4bKkokxTqNeCRbPlHImcC6ZppjK5ZIQp9j0x/eZHnzAaVikbjToxi9kPQFCxgl2li1x26h6JScqexlcOdQvP6cZHqvdgtfnV5EkxCFppwo1XadWHspkZpRjuN8J1EYEzokfWwbFCRE5aXTQcf2mXF6dhBJ84S2p+7vjpSESo1C31SGRA/UYpaZ/2XtRAdXXspEnGgUdPZRkHBbR3a2td1jEqnmIwOESmZmtemASEK1uU3eHMFdXHkZGuWSe1Eq15xi5RRmysExnMA5uHAJFbiFKtSBAsITvMCrdW89W2/WZFa6Ys17juCPrI8f5+iRXA==</latexit>

vw
<latexit sha1_base64="DAdqwEHdJbc9yue9QeL0SrORSQc=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gFKzCblJoZyCNZURzgWQJs5PZZMjs7DIzGwlLHsHGQhFb38GXsBIbH8E3sHRyKTTxh4GP/z+HOed4EWdK2/anlVpaXlldS69nNja3tneyu3s1FcaS0CoJeSgbHlaUM0GrmmlOG5GkOPA4rXv98jivD6hULBQ3ehhRN8BdwXxGsDbW9aB9287m7Lw9EVoEZwa5i++314+D8lelnX1vdUISB1RowrFSTceOtJtgqRnhdJRpxYpGmPRxlzYNChxQ5SaTUUfoxDgd5IfSPKHRxP3dkeBAqWHgmcoA656az8bmf1kz1v65mzARxZoKMv3IjznSIRrvjTpMUqL50AAmkplZEelhiYk218mYIzjzKy9CrZB3ivnClZ0rHcNUaTiEIzgFB86gBJdQgSoQ6MIdPMCjxa1768l6npamrFnPPvyR9fID5dGSlw==</latexit>

vw
<latexit sha1_base64="DAdqwEHdJbc9yue9QeL0SrORSQc=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gFKzCblJoZyCNZURzgWQJs5PZZMjs7DIzGwlLHsHGQhFb38GXsBIbH8E3sHRyKTTxh4GP/z+HOed4EWdK2/anlVpaXlldS69nNja3tneyu3s1FcaS0CoJeSgbHlaUM0GrmmlOG5GkOPA4rXv98jivD6hULBQ3ehhRN8BdwXxGsDbW9aB9287m7Lw9EVoEZwa5i++314+D8lelnX1vdUISB1RowrFSTceOtJtgqRnhdJRpxYpGmPRxlzYNChxQ5SaTUUfoxDgd5IfSPKHRxP3dkeBAqWHgmcoA656az8bmf1kz1v65mzARxZoKMv3IjznSIRrvjTpMUqL50AAmkplZEelhiYk218mYIzjzKy9CrZB3ivnClZ0rHcNUaTiEIzgFB86gBJdQgSoQ6MIdPMCjxa1768l6npamrFnPPvyR9fID5dGSlw==</latexit>

vu
<latexit sha1_base64="+78J7x320O7CMQhPLBKJLl2PWKo=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gFKzCbiy0M5DGMqK5QLKE2clsMmR2dpmZDYQlj2BjoYit7+BLWImNj+AbWDrZpNDEHwY+/v8c5pzjRZwpbdufVmZpeWV1Lbue29jc2t7J7+7VVRhLQmsk5KFselhRzgStaaY5bUaS4sDjtOENKpO8MaRSsVDc6lFE3QD3BPMZwdpYN8NO3MkX7KKdCi2CM4PC5ffb68dB5avayb+3uyGJAyo04ViplmNH2k2w1IxwOs61Y0UjTAa4R1sGBQ6ocpN01DE6MU4X+aE0T2iUur87EhwoNQo8Uxlg3Vfz2cT8L2vF2r9wEyaiWFNBph/5MUc6RJO9UZdJSjQfGcBEMjMrIn0sMdHmOjlzBGd+5UWol4rOWbF0bRfKxzBVFg7hCE7BgXMowxVUoQYEenAHD/BoceveerKep6UZa9azD39kvfwA4smSlQ==</latexit>

vu
<latexit sha1_base64="+78J7x320O7CMQhPLBKJLl2PWKo=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gFKzCbiy0M5DGMqK5QLKE2clsMmR2dpmZDYQlj2BjoYit7+BLWImNj+AbWDrZpNDEHwY+/v8c5pzjRZwpbdufVmZpeWV1Lbue29jc2t7J7+7VVRhLQmsk5KFselhRzgStaaY5bUaS4sDjtOENKpO8MaRSsVDc6lFE3QD3BPMZwdpYN8NO3MkX7KKdCi2CM4PC5ffb68dB5avayb+3uyGJAyo04ViplmNH2k2w1IxwOs61Y0UjTAa4R1sGBQ6ocpN01DE6MU4X+aE0T2iUur87EhwoNQo8Uxlg3Vfz2cT8L2vF2r9wEyaiWFNBph/5MUc6RJO9UZdJSjQfGcBEMjMrIn0sMdHmOjlzBGd+5UWol4rOWbF0bRfKxzBVFg7hCE7BgXMowxVUoQYEenAHD/BoceveerKep6UZa9azD39kvfwA4smSlQ==</latexit>

v1
<latexit sha1_base64="vM9hJ1YjUWWfhnb3t9/MSzvGpU0=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gFKzCbiy0M5DGMqK5QLKE2clsMmR2dpmZDYQlj2BjoYit7+BLWImNj+AbWDrZpNDEHwY+/v8c5pzjRZwpbdufVmZpeWV1Lbue29jc2t7J7+7VVRhLQmsk5KFselhRzgStaaY5bUaS4sDjtOENKpO8MaRSsVDc6lFE3QD3BPMZwdpYN8OO08kX7KKdCi2CM4PC5ffb68dB5avayb+3uyGJAyo04ViplmNH2k2w1IxwOs61Y0UjTAa4R1sGBQ6ocpN01DE6MU4X+aE0T2iUur87EhwoNQo8Uxlg3Vfz2cT8L2vF2r9wEyaiWFNBph/5MUc6RJO9UZdJSjQfGcBEMjMrIn0sMdHmOjlzBGd+5UWol4rOWbF0bRfKxzBVFg7hCE7BgXMowxVUoQYEenAHD/BoceveerKep6UZa9azD39kvfwAe7mSUQ==</latexit>

v1
<latexit sha1_base64="vM9hJ1YjUWWfhnb3t9/MSzvGpU0=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gFKzCbiy0M5DGMqK5QLKE2clsMmR2dpmZDYQlj2BjoYit7+BLWImNj+AbWDrZpNDEHwY+/v8c5pzjRZwpbdufVmZpeWV1Lbue29jc2t7J7+7VVRhLQmsk5KFselhRzgStaaY5bUaS4sDjtOENKpO8MaRSsVDc6lFE3QD3BPMZwdpYN8OO08kX7KKdCi2CM4PC5ffb68dB5avayb+3uyGJAyo04ViplmNH2k2w1IxwOs61Y0UjTAa4R1sGBQ6ocpN01DE6MU4X+aE0T2iUur87EhwoNQo8Uxlg3Vfz2cT8L2vF2r9wEyaiWFNBph/5MUc6RJO9UZdJSjQfGcBEMjMrIn0sMdHmOjlzBGd+5UWol4rOWbF0bRfKxzBVFg7hCE7BgXMowxVUoQYEenAHD/BoceveerKep6UZa9azD39kvfwAe7mSUQ==</latexit>

v2
<latexit sha1_base64="OQdQZmIQJNf8euzNLLfBKNIMPpM=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gFKzC7lpoZyCNZURzgWQJs5PZZMjs7DIzGwhLHsHGQhFb38GXsBIbH8E3sHRyKTTxh4GP/z+HOef4MWdK2/anlVlaXlldy67nNja3tnfyu3s1FSWS0CqJeCQbPlaUM0GrmmlOG7GkOPQ5rfv98jivD6hULBK3ehhTL8RdwQJGsDbWzaDttvMFu2hPhBbBmUHh8vvt9eOg/FVp599bnYgkIRWacKxU07Fj7aVYakY4HeVaiaIxJn3cpU2DAodUeelk1BE6MU4HBZE0T2g0cX93pDhUahj6pjLEuqfms7H5X9ZMdHDhpUzEiaaCTD8KEo50hMZ7ow6TlGg+NICJZGZWRHpYYqLNdXLmCM78yotQc4vOWdG9tgulY5gqC4dwBKfgwDmU4AoqUAUCXbiDB3i0uHVvPVnP09KMNevZhz+yXn4AfT2SUg==</latexit>

v2
<latexit sha1_base64="OQdQZmIQJNf8euzNLLfBKNIMPpM=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gFKzC7lpoZyCNZURzgWQJs5PZZMjs7DIzGwhLHsHGQhFb38GXsBIbH8E3sHRyKTTxh4GP/z+HOef4MWdK2/anlVlaXlldy67nNja3tnfyu3s1FSWS0CqJeCQbPlaUM0GrmmlOG7GkOPQ5rfv98jivD6hULBK3ehhTL8RdwQJGsDbWzaDttvMFu2hPhBbBmUHh8vvt9eOg/FVp599bnYgkIRWacKxU07Fj7aVYakY4HeVaiaIxJn3cpU2DAodUeelk1BE6MU4HBZE0T2g0cX93pDhUahj6pjLEuqfms7H5X9ZMdHDhpUzEiaaCTD8KEo50hMZ7ow6TlGg+NICJZGZWRHpYYqLNdXLmCM78yotQc4vOWdG9tgulY5gqC4dwBKfgwDmU4AoqUAUCXbiDB3i0uHVvPVnP09KMNevZhz+yXn4AfT2SUg==</latexit>

u1
<latexit sha1_base64="f+UOz5OuOkkG5o1M7kFd1IIf6EY=">AAAB6nicbZC7SgNBFIbPeo3xFrWwsBmMglXYjYV2BtJYRjQXSJYwO5lNhszOLnMRwpJHsLFQxNZ38CWsxMZH8A0snVwKTfxh4OP/z2HOOUHCmdKu++ksLC4tr6xm1rLrG5tb27md3ZqKjSS0SmIey0aAFeVM0KpmmtNGIimOAk7rQb88yuu3VCoWixs9SKgf4a5gISNYW+vatL12Lu8W3LHQPHhTyF98v71+7Je/Ku3ce6sTExNRoQnHSjU9N9F+iqVmhNNhtmUUTTDp4y5tWhQ4ospPx6MO0bF1OiiMpX1Co7H7uyPFkVKDKLCVEdY9NZuNzP+yptHhuZ8ykRhNBZl8FBqOdIxGe6MOk5RoPrCAiWR2VkR6WGKi7XWy9gje7MrzUCsWvNNC8crNl45gogwcwCGcgAdnUIJLqEAVCHThDh7g0eHOvfPkPE9KF5xpzx78kfPyA3ozklA=</latexit>

u1
<latexit sha1_base64="f+UOz5OuOkkG5o1M7kFd1IIf6EY=">AAAB6nicbZC7SgNBFIbPeo3xFrWwsBmMglXYjYV2BtJYRjQXSJYwO5lNhszOLnMRwpJHsLFQxNZ38CWsxMZH8A0snVwKTfxh4OP/z2HOOUHCmdKu++ksLC4tr6xm1rLrG5tb27md3ZqKjSS0SmIey0aAFeVM0KpmmtNGIimOAk7rQb88yuu3VCoWixs9SKgf4a5gISNYW+vatL12Lu8W3LHQPHhTyF98v71+7Je/Ku3ce6sTExNRoQnHSjU9N9F+iqVmhNNhtmUUTTDp4y5tWhQ4ospPx6MO0bF1OiiMpX1Co7H7uyPFkVKDKLCVEdY9NZuNzP+yptHhuZ8ykRhNBZl8FBqOdIxGe6MOk5RoPrCAiWR2VkR6WGKi7XWy9gje7MrzUCsWvNNC8crNl45gogwcwCGcgAdnUIJLqEAVCHThDh7g0eHOvfPkPE9KF5xpzx78kfPyA3ozklA=</latexit>

u2
<latexit sha1_base64="hqvS66jvwFkanSoiD+V1IxRIFgA=">AAAB6nicbZC7SgNBFIbPeI3xFrWwsBmMglXYjYV2BtJYRjQXSJYwO5lNhszOLjOzQljyCDYWitj6Dr6Eldj4CL6BpZNLoYk/DHz8/znMOcePBdfGcT7RwuLS8spqZi27vrG5tZ3b2a3pKFGUVWkkItXwiWaCS1Y13AjWiBUjoS9Y3e+XR3n9linNI3ljBjHzQtKVPOCUGGtdJ+1iO5d3Cs5YeB7cKeQvvt9eP/bLX5V27r3ViWgSMmmoIFo3XSc2XkqU4VSwYbaVaBYT2idd1rQoSci0l45HHeJj63RwECn7pMFj93dHSkKtB6FvK0Nieno2G5n/Zc3EBOdeymWcGCbp5KMgEdhEeLQ37nDFqBEDC4QqbmfFtEcUocZeJ2uP4M6uPA+1YsE9LRSvnHzpCCbKwAEcwgm4cAYluIQKVIFCF+7gAR6RQPfoCT1PShfQtGcP/gi9/AB7t5JR</latexit>

u2
<latexit sha1_base64="hqvS66jvwFkanSoiD+V1IxRIFgA=">AAAB6nicbZC7SgNBFIbPeI3xFrWwsBmMglXYjYV2BtJYRjQXSJYwO5lNhszOLjOzQljyCDYWitj6Dr6Eldj4CL6BpZNLoYk/DHz8/znMOcePBdfGcT7RwuLS8spqZi27vrG5tZ3b2a3pKFGUVWkkItXwiWaCS1Y13AjWiBUjoS9Y3e+XR3n9linNI3ljBjHzQtKVPOCUGGtdJ+1iO5d3Cs5YeB7cKeQvvt9eP/bLX5V27r3ViWgSMmmoIFo3XSc2XkqU4VSwYbaVaBYT2idd1rQoSci0l45HHeJj63RwECn7pMFj93dHSkKtB6FvK0Nieno2G5n/Zc3EBOdeymWcGCbp5KMgEdhEeLQ37nDFqBEDC4QqbmfFtEcUocZeJ2uP4M6uPA+1YsE9LRSvnHzpCCbKwAEcwgm4cAYluIQKVIFCF+7gAR6RQPfoCT1PShfQtGcP/gi9/AB7t5JR</latexit>

w2
<latexit sha1_base64="par8tSan/cPz/Whg4YhPeif4MM0=">AAAB6nicbZC7TsMwFIZPyq2UW4GBgcWiIDFVSRhgo1IXxiLoRWqjynGd1qrjRLYDqqI+AgsDCLHyDrwEE2LhEXgDRtzLAC2/ZOnT/58jn3P8mDOlbfvTyiwsLi2vZFdza+sbm1v57Z2aihJJaJVEPJINHyvKmaBVzTSnjVhSHPqc1v1+eZTXb6hULBLXehBTL8RdwQJGsDbW1W3bbecLdtEeC82DM4XC+ffb68de+avSzr+3OhFJQio04VippmPH2kux1IxwOsy1EkVjTPq4S5sGBQ6p8tLxqEN0ZJwOCiJpntBo7P7uSHGo1CD0TWWIdU/NZiPzv6yZ6ODMS5mIE00FmXwUJBzpCI32Rh0mKdF8YAATycysiPSwxESb6+TMEZzZleeh5hadk6J7aRdKhzBRFvbhAI7BgVMowQVUoAoEunAHD/BoceveerKeJ6UZa9qzC39kvfwAfsOSUw==</latexit>

w2
<latexit sha1_base64="par8tSan/cPz/Whg4YhPeif4MM0=">AAAB6nicbZC7TsMwFIZPyq2UW4GBgcWiIDFVSRhgo1IXxiLoRWqjynGd1qrjRLYDqqI+AgsDCLHyDrwEE2LhEXgDRtzLAC2/ZOnT/58jn3P8mDOlbfvTyiwsLi2vZFdza+sbm1v57Z2aihJJaJVEPJINHyvKmaBVzTSnjVhSHPqc1v1+eZTXb6hULBLXehBTL8RdwQJGsDbW1W3bbecLdtEeC82DM4XC+ffb68de+avSzr+3OhFJQio04VippmPH2kux1IxwOsy1EkVjTPq4S5sGBQ6p8tLxqEN0ZJwOCiJpntBo7P7uSHGo1CD0TWWIdU/NZiPzv6yZ6ODMS5mIE00FmXwUJBzpCI32Rh0mKdF8YAATycysiPSwxESb6+TMEZzZleeh5hadk6J7aRdKhzBRFvbhAI7BgVMowQVUoAoEunAHD/BoceveerKeJ6UZa9qzC39kvfwAfsOSUw==</latexit>

wv
<latexit sha1_base64="SLHXq1VHij1ev8LGqY/vEMWhHH8=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gFKzCblJoZyCNZURzgWQJs5PZZMjs7DIzGwlLHsHGQhFb38GXsBIbH8E3sHRyKTTxh4GP/z+HOed4EWdK2/anlVpaXlldS69nNja3tneyu3s1FcaS0CoJeSgbHlaUM0GrmmlOG5GkOPA4rXv98jivD6hULBQ3ehhRN8BdwXxGsDbW9W170M7m7Lw9EVoEZwa5i++314+D8lelnX1vdUISB1RowrFSTceOtJtgqRnhdJRpxYpGmPRxlzYNChxQ5SaTUUfoxDgd5IfSPKHRxP3dkeBAqWHgmcoA656az8bmf1kz1v65mzARxZoKMv3IjznSIRrvjTpMUqL50AAmkplZEelhiYk218mYIzjzKy9CrZB3ivnClZ0rHcNUaTiEIzgFB86gBJdQgSoQ6MIdPMCjxa1768l6npamrFnPPvyR9fID5dOSlw==</latexit>

wv
<latexit sha1_base64="SLHXq1VHij1ev8LGqY/vEMWhHH8=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gFKzCblJoZyCNZURzgWQJs5PZZMjs7DIzGwlLHsHGQhFb38GXsBIbH8E3sHRyKTTxh4GP/z+HOed4EWdK2/anlVpaXlldS69nNja3tneyu3s1FcaS0CoJeSgbHlaUM0GrmmlOG5GkOPA4rXv98jivD6hULBQ3ehhRN8BdwXxGsDbW9W170M7m7Lw9EVoEZwa5i++314+D8lelnX1vdUISB1RowrFSTceOtJtgqRnhdJRpxYpGmPRxlzYNChxQ5SaTUUfoxDgd5IfSPKHRxP3dkeBAqWHgmcoA656az8bmf1kz1v65mzARxZoKMv3IjznSIRrvjTpMUqL50AAmkplZEelhiYk218mYIzjzKy9CrZB3ivnClZ0rHcNUaTiEIzgFB86gBJdQgSoQ6MIdPMCjxa1768l6npamrFnPPvyR9fID5dOSlw==</latexit>

w1
<latexit sha1_base64="ZJjry762elUNB/sxSd2aiigfrok=">AAAB6nicbZC7TsMwFIZPyq2UW4GBgcWiIDFVSRlgo1IXxiJIW6mNKsd1WquOE9kOqIr6CCwMIMTKO/ASTIiFR+ANGHEvA7T8kqVP/3+OfM7xY86Utu1PK7OwuLS8kl3Nra1vbG7lt3dqKkokoS6JeCQbPlaUM0FdzTSnjVhSHPqc1v1+ZZTXb6hULBLXehBTL8RdwQJGsDbW1W3baecLdtEeC82DM4XC+ffb68de5avazr+3OhFJQio04VippmPH2kux1IxwOsy1EkVjTPq4S5sGBQ6p8tLxqEN0ZJwOCiJpntBo7P7uSHGo1CD0TWWIdU/NZiPzv6yZ6ODMS5mIE00FmXwUJBzpCI32Rh0mKdF8YAATycysiPSwxESb6+TMEZzZleehVio6J8XSpV0oH8JEWdiHAzgGB06hDBdQBRcIdOEOHuDR4ta99WQ9T0oz1rRnF/7IevkBfT+SUg==</latexit>

w1
<latexit sha1_base64="ZJjry762elUNB/sxSd2aiigfrok=">AAAB6nicbZC7TsMwFIZPyq2UW4GBgcWiIDFVSRlgo1IXxiJIW6mNKsd1WquOE9kOqIr6CCwMIMTKO/ASTIiFR+ANGHEvA7T8kqVP/3+OfM7xY86Utu1PK7OwuLS8kl3Nra1vbG7lt3dqKkokoS6JeCQbPlaUM0FdzTSnjVhSHPqc1v1+ZZTXb6hULBLXehBTL8RdwQJGsDbW1W3baecLdtEeC82DM4XC+ffb68de5avazr+3OhFJQio04VippmPH2kux1IxwOsy1EkVjTPq4S5sGBQ6p8tLxqEN0ZJwOCiJpntBo7P7uSHGo1CD0TWWIdU/NZiPzv6yZ6ODMS5mIE00FmXwUJBzpCI32Rh0mKdF8YAATycysiPSwxESb6+TMEZzZleehVio6J8XSpV0oH8JEWdiHAzgGB06hDBdQBRcIdOEOHuDR4ta99WQ9T0oz1rRnF/7IevkBfT+SUg==</latexit>

wu
<latexit sha1_base64="PIEXDqr+2Xr5bxlBrtCzofsq2Po=">AAAB6nicbZC7TsMwFIZPyq2UW4GBgcWiIDFVSRlgo1IXxiJIW6mNKsd1WquOE9kOqIr6CCwMIMTKO/ASTIiFR+ANGHEvA7T8kqVP/3+OfM7xY86Utu1PK7OwuLS8kl3Nra1vbG7lt3dqKkokoS6JeCQbPlaUM0FdzTSnjVhSHPqc1v1+ZZTXb6hULBLXehBTL8RdwQJGsDbW1W07aecLdtEeC82DM4XC+ffb68de5avazr+3OhFJQio04VippmPH2kux1IxwOsy1EkVjTPq4S5sGBQ6p8tLxqEN0ZJwOCiJpntBo7P7uSHGo1CD0TWWIdU/NZiPzv6yZ6ODMS5mIE00FmXwUJBzpCI32Rh0mKdF8YAATycysiPSwxESb6+TMEZzZleehVio6J8XSpV0oH8JEWdiHAzgGB06hDBdQBRcIdOEOHuDR4ta99WQ9T0oz1rRnF/7IevkB5E+Slg==</latexit>

wu
<latexit sha1_base64="PIEXDqr+2Xr5bxlBrtCzofsq2Po=">AAAB6nicbZC7TsMwFIZPyq2UW4GBgcWiIDFVSRlgo1IXxiJIW6mNKsd1WquOE9kOqIr6CCwMIMTKO/ASTIiFR+ANGHEvA7T8kqVP/3+OfM7xY86Utu1PK7OwuLS8kl3Nra1vbG7lt3dqKkokoS6JeCQbPlaUM0FdzTSnjVhSHPqc1v1+ZZTXb6hULBLXehBTL8RdwQJGsDbW1W07aecLdtEeC82DM4XC+ffb68de5avazr+3OhFJQio04VippmPH2kux1IxwOsy1EkVjTPq4S5sGBQ6p8tLxqEN0ZJwOCiJpntBo7P7uSHGo1CD0TWWIdU/NZiPzv6yZ6ODMS5mIE00FmXwUJBzpCI32Rh0mKdF8YAATycysiPSwxESb6+TMEZzZleehVio6J8XSpV0oH8JEWdiHAzgGB06hDBdQBRcIdOEOHuDR4ta99WQ9T0oz1rRnF/7IevkB5E+Slg==</latexit>uw

<latexit sha1_base64="wdJjfj9XyXHGZ4BnKK3TnccIxaA=">AAAB6nicbZC7TsMwFIZPyq2UW4GBgcWiIDFVSRlgo1IXxiJIW6mNKsd1WquOE9kOqIr6CCwMIMTKO/ASTIiFR+ANGHEvA7T8kqVP/3+OfM7xY86Utu1PK7OwuLS8kl3Nra1vbG7lt3dqKkokoS6JeCQbPlaUM0FdzTSnjVhSHPqc1v1+ZZTXb6hULBLXehBTL8RdwQJGsDbWVdK+becLdtEeC82DM4XC+ffb68de5avazr+3OhFJQio04VippmPH2kux1IxwOsy1EkVjTPq4S5sGBQ6p8tLxqEN0ZJwOCiJpntBo7P7uSHGo1CD0TWWIdU/NZiPzv6yZ6ODMS5mIE00FmXwUJBzpCI32Rh0mKdF8YAATycysiPSwxESb6+TMEZzZleehVio6J8XSpV0oH8JEWdiHAzgGB06hDBdQBRcIdOEOHuDR4ta99WQ9T0oz1rRnF/7IevkB5EuSlg==</latexit>

uw
<latexit sha1_base64="wdJjfj9XyXHGZ4BnKK3TnccIxaA=">AAAB6nicbZC7TsMwFIZPyq2UW4GBgcWiIDFVSRlgo1IXxiJIW6mNKsd1WquOE9kOqIr6CCwMIMTKO/ASTIiFR+ANGHEvA7T8kqVP/3+OfM7xY86Utu1PK7OwuLS8kl3Nra1vbG7lt3dqKkokoS6JeCQbPlaUM0FdzTSnjVhSHPqc1v1+ZZTXb6hULBLXehBTL8RdwQJGsDbWVdK+becLdtEeC82DM4XC+ffb68de5avazr+3OhFJQio04VippmPH2kux1IxwOsy1EkVjTPq4S5sGBQ6p8tLxqEN0ZJwOCiJpntBo7P7uSHGo1CD0TWWIdU/NZiPzv6yZ6ODMS5mIE00FmXwUJBzpCI32Rh0mKdF8YAATycysiPSwxESb6+TMEZzZleehVio6J8XSpV0oH8JEWdiHAzgGB06hDBdQBRcIdOEOHuDR4ta99WQ9T0oz1rRnF/7IevkB5EuSlg==</latexit>uv

<latexit sha1_base64="MlkCZPCfjXSmZgmv57LCwQunIwg=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gFKzCbiy0M5DGMqK5QLKE2clsMmR2dpmZDYQlj2BjoYit7+BLWImNj+AbWDrZpNDEHwY+/v8c5pzjRZwpbdufVmZpeWV1Lbue29jc2t7J7+7VVRhLQmsk5KFselhRzgStaaY5bUaS4sDjtOENKpO8MaRSsVDc6lFE3QD3BPMZwdpYN3Fn2MkX7KKdCi2CM4PC5ffb68dB5avayb+3uyGJAyo04ViplmNH2k2w1IxwOs61Y0UjTAa4R1sGBQ6ocpN01DE6MU4X+aE0T2iUur87EhwoNQo8Uxlg3Vfz2cT8L2vF2r9wEyaiWFNBph/5MUc6RJO9UZdJSjQfGcBEMjMrIn0sMdHmOjlzBGd+5UWol4rOWbF0bRfKxzBVFg7hCE7BgXMowxVUoQYEenAHD/BoceveerKep6UZa9azD39kvfwA4seSlQ==</latexit>

uv
<latexit sha1_base64="MlkCZPCfjXSmZgmv57LCwQunIwg=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gFKzCbiy0M5DGMqK5QLKE2clsMmR2dpmZDYQlj2BjoYit7+BLWImNj+AbWDrZpNDEHwY+/v8c5pzjRZwpbdufVmZpeWV1Lbue29jc2t7J7+7VVRhLQmsk5KFselhRzgStaaY5bUaS4sDjtOENKpO8MaRSsVDc6lFE3QD3BPMZwdpYN3Fn2MkX7KKdCi2CM4PC5ffb68dB5avayb+3uyGJAyo04ViplmNH2k2w1IxwOs61Y0UjTAa4R1sGBQ6ocpN01DE6MU4X+aE0T2iUur87EhwoNQo8Uxlg3Vfz2cT8L2vF2r9wEyaiWFNBph/5MUc6RJO9UZdJSjQfGcBEMjMrIn0sMdHmOjlzBGd+5UWol4rOWbF0bRfKxzBVFg7hCE7BgXMowxVUoQYEenAHD/BoceveerKep6UZa9azD39kvfwA4seSlQ==</latexit>

p
<latexit sha1_base64="VKRbBOS8gqZ71v9eSb0Jdodl4Jo=">AAAB6HicbZC7TgJBFIbP4g0RFbW0mYgmVmQXC7WSxMYSErkY2JDZ4QAjs5fMzJqQDU9gY6Extj6SnYUPoC+hw6VQ8E8m+fL/52TOOV4kuNK2/W6llpZXVtfS65mN7ObWdm5nt6bCWDKsslCEsuFRhYIHWNVcC2xEEqnvCax7g8txXr9DqXgYXOthhK5PewHvcka1sSpRO5e3C/ZEZBGcGeQvvj/Pvz5usuV27q3VCVnsY6CZoEo1HTvSbkKl5kzgKNOKFUaUDWgPmwYD6qNyk8mgI3JknA7phtK8QJOJ+7sjob5SQ98zlT7VfTWfjc3/smasu2duwoMo1hiw6UfdWBAdkvHWpMMlMi2GBiiT3MxKWJ9KyrS5TcYcwZlfeRFqxYJzUihW7HzpEKZKwz4cwDE4cAoluIIyVIEBwj08wpN1az1Yz9bLtDRlzXr24I+s1x/x7JFi</latexit>

p
<latexit sha1_base64="VKRbBOS8gqZ71v9eSb0Jdodl4Jo=">AAAB6HicbZC7TgJBFIbP4g0RFbW0mYgmVmQXC7WSxMYSErkY2JDZ4QAjs5fMzJqQDU9gY6Extj6SnYUPoC+hw6VQ8E8m+fL/52TOOV4kuNK2/W6llpZXVtfS65mN7ObWdm5nt6bCWDKsslCEsuFRhYIHWNVcC2xEEqnvCax7g8txXr9DqXgYXOthhK5PewHvcka1sSpRO5e3C/ZEZBGcGeQvvj/Pvz5usuV27q3VCVnsY6CZoEo1HTvSbkKl5kzgKNOKFUaUDWgPmwYD6qNyk8mgI3JknA7phtK8QJOJ+7sjob5SQ98zlT7VfTWfjc3/smasu2duwoMo1hiw6UfdWBAdkvHWpMMlMi2GBiiT3MxKWJ9KyrS5TcYcwZlfeRFqxYJzUihW7HzpEKZKwz4cwDE4cAoluIIyVIEBwj08wpN1az1Yz9bLtDRlzXr24I+s1x/x7JFi</latexit>

(b) The case where `= 6.

v
<latexit sha1_base64="N3VrlrBNE10e2KsS0LFYZDZcDes=">AAAB6HicbZA9TwJBEIbn/ET8Qi1tLqKJFbnDQjtJbCwhkY8ELmRvmYOVvb3L7h4JufALbCw0Bks7/46d/8Y9oFDwTTZ58r4z2ZnxY86Udpxva219Y3NrO7eT393bPzgsHB03VJRIinUa8Ui2fKKQM4F1zTTHViyRhD7Hpj+8y/LmCKVikXjQ4xi9kPQFCxgl2li1UbdQdErOTPYquAso3n5OM71Xu4WvTi+iSYhCU06UartOrL2USM0ox0m+kyiMCR2SPrYNChKi8tLZoBP7wjg9O4ikeULbM/d3R0pCpcahbypDogdqOcvM/7J2ooMbL2UiTjQKOv8oSLitIzvb2u4xiVTzsQFCJTOz2nRAJKHa3CZvjuAur7wKjXLJvSqVa06xcg5z5eAUzuASXLiGCtxDFepAAeEJXuDVerSerTdrOi9dsxY9J/BH1scP5mSRWw==</latexit>

v
<latexit sha1_base64="N3VrlrBNE10e2KsS0LFYZDZcDes=">AAAB6HicbZA9TwJBEIbn/ET8Qi1tLqKJFbnDQjtJbCwhkY8ELmRvmYOVvb3L7h4JufALbCw0Bks7/46d/8Y9oFDwTTZ58r4z2ZnxY86Udpxva219Y3NrO7eT393bPzgsHB03VJRIinUa8Ui2fKKQM4F1zTTHViyRhD7Hpj+8y/LmCKVikXjQ4xi9kPQFCxgl2li1UbdQdErOTPYquAso3n5OM71Xu4WvTi+iSYhCU06UartOrL2USM0ox0m+kyiMCR2SPrYNChKi8tLZoBP7wjg9O4ikeULbM/d3R0pCpcahbypDogdqOcvM/7J2ooMbL2UiTjQKOv8oSLitIzvb2u4xiVTzsQFCJTOz2nRAJKHa3CZvjuAur7wKjXLJvSqVa06xcg5z5eAUzuASXLiGCtxDFepAAeEJXuDVerSerTdrOi9dsxY9J/BH1scP5mSRWw==</latexit>

u
<latexit sha1_base64="thHAKelmQT44hJycl8083714b6w=">AAAB6HicbZA9TwJBEIbn8AvxC7W0uYgmVuQOC+0ksbGERD4SuJC9ZQ5W9vYuu3sm5MIvsLHQGCzt/Dt2/hv3gELBN9nkyfvOZGfGjzlT2nG+rdza+sbmVn67sLO7t39QPDxqqiiRFBs04pFs+0QhZwIbmmmO7VgiCX2OLX90m+WtR5SKReJej2P0QjIQLGCUaGPVk16x5JSdmexVcBdQuvmcZnqv9Ypf3X5EkxCFppwo1XGdWHspkZpRjpNCN1EYEzoiA+wYFCRE5aWzQSf2uXH6dhBJ84S2Z+7vjpSESo1D31SGRA/VcpaZ/2WdRAfXXspEnGgUdP5RkHBbR3a2td1nEqnmYwOESmZmtemQSEK1uU3BHMFdXnkVmpWye1mu1J1S9QzmysMJnMIFuHAFVbiDGjSAAsITvMCr9WA9W2/WdF6asxY9x/BH1scP5OCRWg==</latexit>

u
<latexit sha1_base64="thHAKelmQT44hJycl8083714b6w=">AAAB6HicbZA9TwJBEIbn8AvxC7W0uYgmVuQOC+0ksbGERD4SuJC9ZQ5W9vYuu3sm5MIvsLHQGCzt/Dt2/hv3gELBN9nkyfvOZGfGjzlT2nG+rdza+sbmVn67sLO7t39QPDxqqiiRFBs04pFs+0QhZwIbmmmO7VgiCX2OLX90m+WtR5SKReJej2P0QjIQLGCUaGPVk16x5JSdmexVcBdQuvmcZnqv9Ypf3X5EkxCFppwo1XGdWHspkZpRjpNCN1EYEzoiA+wYFCRE5aWzQSf2uXH6dhBJ84S2Z+7vjpSESo1D31SGRA/VcpaZ/2WdRAfXXspEnGgUdP5RkHBbR3a2td1nEqnmYwOESmZmtemQSEK1uU3BHMFdXnkVmpWye1mu1J1S9QzmysMJnMIFuHAFVbiDGjSAAsITvMCr9WA9W2/WdF6asxY9x/BH1scP5OCRWg==</latexit> w

<latexit sha1_base64="aEg4eA84G4aKVFPwNcMYtag745E=">AAAB6HicbZA9TwJBEIbn/ET8Qi1tLqKJFbnDQjtJbCwhkY8ELmRvmYOVvb3L7p6GXPgFNhYag6Wdf8fOf+MeUCj4Jps8ed+Z7Mz4MWdKO863tbK6tr6xmdvKb+/s7u0XDg4bKkokxTqNeCRbPlHImcC6ZppjK5ZIQp9j0x/eZHnzAaVikbjToxi9kPQFCxgl2li1x26h6JScqexlcOdQvP6cZHqvdgtfnV5EkxCFppwo1XadWHspkZpRjuN8J1EYEzokfWwbFCRE5aXTQcf2mXF6dhBJ84S2p+7vjpSESo1C31SGRA/UYpaZ/2XtRAdXXspEnGgUdPZRkHBbR3a2td1jEqnmIwOESmZmtemASEK1uU3eHMFdXHkZGuWSe1Eq15xi5RRmysExnMA5uHAJFbiFKtSBAsITvMCrdW89W2/WZFa6Ys17juCPrI8f5+iRXA==</latexit>

w
<latexit sha1_base64="aEg4eA84G4aKVFPwNcMYtag745E=">AAAB6HicbZA9TwJBEIbn/ET8Qi1tLqKJFbnDQjtJbCwhkY8ELmRvmYOVvb3L7p6GXPgFNhYag6Wdf8fOf+MeUCj4Jps8ed+Z7Mz4MWdKO863tbK6tr6xmdvKb+/s7u0XDg4bKkokxTqNeCRbPlHImcC6ZppjK5ZIQp9j0x/eZHnzAaVikbjToxi9kPQFCxgl2li1x26h6JScqexlcOdQvP6cZHqvdgtfnV5EkxCFppwo1XadWHspkZpRjuN8J1EYEzokfWwbFCRE5aXTQcf2mXF6dhBJ84S2p+7vjpSESo1C31SGRA/UYpaZ/2XtRAdXXspEnGgUdPZRkHBbR3a2td1jEqnmIwOESmZmtemASEK1uU3eHMFdXHkZGuWSe1Eq15xi5RRmysExnMA5uHAJFbiFKtSBAsITvMCrdW89W2/WZFa6Ys17juCPrI8f5+iRXA==</latexit>

vw
<latexit sha1_base64="DAdqwEHdJbc9yue9QeL0SrORSQc=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gFKzCblJoZyCNZURzgWQJs5PZZMjs7DIzGwlLHsHGQhFb38GXsBIbH8E3sHRyKTTxh4GP/z+HOed4EWdK2/anlVpaXlldS69nNja3tneyu3s1FcaS0CoJeSgbHlaUM0GrmmlOG5GkOPA4rXv98jivD6hULBQ3ehhRN8BdwXxGsDbW9aB9287m7Lw9EVoEZwa5i++314+D8lelnX1vdUISB1RowrFSTceOtJtgqRnhdJRpxYpGmPRxlzYNChxQ5SaTUUfoxDgd5IfSPKHRxP3dkeBAqWHgmcoA656az8bmf1kz1v65mzARxZoKMv3IjznSIRrvjTpMUqL50AAmkplZEelhiYk218mYIzjzKy9CrZB3ivnClZ0rHcNUaTiEIzgFB86gBJdQgSoQ6MIdPMCjxa1768l6npamrFnPPvyR9fID5dGSlw==</latexit>

vw
<latexit sha1_base64="DAdqwEHdJbc9yue9QeL0SrORSQc=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gFKzCblJoZyCNZURzgWQJs5PZZMjs7DIzGwlLHsHGQhFb38GXsBIbH8E3sHRyKTTxh4GP/z+HOed4EWdK2/anlVpaXlldS69nNja3tneyu3s1FcaS0CoJeSgbHlaUM0GrmmlOG5GkOPA4rXv98jivD6hULBQ3ehhRN8BdwXxGsDbW9aB9287m7Lw9EVoEZwa5i++314+D8lelnX1vdUISB1RowrFSTceOtJtgqRnhdJRpxYpGmPRxlzYNChxQ5SaTUUfoxDgd5IfSPKHRxP3dkeBAqWHgmcoA656az8bmf1kz1v65mzARxZoKMv3IjznSIRrvjTpMUqL50AAmkplZEelhiYk218mYIzjzKy9CrZB3ivnClZ0rHcNUaTiEIzgFB86gBJdQgSoQ6MIdPMCjxa1768l6npamrFnPPvyR9fID5dGSlw==</latexit>

vu
<latexit sha1_base64="+78J7x320O7CMQhPLBKJLl2PWKo=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gFKzCbiy0M5DGMqK5QLKE2clsMmR2dpmZDYQlj2BjoYit7+BLWImNj+AbWDrZpNDEHwY+/v8c5pzjRZwpbdufVmZpeWV1Lbue29jc2t7J7+7VVRhLQmsk5KFselhRzgStaaY5bUaS4sDjtOENKpO8MaRSsVDc6lFE3QD3BPMZwdpYN8NO3MkX7KKdCi2CM4PC5ffb68dB5avayb+3uyGJAyo04ViplmNH2k2w1IxwOs61Y0UjTAa4R1sGBQ6ocpN01DE6MU4X+aE0T2iUur87EhwoNQo8Uxlg3Vfz2cT8L2vF2r9wEyaiWFNBph/5MUc6RJO9UZdJSjQfGcBEMjMrIn0sMdHmOjlzBGd+5UWol4rOWbF0bRfKxzBVFg7hCE7BgXMowxVUoQYEenAHD/BoceveerKep6UZa9azD39kvfwA4smSlQ==</latexit>

vu
<latexit sha1_base64="+78J7x320O7CMQhPLBKJLl2PWKo=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gFKzCbiy0M5DGMqK5QLKE2clsMmR2dpmZDYQlj2BjoYit7+BLWImNj+AbWDrZpNDEHwY+/v8c5pzjRZwpbdufVmZpeWV1Lbue29jc2t7J7+7VVRhLQmsk5KFselhRzgStaaY5bUaS4sDjtOENKpO8MaRSsVDc6lFE3QD3BPMZwdpYN8NO3MkX7KKdCi2CM4PC5ffb68dB5avayb+3uyGJAyo04ViplmNH2k2w1IxwOs61Y0UjTAa4R1sGBQ6ocpN01DE6MU4X+aE0T2iUur87EhwoNQo8Uxlg3Vfz2cT8L2vF2r9wEyaiWFNBph/5MUc6RJO9UZdJSjQfGcBEMjMrIn0sMdHmOjlzBGd+5UWol4rOWbF0bRfKxzBVFg7hCE7BgXMowxVUoQYEenAHD/BoceveerKep6UZa9azD39kvfwA4smSlQ==</latexit>

v1
<latexit sha1_base64="vM9hJ1YjUWWfhnb3t9/MSzvGpU0=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gFKzCbiy0M5DGMqK5QLKE2clsMmR2dpmZDYQlj2BjoYit7+BLWImNj+AbWDrZpNDEHwY+/v8c5pzjRZwpbdufVmZpeWV1Lbue29jc2t7J7+7VVRhLQmsk5KFselhRzgStaaY5bUaS4sDjtOENKpO8MaRSsVDc6lFE3QD3BPMZwdpYN8OO08kX7KKdCi2CM4PC5ffb68dB5avayb+3uyGJAyo04ViplmNH2k2w1IxwOs61Y0UjTAa4R1sGBQ6ocpN01DE6MU4X+aE0T2iUur87EhwoNQo8Uxlg3Vfz2cT8L2vF2r9wEyaiWFNBph/5MUc6RJO9UZdJSjQfGcBEMjMrIn0sMdHmOjlzBGd+5UWol4rOWbF0bRfKxzBVFg7hCE7BgXMowxVUoQYEenAHD/BoceveerKep6UZa9azD39kvfwAe7mSUQ==</latexit>

v1
<latexit sha1_base64="vM9hJ1YjUWWfhnb3t9/MSzvGpU0=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gFKzCbiy0M5DGMqK5QLKE2clsMmR2dpmZDYQlj2BjoYit7+BLWImNj+AbWDrZpNDEHwY+/v8c5pzjRZwpbdufVmZpeWV1Lbue29jc2t7J7+7VVRhLQmsk5KFselhRzgStaaY5bUaS4sDjtOENKpO8MaRSsVDc6lFE3QD3BPMZwdpYN8OO08kX7KKdCi2CM4PC5ffb68dB5avayb+3uyGJAyo04ViplmNH2k2w1IxwOs61Y0UjTAa4R1sGBQ6ocpN01DE6MU4X+aE0T2iUur87EhwoNQo8Uxlg3Vfz2cT8L2vF2r9wEyaiWFNBph/5MUc6RJO9UZdJSjQfGcBEMjMrIn0sMdHmOjlzBGd+5UWol4rOWbF0bRfKxzBVFg7hCE7BgXMowxVUoQYEenAHD/BoceveerKep6UZa9azD39kvfwAe7mSUQ==</latexit>

v2
<latexit sha1_base64="OQdQZmIQJNf8euzNLLfBKNIMPpM=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gFKzC7lpoZyCNZURzgWQJs5PZZMjs7DIzGwhLHsHGQhFb38GXsBIbH8E3sHRyKTTxh4GP/z+HOef4MWdK2/anlVlaXlldy67nNja3tnfyu3s1FSWS0CqJeCQbPlaUM0GrmmlOG7GkOPQ5rfv98jivD6hULBK3ehhTL8RdwQJGsDbWzaDttvMFu2hPhBbBmUHh8vvt9eOg/FVp599bnYgkIRWacKxU07Fj7aVYakY4HeVaiaIxJn3cpU2DAodUeelk1BE6MU4HBZE0T2g0cX93pDhUahj6pjLEuqfms7H5X9ZMdHDhpUzEiaaCTD8KEo50hMZ7ow6TlGg+NICJZGZWRHpYYqLNdXLmCM78yotQc4vOWdG9tgulY5gqC4dwBKfgwDmU4AoqUAUCXbiDB3i0uHVvPVnP09KMNevZhz+yXn4AfT2SUg==</latexit>

v2
<latexit sha1_base64="OQdQZmIQJNf8euzNLLfBKNIMPpM=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gFKzC7lpoZyCNZURzgWQJs5PZZMjs7DIzGwhLHsHGQhFb38GXsBIbH8E3sHRyKTTxh4GP/z+HOef4MWdK2/anlVlaXlldy67nNja3tnfyu3s1FSWS0CqJeCQbPlaUM0GrmmlOG7GkOPQ5rfv98jivD6hULBK3ehhTL8RdwQJGsDbWzaDttvMFu2hPhBbBmUHh8vvt9eOg/FVp599bnYgkIRWacKxU07Fj7aVYakY4HeVaiaIxJn3cpU2DAodUeelk1BE6MU4HBZE0T2g0cX93pDhUahj6pjLEuqfms7H5X9ZMdHDhpUzEiaaCTD8KEo50hMZ7ow6TlGg+NICJZGZWRHpYYqLNdXLmCM78yotQc4vOWdG9tgulY5gqC4dwBKfgwDmU4AoqUAUCXbiDB3i0uHVvPVnP09KMNevZhz+yXn4AfT2SUg==</latexit>

u1
<latexit sha1_base64="f+UOz5OuOkkG5o1M7kFd1IIf6EY=">AAAB6nicbZC7SgNBFIbPeo3xFrWwsBmMglXYjYV2BtJYRjQXSJYwO5lNhszOLnMRwpJHsLFQxNZ38CWsxMZH8A0snVwKTfxh4OP/z2HOOUHCmdKu++ksLC4tr6xm1rLrG5tb27md3ZqKjSS0SmIey0aAFeVM0KpmmtNGIimOAk7rQb88yuu3VCoWixs9SKgf4a5gISNYW+vatL12Lu8W3LHQPHhTyF98v71+7Je/Ku3ce6sTExNRoQnHSjU9N9F+iqVmhNNhtmUUTTDp4y5tWhQ4ospPx6MO0bF1OiiMpX1Co7H7uyPFkVKDKLCVEdY9NZuNzP+yptHhuZ8ykRhNBZl8FBqOdIxGe6MOk5RoPrCAiWR2VkR6WGKi7XWy9gje7MrzUCsWvNNC8crNl45gogwcwCGcgAdnUIJLqEAVCHThDh7g0eHOvfPkPE9KF5xpzx78kfPyA3ozklA=</latexit>

u1
<latexit sha1_base64="f+UOz5OuOkkG5o1M7kFd1IIf6EY=">AAAB6nicbZC7SgNBFIbPeo3xFrWwsBmMglXYjYV2BtJYRjQXSJYwO5lNhszOLnMRwpJHsLFQxNZ38CWsxMZH8A0snVwKTfxh4OP/z2HOOUHCmdKu++ksLC4tr6xm1rLrG5tb27md3ZqKjSS0SmIey0aAFeVM0KpmmtNGIimOAk7rQb88yuu3VCoWixs9SKgf4a5gISNYW+vatL12Lu8W3LHQPHhTyF98v71+7Je/Ku3ce6sTExNRoQnHSjU9N9F+iqVmhNNhtmUUTTDp4y5tWhQ4ospPx6MO0bF1OiiMpX1Co7H7uyPFkVKDKLCVEdY9NZuNzP+yptHhuZ8ykRhNBZl8FBqOdIxGe6MOk5RoPrCAiWR2VkR6WGKi7XWy9gje7MrzUCsWvNNC8crNl45gogwcwCGcgAdnUIJLqEAVCHThDh7g0eHOvfPkPE9KF5xpzx78kfPyA3ozklA=</latexit>

u2
<latexit sha1_base64="hqvS66jvwFkanSoiD+V1IxRIFgA=">AAAB6nicbZC7SgNBFIbPeI3xFrWwsBmMglXYjYV2BtJYRjQXSJYwO5lNhszOLjOzQljyCDYWitj6Dr6Eldj4CL6BpZNLoYk/DHz8/znMOcePBdfGcT7RwuLS8spqZi27vrG5tZ3b2a3pKFGUVWkkItXwiWaCS1Y13AjWiBUjoS9Y3e+XR3n9linNI3ljBjHzQtKVPOCUGGtdJ+1iO5d3Cs5YeB7cKeQvvt9eP/bLX5V27r3ViWgSMmmoIFo3XSc2XkqU4VSwYbaVaBYT2idd1rQoSci0l45HHeJj63RwECn7pMFj93dHSkKtB6FvK0Nieno2G5n/Zc3EBOdeymWcGCbp5KMgEdhEeLQ37nDFqBEDC4QqbmfFtEcUocZeJ2uP4M6uPA+1YsE9LRSvnHzpCCbKwAEcwgm4cAYluIQKVIFCF+7gAR6RQPfoCT1PShfQtGcP/gi9/AB7t5JR</latexit>

u2
<latexit sha1_base64="hqvS66jvwFkanSoiD+V1IxRIFgA=">AAAB6nicbZC7SgNBFIbPeI3xFrWwsBmMglXYjYV2BtJYRjQXSJYwO5lNhszOLjOzQljyCDYWitj6Dr6Eldj4CL6BpZNLoYk/DHz8/znMOcePBdfGcT7RwuLS8spqZi27vrG5tZ3b2a3pKFGUVWkkItXwiWaCS1Y13AjWiBUjoS9Y3e+XR3n9linNI3ljBjHzQtKVPOCUGGtdJ+1iO5d3Cs5YeB7cKeQvvt9eP/bLX5V27r3ViWgSMmmoIFo3XSc2XkqU4VSwYbaVaBYT2idd1rQoSci0l45HHeJj63RwECn7pMFj93dHSkKtB6FvK0Nieno2G5n/Zc3EBOdeymWcGCbp5KMgEdhEeLQ37nDFqBEDC4QqbmfFtEcUocZeJ2uP4M6uPA+1YsE9LRSvnHzpCCbKwAEcwgm4cAYluIQKVIFCF+7gAR6RQPfoCT1PShfQtGcP/gi9/AB7t5JR</latexit>

w2
<latexit sha1_base64="par8tSan/cPz/Whg4YhPeif4MM0=">AAAB6nicbZC7TsMwFIZPyq2UW4GBgcWiIDFVSRhgo1IXxiLoRWqjynGd1qrjRLYDqqI+AgsDCLHyDrwEE2LhEXgDRtzLAC2/ZOnT/58jn3P8mDOlbfvTyiwsLi2vZFdza+sbm1v57Z2aihJJaJVEPJINHyvKmaBVzTSnjVhSHPqc1v1+eZTXb6hULBLXehBTL8RdwQJGsDbW1W3bbecLdtEeC82DM4XC+ffb68de+avSzr+3OhFJQio04VippmPH2kux1IxwOsy1EkVjTPq4S5sGBQ6p8tLxqEN0ZJwOCiJpntBo7P7uSHGo1CD0TWWIdU/NZiPzv6yZ6ODMS5mIE00FmXwUJBzpCI32Rh0mKdF8YAATycysiPSwxESb6+TMEZzZleeh5hadk6J7aRdKhzBRFvbhAI7BgVMowQVUoAoEunAHD/BoceveerKeJ6UZa9qzC39kvfwAfsOSUw==</latexit>

w2
<latexit sha1_base64="par8tSan/cPz/Whg4YhPeif4MM0=">AAAB6nicbZC7TsMwFIZPyq2UW4GBgcWiIDFVSRhgo1IXxiLoRWqjynGd1qrjRLYDqqI+AgsDCLHyDrwEE2LhEXgDRtzLAC2/ZOnT/58jn3P8mDOlbfvTyiwsLi2vZFdza+sbm1v57Z2aihJJaJVEPJINHyvKmaBVzTSnjVhSHPqc1v1+eZTXb6hULBLXehBTL8RdwQJGsDbW1W3bbecLdtEeC82DM4XC+ffb68de+avSzr+3OhFJQio04VippmPH2kux1IxwOsy1EkVjTPq4S5sGBQ6p8tLxqEN0ZJwOCiJpntBo7P7uSHGo1CD0TWWIdU/NZiPzv6yZ6ODMS5mIE00FmXwUJBzpCI32Rh0mKdF8YAATycysiPSwxESb6+TMEZzZleeh5hadk6J7aRdKhzBRFvbhAI7BgVMowQVUoAoEunAHD/BoceveerKeJ6UZa9qzC39kvfwAfsOSUw==</latexit>

wv
<latexit sha1_base64="SLHXq1VHij1ev8LGqY/vEMWhHH8=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gFKzCblJoZyCNZURzgWQJs5PZZMjs7DIzGwlLHsHGQhFb38GXsBIbH8E3sHRyKTTxh4GP/z+HOed4EWdK2/anlVpaXlldS69nNja3tneyu3s1FcaS0CoJeSgbHlaUM0GrmmlOG5GkOPA4rXv98jivD6hULBQ3ehhRN8BdwXxGsDbW9W170M7m7Lw9EVoEZwa5i++314+D8lelnX1vdUISB1RowrFSTceOtJtgqRnhdJRpxYpGmPRxlzYNChxQ5SaTUUfoxDgd5IfSPKHRxP3dkeBAqWHgmcoA656az8bmf1kz1v65mzARxZoKMv3IjznSIRrvjTpMUqL50AAmkplZEelhiYk218mYIzjzKy9CrZB3ivnClZ0rHcNUaTiEIzgFB86gBJdQgSoQ6MIdPMCjxa1768l6npamrFnPPvyR9fID5dOSlw==</latexit>

wv
<latexit sha1_base64="SLHXq1VHij1ev8LGqY/vEMWhHH8=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gFKzCblJoZyCNZURzgWQJs5PZZMjs7DIzGwlLHsHGQhFb38GXsBIbH8E3sHRyKTTxh4GP/z+HOed4EWdK2/anlVpaXlldS69nNja3tneyu3s1FcaS0CoJeSgbHlaUM0GrmmlOG5GkOPA4rXv98jivD6hULBQ3ehhRN8BdwXxGsDbW9W170M7m7Lw9EVoEZwa5i++314+D8lelnX1vdUISB1RowrFSTceOtJtgqRnhdJRpxYpGmPRxlzYNChxQ5SaTUUfoxDgd5IfSPKHRxP3dkeBAqWHgmcoA656az8bmf1kz1v65mzARxZoKMv3IjznSIRrvjTpMUqL50AAmkplZEelhiYk218mYIzjzKy9CrZB3ivnClZ0rHcNUaTiEIzgFB86gBJdQgSoQ6MIdPMCjxa1768l6npamrFnPPvyR9fID5dOSlw==</latexit>

w1
<latexit sha1_base64="ZJjry762elUNB/sxSd2aiigfrok=">AAAB6nicbZC7TsMwFIZPyq2UW4GBgcWiIDFVSRlgo1IXxiJIW6mNKsd1WquOE9kOqIr6CCwMIMTKO/ASTIiFR+ANGHEvA7T8kqVP/3+OfM7xY86Utu1PK7OwuLS8kl3Nra1vbG7lt3dqKkokoS6JeCQbPlaUM0FdzTSnjVhSHPqc1v1+ZZTXb6hULBLXehBTL8RdwQJGsDbW1W3baecLdtEeC82DM4XC+ffb68de5avazr+3OhFJQio04VippmPH2kux1IxwOsy1EkVjTPq4S5sGBQ6p8tLxqEN0ZJwOCiJpntBo7P7uSHGo1CD0TWWIdU/NZiPzv6yZ6ODMS5mIE00FmXwUJBzpCI32Rh0mKdF8YAATycysiPSwxESb6+TMEZzZleehVio6J8XSpV0oH8JEWdiHAzgGB06hDBdQBRcIdOEOHuDR4ta99WQ9T0oz1rRnF/7IevkBfT+SUg==</latexit>

w1
<latexit sha1_base64="ZJjry762elUNB/sxSd2aiigfrok=">AAAB6nicbZC7TsMwFIZPyq2UW4GBgcWiIDFVSRlgo1IXxiJIW6mNKsd1WquOE9kOqIr6CCwMIMTKO/ASTIiFR+ANGHEvA7T8kqVP/3+OfM7xY86Utu1PK7OwuLS8kl3Nra1vbG7lt3dqKkokoS6JeCQbPlaUM0FdzTSnjVhSHPqc1v1+ZZTXb6hULBLXehBTL8RdwQJGsDbW1W3baecLdtEeC82DM4XC+ffb68de5avazr+3OhFJQio04VippmPH2kux1IxwOsy1EkVjTPq4S5sGBQ6p8tLxqEN0ZJwOCiJpntBo7P7uSHGo1CD0TWWIdU/NZiPzv6yZ6ODMS5mIE00FmXwUJBzpCI32Rh0mKdF8YAATycysiPSwxESb6+TMEZzZleehVio6J8XSpV0oH8JEWdiHAzgGB06hDBdQBRcIdOEOHuDR4ta99WQ9T0oz1rRnF/7IevkBfT+SUg==</latexit>

wu
<latexit sha1_base64="PIEXDqr+2Xr5bxlBrtCzofsq2Po=">AAAB6nicbZC7TsMwFIZPyq2UW4GBgcWiIDFVSRlgo1IXxiJIW6mNKsd1WquOE9kOqIr6CCwMIMTKO/ASTIiFR+ANGHEvA7T8kqVP/3+OfM7xY86Utu1PK7OwuLS8kl3Nra1vbG7lt3dqKkokoS6JeCQbPlaUM0FdzTSnjVhSHPqc1v1+ZZTXb6hULBLXehBTL8RdwQJGsDbW1W07aecLdtEeC82DM4XC+ffb68de5avazr+3OhFJQio04VippmPH2kux1IxwOsy1EkVjTPq4S5sGBQ6p8tLxqEN0ZJwOCiJpntBo7P7uSHGo1CD0TWWIdU/NZiPzv6yZ6ODMS5mIE00FmXwUJBzpCI32Rh0mKdF8YAATycysiPSwxESb6+TMEZzZleehVio6J8XSpV0oH8JEWdiHAzgGB06hDBdQBRcIdOEOHuDR4ta99WQ9T0oz1rRnF/7IevkB5E+Slg==</latexit>

wu
<latexit sha1_base64="PIEXDqr+2Xr5bxlBrtCzofsq2Po=">AAAB6nicbZC7TsMwFIZPyq2UW4GBgcWiIDFVSRlgo1IXxiJIW6mNKsd1WquOE9kOqIr6CCwMIMTKO/ASTIiFR+ANGHEvA7T8kqVP/3+OfM7xY86Utu1PK7OwuLS8kl3Nra1vbG7lt3dqKkokoS6JeCQbPlaUM0FdzTSnjVhSHPqc1v1+ZZTXb6hULBLXehBTL8RdwQJGsDbW1W07aecLdtEeC82DM4XC+ffb68de5avazr+3OhFJQio04VippmPH2kux1IxwOsy1EkVjTPq4S5sGBQ6p8tLxqEN0ZJwOCiJpntBo7P7uSHGo1CD0TWWIdU/NZiPzv6yZ6ODMS5mIE00FmXwUJBzpCI32Rh0mKdF8YAATycysiPSwxESb6+TMEZzZleehVio6J8XSpV0oH8JEWdiHAzgGB06hDBdQBRcIdOEOHuDR4ta99WQ9T0oz1rRnF/7IevkB5E+Slg==</latexit>uw

<latexit sha1_base64="wdJjfj9XyXHGZ4BnKK3TnccIxaA=">AAAB6nicbZC7TsMwFIZPyq2UW4GBgcWiIDFVSRlgo1IXxiJIW6mNKsd1WquOE9kOqIr6CCwMIMTKO/ASTIiFR+ANGHEvA7T8kqVP/3+OfM7xY86Utu1PK7OwuLS8kl3Nra1vbG7lt3dqKkokoS6JeCQbPlaUM0FdzTSnjVhSHPqc1v1+ZZTXb6hULBLXehBTL8RdwQJGsDbWVdK+becLdtEeC82DM4XC+ffb68de5avazr+3OhFJQio04VippmPH2kux1IxwOsy1EkVjTPq4S5sGBQ6p8tLxqEN0ZJwOCiJpntBo7P7uSHGo1CD0TWWIdU/NZiPzv6yZ6ODMS5mIE00FmXwUJBzpCI32Rh0mKdF8YAATycysiPSwxESb6+TMEZzZleehVio6J8XSpV0oH8JEWdiHAzgGB06hDBdQBRcIdOEOHuDR4ta99WQ9T0oz1rRnF/7IevkB5EuSlg==</latexit>

uw
<latexit sha1_base64="wdJjfj9XyXHGZ4BnKK3TnccIxaA=">AAAB6nicbZC7TsMwFIZPyq2UW4GBgcWiIDFVSRlgo1IXxiJIW6mNKsd1WquOE9kOqIr6CCwMIMTKO/ASTIiFR+ANGHEvA7T8kqVP/3+OfM7xY86Utu1PK7OwuLS8kl3Nra1vbG7lt3dqKkokoS6JeCQbPlaUM0FdzTSnjVhSHPqc1v1+ZZTXb6hULBLXehBTL8RdwQJGsDbWVdK+becLdtEeC82DM4XC+ffb68de5avazr+3OhFJQio04VippmPH2kux1IxwOsy1EkVjTPq4S5sGBQ6p8tLxqEN0ZJwOCiJpntBo7P7uSHGo1CD0TWWIdU/NZiPzv6yZ6ODMS5mIE00FmXwUJBzpCI32Rh0mKdF8YAATycysiPSwxESb6+TMEZzZleehVio6J8XSpV0oH8JEWdiHAzgGB06hDBdQBRcIdOEOHuDR4ta99WQ9T0oz1rRnF/7IevkB5EuSlg==</latexit>uv

<latexit sha1_base64="MlkCZPCfjXSmZgmv57LCwQunIwg=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gFKzCbiy0M5DGMqK5QLKE2clsMmR2dpmZDYQlj2BjoYit7+BLWImNj+AbWDrZpNDEHwY+/v8c5pzjRZwpbdufVmZpeWV1Lbue29jc2t7J7+7VVRhLQmsk5KFselhRzgStaaY5bUaS4sDjtOENKpO8MaRSsVDc6lFE3QD3BPMZwdpYN3Fn2MkX7KKdCi2CM4PC5ffb68dB5avayb+3uyGJAyo04ViplmNH2k2w1IxwOs61Y0UjTAa4R1sGBQ6ocpN01DE6MU4X+aE0T2iUur87EhwoNQo8Uxlg3Vfz2cT8L2vF2r9wEyaiWFNBph/5MUc6RJO9UZdJSjQfGcBEMjMrIn0sMdHmOjlzBGd+5UWol4rOWbF0bRfKxzBVFg7hCE7BgXMowxVUoQYEenAHD/BoceveerKep6UZa9azD39kvfwA4seSlQ==</latexit>

uv
<latexit sha1_base64="MlkCZPCfjXSmZgmv57LCwQunIwg=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gFKzCbiy0M5DGMqK5QLKE2clsMmR2dpmZDYQlj2BjoYit7+BLWImNj+AbWDrZpNDEHwY+/v8c5pzjRZwpbdufVmZpeWV1Lbue29jc2t7J7+7VVRhLQmsk5KFselhRzgStaaY5bUaS4sDjtOENKpO8MaRSsVDc6lFE3QD3BPMZwdpYN3Fn2MkX7KKdCi2CM4PC5ffb68dB5avayb+3uyGJAyo04ViplmNH2k2w1IxwOs61Y0UjTAa4R1sGBQ6ocpN01DE6MU4X+aE0T2iUur87EhwoNQo8Uxlg3Vfz2cT8L2vF2r9wEyaiWFNBph/5MUc6RJO9UZdJSjQfGcBEMjMrIn0sMdHmOjlzBGd+5UWol4rOWbF0bRfKxzBVFg7hCE7BgXMowxVUoQYEenAHD/BoceveerKep6UZa9azD39kvfwA4seSlQ==</latexit>

p
<latexit sha1_base64="VKRbBOS8gqZ71v9eSb0Jdodl4Jo=">AAAB6HicbZC7TgJBFIbP4g0RFbW0mYgmVmQXC7WSxMYSErkY2JDZ4QAjs5fMzJqQDU9gY6Extj6SnYUPoC+hw6VQ8E8m+fL/52TOOV4kuNK2/W6llpZXVtfS65mN7ObWdm5nt6bCWDKsslCEsuFRhYIHWNVcC2xEEqnvCax7g8txXr9DqXgYXOthhK5PewHvcka1sSpRO5e3C/ZEZBGcGeQvvj/Pvz5usuV27q3VCVnsY6CZoEo1HTvSbkKl5kzgKNOKFUaUDWgPmwYD6qNyk8mgI3JknA7phtK8QJOJ+7sjob5SQ98zlT7VfTWfjc3/smasu2duwoMo1hiw6UfdWBAdkvHWpMMlMi2GBiiT3MxKWJ9KyrS5TcYcwZlfeRFqxYJzUihW7HzpEKZKwz4cwDE4cAoluIIyVIEBwj08wpN1az1Yz9bLtDRlzXr24I+s1x/x7JFi</latexit>

p
<latexit sha1_base64="VKRbBOS8gqZ71v9eSb0Jdodl4Jo=">AAAB6HicbZC7TgJBFIbP4g0RFbW0mYgmVmQXC7WSxMYSErkY2JDZ4QAjs5fMzJqQDU9gY6Extj6SnYUPoC+hw6VQ8E8m+fL/52TOOV4kuNK2/W6llpZXVtfS65mN7ObWdm5nt6bCWDKsslCEsuFRhYIHWNVcC2xEEqnvCax7g8txXr9DqXgYXOthhK5PewHvcka1sSpRO5e3C/ZEZBGcGeQvvj/Pvz5usuV27q3VCVnsY6CZoEo1HTvSbkKl5kzgKNOKFUaUDWgPmwYD6qNyk8mgI3JknA7phtK8QJOJ+7sjob5SQ98zlT7VfTWfjc3/smasu2duwoMo1hiw6UfdWBAdkvHWpMMlMi2GBiiT3MxKWJ9KyrS5TcYcwZlfeRFqxYJzUihW7HzpEKZKwz4cwDE4cAoluIIyVIEBwj08wpN1az1Yz9bLtDRlzXr24I+s1x/x7JFi</latexit>

(c) The case where `= 7.

Figure 5.1: The c-connector for the specific example of 3 nodes u, v, w and c(u, v) = c(v, w) = ` and
c(u, w) = `+ 1.

edges in H has infinite capacity. We show that every finite value (`, k)-cut in G′ is a (`, k)-way-cut in G,
and every (`, k)-way-cut in G is a (`, k)-cut in G′.

A finite value (`, k)-cut C ′ in G′ only use edges in E. Since dG′−E(u, v) = ` unless u, v ∈ T , we have
`+ 1= dG′−C ′(u, v)≤ dG−C ′(u, v) for all u, v ∈ T , and it shows C ′ is a (`, k)-way-cut in G.

Let C be a (`, k)-way-cut in G. Consider dG′−C(u, v) for distinct u, v ∈ T . Consider a shortest uv-path
P in G′ − C . There are two cases. If P contains no edge in H, then dG′−C(u, v) = dG−C(u, v) = `+ 1. If P
contains an edge in H, then it has to contain a path P ′ between two vertices in V using only edges in H.
Note length of P ′ is at least `, and if P ′ has length `, then it cannot be a uv-path since dH(u, v) = `+ 1.
Hence we have dG′−C(u, v)> `. Together, we have dG′−C(u, v)≥ `+ 1 for all distinct u, v ∈ T , therefore
C is a (`, k)-cut in G′.

There always exists a finite value (`, k)-cut (i.e. E). This shows (`, k)WAYCUT reduces to (`, k)CUT. �

Note that Bk,` ∈ FP for all k,`. Indeed, when ` is even, Bk,` is a tree, and trees are in FP [32]. When

` is odd, then it takes a bit more to see. Let `′ = d`/2e. Consider H =
∏k

i=1 P`′ . Bk,` is an isometric

subgraph of H. In particular, let wi, j be the tuple in
�

0, 1, . . . ,`′
	k

that is 0 at all coordinates except the
ith coordinate has value j. Bk,` is isomorphic and isometric to the induced subgraph of H on vertices
�

wi, j|1≤ i ≤ k, 1≤ j ≤ `′
	

.
We name the leaves of Bk,` as t1, . . . , tk in order to refer to them easier.

Theorem 5.3 RVIO(Bk,`) reduces to (`− 1, k)WAYCUT.

Proof: Let G = (V, E) be the input graph to RVIO(Bk,`). Let M be a value strictly larger than the total
weight of the edges of G. We take G′ = G ∪ Bk,`, where the edges in Bk,` has weight adjusted to M . Let
the terminals in G′ be t i for all i ∈ [k].

Let α′ be the value of the minimum (` − 1, k)-way-cut in G′. Let α be the optimal violation for
RVIO(Bk,`) with input G. We show that α′ = α.

Consider a minimum (`− 1, k)-way-cut C in G′. It does not contain edges in Bk,`. dG′−C(t i , t j) = `
for all i 6= j. The unique path in Bk,` is a shortest t i t j-path, and Bk,` is a subgraph of G′ − C because it is
a subgraph of G′ − E. This shows Bk,` is an isometric subgraph of G′ − C . Hence there is a retraction
from G′ − C to Bk,` by Theorem 2.3. The minimum violation map has violation at most weight of C .
Therefore α′ ≥ α.

Consider a minimum solution f of RVIO(Bk,`) with input G. Consider when all violated edges are
removed, the distance between t i and t j is at least ` due to Theorem 2.1. The violated edges of f form
an (`− 1)-length-bounded k-way-cut in G′. Hence α≥ α′. �
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Theorem 5.4 (`− 1, k)WAYCUT reduces to RVIO(Bk,`).

Proof: Let G = (V, E) be the input graph to (`−1, k)WAYCUT, and T = {t1, . . . , tk} be the set of terminals.
Let the optimal solution to (`− 1, k)WAYCUT be C , and it has value α.

Let G′ be obtained by identifying G with Bk,`. That is, take the disjoint union of G and Bk,` and
identifying t1, . . . , tk with terminals of G. Let f ′ be the solution to RVIO(Bk,`) with input G′. f ′ has
violation α′. Let C ′ be the violated edges.

We show that α = α′. C ′ is a (` − 1, k)-way-cut of G. Indeed, this is because dG−C ′(t i , t j) ≥
dG′−C ′(t i , t j) ≥ `. Hence this shows α′ ≥ α. We show G′ − C has a retraction to Bk,` by showing Bk,`
is an isometric subgraph of G′ − C . Consider two vertices u, v in Bk,`, and let P be a path between
u and v and is in G′ − C . P can either consists of only edges in Bk,`, or it consists of edges outside
Bk,`. If P consists of edges outside of Bk,`, it contains a subpath that start from t i and end at t j for
some i 6= j and containing only edges in G − C . This P has length at least `. Hence this shows
dBk,`
(u, v)≥ dG′−C(u, v)≥min(dBk,`

(u, v),`) = dBk,`
(u, v). Hence Bk,` is an isometric subgraph of G′ − C .

This shows α≥ α′. �

Theorem 5.5 (`− 1, k)WAYCUT is equivalent to RVIO(Bk,`).

Corollary 5.6 (`, k)WAYCUT and (`, k)CUT are tractable if and only if k = 2 and `≤ 3 or k ≥ 3 and `≤ 2.

5.3 Variety of finite paths and trees

In this section, we make progress on the s-tractability of H ∈ FP using distance information. The results
are sufficient to show dichotomy of s-tractability for reflexive trees.

Theorem 5.7 Let H ∈ FP. H is s-intractable if

1. diam(H)≥ 5, or

2. diam(H) = 4 and there are 3 distinct vertices with pairwise distance 4.

Proof: We first sketch the idea of the proof. Let `= diam(H)− 1. If `≥ 4, we reduce (`, 2)WAYCUT to
SVIO(H). If `= 3 and we have 3 distinct vertices with pairwise distance 4, we reduce (3, 3)WAYCUT to
SVIO(H). By Theorem 5.3 and Corollary 3.5, (`, 2)WAYCUT for ` ≥ 4 and (3,3)WAYCUT are NP-hard.
Therefore SVIO(H) is NP-hard.

The proof for both cases are identical. In fact, we consider the more general case of (`, k)WAYCUT

where there exists k vertices with pairwise distance `+ 1 in H = (U , F), and `+ 1= diam(H). Let those
k vertices be T .

Let G = (V, E) and T ⊆ V be the input to (`, k)WAYCUT. We assume |V |> k. Let M be a value more
than the total weight of the edges of G.

Let G1 = (V1, E1) obtained by taking union of G and H (note they share terminals T). Define a
function c : V1 × V1 → {`,`+ 1}, where c(u, v) = max(`, dH(u, v)) if u, v ∈ U . Otherwise, c(u, v) = `.
Let G′ be the graph obtained by taking the union of G1 and a c-connector, and all the edges in the
c-connector and H has weight M .

Let f be the optimal map for SVIO(H) with input graph G′, and it has value α′. Let C be the set of
violated edges of the map f . C does not include any M weight edges, since G′ − E is a feasible solution.
Let the value of the minimum (`, k)-way-cut of G be α.

First, we want to show C is a (`, k)-way-cut of G with terminals T . For a graph G, the set of diametral
pairs DP(G) is {{x , y} |x , y ∈ V (G), dG(x , y) = diam(G)}. Because G′ − C contains the c-connector,
DP(G′−C) ⊆ DP(H). f is a surjective homomorphism from G′−C to H, so dG′−C(x , y)≥ dH( f (x), f (y)),
and therefore |DP(G′ − C)| ≥ |DP(H)|. Together it shows DP(G′ − C) = DP(H). For each distinct pair
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x , y ∈ T , {x , y} ∈ DP(H) = DP(G′ − C), so dG−C(x , y) ≥ dG′−C(x , y) = ` + 1. Therefore, C is a
(`, k)-way-cut of G and α′ ≥ α.

Now, we show α≥ α′. Let C be an (`, k)-way-cut in G. We have to show that G′ − C has a surjective
homomorphism to H. Let U be the vertices of H. We obtain this by showing dG′−C(u, v) = dH(u, v)
for all u, v ∈ U , which shows H is a isometric subgraph of G′ − C . Note because we already had a
copy of H, and paths through the c-connector does not affect distance no larger than ` + 1, hence
dG′−E(u, v) = dH(u, v) for u, v ∈ U . Assume dG′−C(u, v) < dH(u, v), this implies the shortest path from
u to v using some edges in E \ C . However, any simple path that uses edges in E \ C must go through
pairs of distinct vertices x , y ∈ T . Therefore, the shortest path has length at least `+ 1, and it shows
`+ 1 ≤ dG′−C(u, v) < dH(u, v) ≤ `+ 1, a contradiction. Hence we have dG′−C(u, v) = dH(u, v) for all
u, v ∈ U , namely H is an isometric subgraph of G′ − C . Therefore G′ − C has a retraction to H, and
α≥ α′. �

Next, we show all diameter 3 graphs in FP is r-tractable.

Theorem 5.8 H ∈ FP is r-tractable if diam(H)≤ 3.

Proof: H is a retract of the product
∏k

i=1 P3 for some k. By Theorem 2.2, we need to show the theorem

is true for
∏k

i=1 P3. The apex subgraph of
∏k

i=1 P3 is a single clique. Hence by Theorem 3.3, H is
r-tractable. �

The above two theorems leaves an interesting gap for s-tractability, the cases where the graph in FP

has diameter 4 but without any triple of vertices with pairwise distance 3. Fortunately, if we restrict to
trees, such graphs are very simple. We conclude with a dichotomy theorem for reflexive trees.

Theorem 5.9 (s -tractable dichotomy for reflexive trees) Let T be a tree, then

1. T is s-tractable if and only if it is r-tractable.

2. T is s-intractable if and only if it is r-intractable.

3. T is s-tractable if and only if diam(T )≤ 4 and there is no 3 distinct vertices with pairwise distance 4.

Proof: If T has diam(T )≥ 5, or diam(T ) = 4 and there are 3 distinct vertices with pairwise distance 4,
then it is s-intractable by Theorem 5.7, which implies T is r-intractable. Otherwise, if T has diameter at
most 3, then it is r-tractable by Theorem 5.8, which implies T is s-tractable.

The remaining case is when diam(T ) = 4 and no 3 distinct vertices has pairwise distance 4. We claim
this case is also r-tractable.

Consider any diametral path P of T with the sequence of vertices v1, v2, v3, v4, v5. We claim T is a
union of 3 stars centered at v2, v3 and v4. It is clear such graph satisfies the desired condition.

We show T must be of this form by proving the following simple statements.

1. v1 and v5 must be leaves: If v1 or v5 are not leaves, then there exists a path of length 5, a
contradiction.

2. every simple path of length 2 not intersecting P from v2 must end in v4: If the path ends in v 6= v4,
then dT (v, v5) = 5, a contradiction.

3. every simple path of length 2 not intersecting P from v4 must end in v2: Similar to above.

4. every simple path of length 2 not intersecting P from v3 must end in v1 or v5: If the path ends in
v 6∈ {v1, v5}, then dT (v, v1) = dT (v, v5) = dT (v1, v5), a contradiction.

The apex subgraph of T is the path v2, v3, v4, which is a double clique. By Theorem 3.3, T is
r-tractable. �

18



(a) A simple star-like digraph.

cc

AA

BB

(b) A more complicated star-like digraph.

Figure 6.1: Example of star-like digraphs. There can be arbitrary edges between vertices in B. There can
also be edges from every vertex in A to some subset of vertices in B.

6 Star-like digraphs
In this section, we show that star-like digraphs are s-tractable. As a consequence, it shows Sk is s-tractable
for all k. Because S3 is both weakly-connected and not r-tractable by Corollary 3.4, it is the first example
where one cannot use Theorem 3.3 or Theorem 4.3 to infer s-tractability.

Definition A reflexive digraph is a star-like digraph, if the vertices can be partitioned into 3 sets, A, B
and {c}, such that there are no edges between vertices in A, ac is an edge for all a ∈ A, bc and cb are
edges for each b ∈ B, and for each b ∈ B, one of the following properties hold.

• For all a ∈ A, ab is an edge and ba is not an edge in H.

• For all a ∈ A, both ab and ba are not edges in H.

We emphasis that A and B are allowed to be empty. One example of star-like digraphs is a reflexive graph
where each edge is either an edge to the center, or an undirected edge with the center as an endpoint
(See Figure 6.1a). Sk is the special case where there are no undirected edges. A more general star-like
digraph is shown in Figure 6.1b.

A k-subpartition of a vertex set V is a k-partition of some subset of V . The value of a k-subpartition
is the sum of incoming edges to each set in the k-subpartition. The minimum k-subpartition problem
takes an input graph G and returns a minimum value k-subpartition. A k-subpartition is U-avoiding, if
each subset in the k-subpartition is disjoint from U .

Lemma 6.1 A minimum value U-avoiding k-subpartition can be found in polynomial time for fixed k.

Proof: Consider the input digraph G = (V, E) and U ⊆ V . Let M be a value that is greater than the
total weight of edges in G. For each v ∈ V and u ∈ U , we add vu as an weight M edge. Let this new
graph be G′. Each non-U-avoiding k-subpartition has weight more than M in G′. Let P be a U-avoiding
k-subpartition. In both G′ and G, P has the same value. Hence the minimum value k-subpartition in
G′ is a minimum value U-avoiding k-subpartition in G. Bernáth and Pap showed the minimum value
k-subpartition can be found in polynomial time for fixed k [4]. �

Theorem 6.2 Star-like digraphs are s-tractable.

Proof: Let G = (V, E) be the input digraph to SVIO(H) with n vertices and m edges. H = (U , F) is a
star-like digraph with the A, {c} , B vertex partition in section 6. Let the vertices in A= {a1, . . . , ak}, and
vertices in B = {b1, . . . , b`}. Assume some total order of the vertices so that c is the smallest element. By
definition, c dominates all other vertices in B. Hence, there exists an minimum violation surjective map
f , where | f −1(b)|= 1 for all b ∈ B.
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Table 2: Known results for 3 vertex reflexive digraphs. We omit non-weakly connected digraphs and
digraphs that can be obtained by flipping the orientation of each edge.

Pattern digraph s-tractable? comment

? Linear 3-cut

?

No non-transitive reflexive tournament [42].

Yes r-tractable

Yes r-tractable

Yes r-tractable

?

Yes r-tractable, double cut

Yes r-tractable

Yes r-tractable

If A= ;, the apex subgraph of H is a single vertex c. H is r-tractable by Theorem 2.12, which implies
H is s-tractable. Otherwise, let T be a set of `+ 1 elements, which consists of f −1(B) and an arbitrary
element v ∈ f −1(c).

Let w be the total weight of the edges of the form f −1(b) f −1(b′), where bb′ is not an edge in H
and b, b′ ∈ B. For each b ∈ B such that it is not incident to any vertex in A, we reorient every incoming
edge of f −1(b) in G to an outgoing edge. That is, if x f −1(b) is an edge, we remove x f −1(b) and add
f −1(b)x with the same weight.

Let the new digraph be G′. We compute a T -avoiding |A|-subpartition in G′ in polynomial time by
Lemma 6.1. Let the weight of this solution be w′. Let the subpartitions be V1, . . . , Vk, and we define a
vertex map h : V → U as follows.

h(v) =











ai if v ∈ Vi

f (v) if v ∈ T

c otherwise

This would obtain a vertex map h with violation w+w′. The violation of h is no larger than f . Hence,
we can try all possible choices of T , and return the minimum solution. There are O(n`+1) choices, so we
run a polynomial number of polynomial time algorithm, which gives us a polynomial running time. �

7 Conclusive Remarks
Our paper introduces a systematic study of r-tractable and s-tractable digraphs. We give a complete
resolution of r-tractability. However, s-tractability is much harder to work with. The classification of
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s-tractable reflexive digraphs on 3 vertices is still open. The state of the art is documented in Table 2.
The remaining 3 unclassified patterns are all r-intractable and s0-tractable. Hence new techniques are
required. It would be interesting to see if there are other cut problems that can be modeled by this
framework.
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