
Nested and Interlaced Ticketing for Multiple Travelers

Dongyu Lv∗ Yizhi Song† Chao Xu‡

Abstract

Nested ticketing represents a prevalent practice in airline bookings, employed to bypass cer-
tain airline ticketing regulations with the aim of reducing costs on multiple round-trip tickets. We
consider the computational complexity of nested ticketing, and it is ‘covert’ version, which we call
interleaved ticketing. Consider multiple agents living in different locations and a single client who
demands that one agent be present each week. The objective for the company is to schedule these
agents and arrange their flight itineraries to minimize the cost. We show that when nested ticketing
is allowed, the problem is NP-hard when there are at least two agents. We also show there exists
a polynomial-time algorithm if only interleaved ticketing is allowed, and the number of airlines is
bounded.

1 Introduction
Within commercial air transport, travelers may adopt a wide range of strategies to save on travel costs.
Airline booking ploys are ways to circumvent airline ticket rules in order to spend less on the ticket
[9]. One common case is nested ticketing, also known as back-to-back ticketing, bracketing and cross-
ticketing.

Airlines often charge more for round-trip tickets that only stay the weekdays (mid-week) to target
business travelers who prefer to return before the weekend. Conversely, tickets that include a weekend
stay are usually cheaper, aiming at leisure travelers. Nested ticketing allows one to potentially save
money on multiple round trips between two locations. Such an opportunity arises when a mid-week
round-trip ticket is more expensive than the combination of two round-trip tickets involving a stay over
the weekend. By buying two round-trip tickets and only using one flight leg per mid-week round-trip
ticket, the mid-week round-trip ticket can be simulated at a lower fare.

Although these days airlines use much more sophisticated methods for ticket pricing [6,12,17], the
strategy still holds: nested ticketing expands the possible combination of round trip tickets, and allow
potential savings.

Previous studies for nested ticketing focus more on economic impact, e.g., price fairness for cus-
tomers [3], or the legal and moral issues [4]. None of these studies the computational difficulty of
employing such strategy.

Other common booking ploys like hidden city ticketing was considered extensively in [4, 5, 13],
discussing their fairness and issues. We recommend the reader the report by U.S. Government Account-
ability Office for detailed information [10]. The pricing’s impact on revenue was studied in [11,16].

For many airlines, nested ticketing that circumventing fare rules is explicitly forbidden, this includes
all three major US airlines American Airlines [2], Delta [7] and United [15].

In order to be compliant, one can execute nested ticketing across different airlines. That is, for a
single passenger, for each individual airline, the stay time of the round trips must not overlap. We call

∗University of Electronic Science and Technology of China, Chengdu, China, lvdongyu0214@gmail.com
†City University of Hong Kong, Hong Kong, China, yizhisong2-c@my.cityu.edu.hk
‡University of Electronic Science and Technology of China, Chengdu, China, the.chao.xu@gmail.com

1

mailto:lvdongyu0214@gmail.com
mailto:yizhisong2-c@my.cityu.edu.hk
mailto:the.chao.xu@gmail.com


this interleaved ticketing. Interleaved ticketing has been known to the frequent flyer community at large
(e.g. [1]), but no academic studies we are aware of. See Figure 1.1 for an example of nested ticketing
and interleaved ticketing with their money savings.

<latexit sha1_base64="QQipCxMQMgQpZq2vNRJcp6PjXpU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LFbBU0kKVY8FLx4rmLbQhrLZbtqlm03YnQil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dgobm1vbO8Xd0t7+weFR+fikZZJMM+6zRCa6E1LDpVDcR4GSd1LNaRxK3g7Hd3O//cS1EYl6xEnKg5gOlYgEo2glv3fh1d1+ueJW3QXIOvFyUoEczX75qzdIWBZzhUxSY7qem2IwpRoFk3xW6mWGp5SN6ZB3LVU05iaYLo6dkUurDEiUaFsKyUL9PTGlsTGTOLSdMcWRWfXm4n9eN8PoNpgKlWbIFVsuijJJMCHzz8lAaM5QTiyhTAt7K2EjqilDm0/JhuCtvrxOWrWqd12tP9QqDTePowhncA5X4MENNOAemuADAwHP8ApvjnJenHfnY9lacPKZU/gD5/MHaRSNuA==</latexit>

$150
<latexit sha1_base64="QQipCxMQMgQpZq2vNRJcp6PjXpU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LFbBU0kKVY8FLx4rmLbQhrLZbtqlm03YnQil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dgobm1vbO8Xd0t7+weFR+fikZZJMM+6zRCa6E1LDpVDcR4GSd1LNaRxK3g7Hd3O//cS1EYl6xEnKg5gOlYgEo2glv3fh1d1+ueJW3QXIOvFyUoEczX75qzdIWBZzhUxSY7qem2IwpRoFk3xW6mWGp5SN6ZB3LVU05iaYLo6dkUurDEiUaFsKyUL9PTGlsTGTOLSdMcWRWfXm4n9eN8PoNpgKlWbIFVsuijJJMCHzz8lAaM5QTiyhTAt7K2EjqilDm0/JhuCtvrxOWrWqd12tP9QqDTePowhncA5X4MENNOAemuADAwHP8ApvjnJenHfnY9lacPKZU/gD5/MHaRSNuA==</latexit>

$150

<latexit sha1_base64="mhvD3USXcP/Ic1NRbNgPlEVAq/w=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSp4KtmCH8eCF48V3LbQLiWbZtvQJLskWaEs/Q1ePCji1R/kzX9j2u5BWx8MPN6bYWZelApuLMbf3tr6xubWdmmnvLu3f3BYOTpumSTTlAU0EYnuRMQwwRULLLeCdVLNiIwEa0fju5nffmLa8EQ92knKQkmGisecEuukoHdex7hfqeIangOtEr8gVSjQ7Fe+eoOEZpIpSwUxpuvj1IY50ZZTwablXmZYSuiYDFnXUUUkM2E+P3aKLpwyQHGiXSmL5urviZxIYyYycp2S2JFZ9mbif143s/FtmHOVZpYpulgUZwLZBM0+RwOuGbVi4gihmrtbER0RTah1+ZRdCP7yy6ukVa/517Wrh3q1gYs4SnAKZ3AJPtxAA+6hCQFQ4PAMr/DmKe/Fe/c+Fq1rXjFzAn/gff4AYwGNtA==</latexit>

$200
<latexit sha1_base64="mhvD3USXcP/Ic1NRbNgPlEVAq/w=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSp4KtmCH8eCF48V3LbQLiWbZtvQJLskWaEs/Q1ePCji1R/kzX9j2u5BWx8MPN6bYWZelApuLMbf3tr6xubWdmmnvLu3f3BYOTpumSTTlAU0EYnuRMQwwRULLLeCdVLNiIwEa0fju5nffmLa8EQ92knKQkmGisecEuukoHdex7hfqeIangOtEr8gVSjQ7Fe+eoOEZpIpSwUxpuvj1IY50ZZTwablXmZYSuiYDFnXUUUkM2E+P3aKLpwyQHGiXSmL5urviZxIYyYycp2S2JFZ9mbif143s/FtmHOVZpYpulgUZwLZBM0+RwOuGbVi4gihmrtbER0RTah1+ZRdCP7yy6ukVa/517Wrh3q1gYs4SnAKZ3AJPtxAA+6hCQFQ4PAMr/DmKe/Fe/c+Fq1rXjFzAn/gff4AYwGNtA==</latexit>

$200

<latexit sha1_base64="QQipCxMQMgQpZq2vNRJcp6PjXpU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LFbBU0kKVY8FLx4rmLbQhrLZbtqlm03YnQil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dgobm1vbO8Xd0t7+weFR+fikZZJMM+6zRCa6E1LDpVDcR4GSd1LNaRxK3g7Hd3O//cS1EYl6xEnKg5gOlYgEo2glv3fh1d1+ueJW3QXIOvFyUoEczX75qzdIWBZzhUxSY7qem2IwpRoFk3xW6mWGp5SN6ZB3LVU05iaYLo6dkUurDEiUaFsKyUL9PTGlsTGTOLSdMcWRWfXm4n9eN8PoNpgKlWbIFVsuijJJMCHzz8lAaM5QTiyhTAt7K2EjqilDm0/JhuCtvrxOWrWqd12tP9QqDTePowhncA5X4MENNOAemuADAwHP8ApvjnJenHfnY9lacPKZU/gD5/MHaRSNuA==</latexit>

$150
<latexit sha1_base64="QQipCxMQMgQpZq2vNRJcp6PjXpU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LFbBU0kKVY8FLx4rmLbQhrLZbtqlm03YnQil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dgobm1vbO8Xd0t7+weFR+fikZZJMM+6zRCa6E1LDpVDcR4GSd1LNaRxK3g7Hd3O//cS1EYl6xEnKg5gOlYgEo2glv3fh1d1+ueJW3QXIOvFyUoEczX75qzdIWBZzhUxSY7qem2IwpRoFk3xW6mWGp5SN6ZB3LVU05iaYLo6dkUurDEiUaFsKyUL9PTGlsTGTOLSdMcWRWfXm4n9eN8PoNpgKlWbIFVsuijJJMCHzz8lAaM5QTiyhTAt7K2EjqilDm0/JhuCtvrxOWrWqd12tP9QqDTePowhncA5X4MENNOAemuADAwHP8ApvjnJenHfnY9lacPKZU/gD5/MHaRSNuA==</latexit>

$150

<latexit sha1_base64="X4kWG8eYgeZe98VB8vOhYprbXsk=">AAAB7HicbZDLSgMxFIbP1Futt6pLN8EquCoZ8baz4MZlBacttKVk0kwbm8kMSUYoQze+gBsXirgVfR13PoUP4Mb0stDWHwIf/38OOef4seDaYPzpZObmFxaXssu5ldW19Y385lZFR4mizKORiFTNJ5oJLplnuBGsFitGQl+wqt+7GObVW6Y0j+S16cesGZKO5AGnxFjLa+wdHuNWvoCLeCQ0C+4ECudf8P12d/NebuU/Gu2IJiGThgqidd3FsWmmRBlOBRvkGolmMaE90mF1i5KETDfT0bADtG+dNgoiZZ80aOT+7khJqHU/9G1lSExXT2dD87+snpjgrJlyGSeGSTr+KEgEMhEabo7aXDFqRN8CoYrbWRHtEkWosffJ2SO40yvPQuWw6J4Uj65woYRhrCzswC4cgAunUIJLKIMHFDjcwyM8OdJ5cJ6dl3Fpxpn0bMMfOa8/VIWSHA==</latexit>

$250
<latexit sha1_base64="X4kWG8eYgeZe98VB8vOhYprbXsk=">AAAB7HicbZDLSgMxFIbP1Futt6pLN8EquCoZ8baz4MZlBacttKVk0kwbm8kMSUYoQze+gBsXirgVfR13PoUP4Mb0stDWHwIf/38OOef4seDaYPzpZObmFxaXssu5ldW19Y385lZFR4mizKORiFTNJ5oJLplnuBGsFitGQl+wqt+7GObVW6Y0j+S16cesGZKO5AGnxFjLa+wdHuNWvoCLeCQ0C+4ECudf8P12d/NebuU/Gu2IJiGThgqidd3FsWmmRBlOBRvkGolmMaE90mF1i5KETDfT0bADtG+dNgoiZZ80aOT+7khJqHU/9G1lSExXT2dD87+snpjgrJlyGSeGSTr+KEgEMhEabo7aXDFqRN8CoYrbWRHtEkWosffJ2SO40yvPQuWw6J4Uj65woYRhrCzswC4cgAunUIJLKIMHFDjcwyM8OdJ5cJ6dl3Fpxpn0bMMfOa8/VIWSHA==</latexit>

$250

<latexit sha1_base64="kdnwIHLWo/iLsLrnrU9REwDRfxs=">AAAB7HicbZDLSgMxFIbPeK31VnXpJlgFVyUjou4suHFZwWkL7VAyaaaNzWSGJCOUoRtfwI0LRdyKvo47n8IHcGN6WWjrD4GP/z+HnHOCRHBtMP505uYXFpeWcyv51bX1jc3C1nZVx6mizKOxiFU9IJoJLplnuBGsnihGokCwWtC7GOa1W6Y0j+W16SfMj0hH8pBTYqzlNfddjFuFIi7hkdAsuBMonn/B99vdzXulVfhotmOaRkwaKojWDRcnxs+IMpwKNsg3U80SQnukwxoWJYmY9rPRsAN0YJ02CmNlnzRo5P7uyEikdT8KbGVETFdPZ0Pzv6yRmvDMz7hMUsMkHX8UpgKZGA03R22uGDWib4FQxe2siHaJItTY++TtEdzplWehelRyT0rHV7hYxjBWDnZhDw7BhVMowyVUwAMKHO7hEZ4c6Tw4z87LuHTOmfTswB85rz9LZpIW</latexit>

$100
<latexit sha1_base64="kdnwIHLWo/iLsLrnrU9REwDRfxs=">AAAB7HicbZDLSgMxFIbPeK31VnXpJlgFVyUjou4suHFZwWkL7VAyaaaNzWSGJCOUoRtfwI0LRdyKvo47n8IHcGN6WWjrD4GP/z+HnHOCRHBtMP505uYXFpeWcyv51bX1jc3C1nZVx6mizKOxiFU9IJoJLplnuBGsnihGokCwWtC7GOa1W6Y0j+W16SfMj0hH8pBTYqzlNfddjFuFIi7hkdAsuBMonn/B99vdzXulVfhotmOaRkwaKojWDRcnxs+IMpwKNsg3U80SQnukwxoWJYmY9rPRsAN0YJ02CmNlnzRo5P7uyEikdT8KbGVETFdPZ0Pzv6yRmvDMz7hMUsMkHX8UpgKZGA03R22uGDWib4FQxe2siHaJItTY++TtEdzplWehelRyT0rHV7hYxjBWDnZhDw7BhVMowyVUwAMKHO7hEZ4c6Tw4z87LuHTOmfTswB85rz9LZpIW</latexit>

$100

<latexit sha1_base64="d1+xDOthJvnq7meua7MsZOFHpYw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd2Aj2PAi8cI5gHJEmYnnWTM7MwyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJYIb6/vf3tr6xubWdmGnuLu3f3BYOjpuGpVqhg2mhNLtiBoUXGLDciuwnWikcSSwFY1vZ37rCbXhSj7YSYJhTIeSDzij1knNFuKYBL1S2a/4c5BVEuSkDDnqvdJXt69YGqO0TFBjOoGf2DCj2nImcFrspgYTysZ0iB1HJY3RhNn82ik5d0qfDJR2JS2Zq78nMhobM4kj1xlTOzLL3kz8z+ukdnATZlwmqUXJFosGqSBWkdnrpM81MismjlCmubuVsBHVlFkXUNGFECy/vEqa1UpwVbm8r5Zrfh5HAU7hDC4ggGuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBvqSOiQ==</latexit>

Week 1
<latexit sha1_base64="d1+xDOthJvnq7meua7MsZOFHpYw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd2Aj2PAi8cI5gHJEmYnnWTM7MwyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJYIb6/vf3tr6xubWdmGnuLu3f3BYOjpuGpVqhg2mhNLtiBoUXGLDciuwnWikcSSwFY1vZ37rCbXhSj7YSYJhTIeSDzij1knNFuKYBL1S2a/4c5BVEuSkDDnqvdJXt69YGqO0TFBjOoGf2DCj2nImcFrspgYTysZ0iB1HJY3RhNn82ik5d0qfDJR2JS2Zq78nMhobM4kj1xlTOzLL3kz8z+ukdnATZlwmqUXJFosGqSBWkdnrpM81MismjlCmubuVsBHVlFkXUNGFECy/vEqa1UpwVbm8r5Zrfh5HAU7hDC4ggGuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBvqSOiQ==</latexit>

Week 1
<latexit sha1_base64="FQljsoSlTIw/F1OMiOqnurYXr/o=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd2Aj2PAi8cI5gHJEmYnnWTM7MwyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJYIb6/vf3tr6xubWdmGnuLu3f3BYOjpuGpVqhg2mhNLtiBoUXGLDciuwnWikcSSwFY1vZ37rCbXhSj7YSYJhTIeSDzij1knNFuKYVHulsl/x5yCrJMhJGXLUe6Wvbl+xNEZpmaDGdAI/sWFGteVM4LTYTQ0mlI3pEDuOShqjCbP5tVNy7pQ+GSjtSloyV39PZDQ2ZhJHrjOmdmSWvZn4n9dJ7eAmzLhMUouSLRYNUkGsIrPXSZ9rZFZMHKFMc3crYSOqKbMuoKILIVh+eZU0q5XgqnJ5Xy3X/DyOApzCGVxAANdQgzuoQwMYPMIzvMKbp7wX7937WLSuefnMCfyB9/kDwCiOig==</latexit>

Week 2
<latexit sha1_base64="FQljsoSlTIw/F1OMiOqnurYXr/o=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd2Aj2PAi8cI5gHJEmYnnWTM7MwyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJYIb6/vf3tr6xubWdmGnuLu3f3BYOjpuGpVqhg2mhNLtiBoUXGLDciuwnWikcSSwFY1vZ37rCbXhSj7YSYJhTIeSDzij1knNFuKYVHulsl/x5yCrJMhJGXLUe6Wvbl+xNEZpmaDGdAI/sWFGteVM4LTYTQ0mlI3pEDuOShqjCbP5tVNy7pQ+GSjtSloyV39PZDQ2ZhJHrjOmdmSWvZn4n9dJ7eAmzLhMUouSLRYNUkGsIrPXSZ9rZFZMHKFMc3crYSOqKbMuoKILIVh+eZU0q5XgqnJ5Xy3X/DyOApzCGVxAANdQgzuoQwMYPMIzvMKbp7wX7937WLSuefnMCfyB9/kDwCiOig==</latexit>

Week 2

<latexit sha1_base64="RmE9yv94wUhiIt9wjtGa4nNmYs0=">AAAB6nicbVDLSgMxFL2pr1pfVZdugkVwVWYKPpYFN26EivYB7VAyaaYNzSRDkhHK0E9w40IRt36RO//GtJ2Fth64cDjnXu69J0wEN9bzvlFhbX1jc6u4XdrZ3ds/KB8etYxKNWVNqoTSnZAYJrhkTcutYJ1EMxKHgrXD8c3Mbz8xbbiSj3aSsCAmQ8kjTol10sOdkv1yxat6c+BV4uekAjka/fJXb6BoGjNpqSDGdH0vsUFGtOVUsGmplxqWEDomQ9Z1VJKYmSCbnzrFZ04Z4EhpV9Liufp7IiOxMZM4dJ0xsSOz7M3E/7xuaqPrIOMySS2TdLEoSgW2Cs/+xgOuGbVi4gihmrtbMR0RTah16ZRcCP7yy6ukVav6l9WL+1ql7uVxFOEETuEcfLiCOtxCA5pAYQjP8ApvSKAX9I4+Fq0FlM8cwx+gzx88KI24</latexit>

Mon
<latexit sha1_base64="RmE9yv94wUhiIt9wjtGa4nNmYs0=">AAAB6nicbVDLSgMxFL2pr1pfVZdugkVwVWYKPpYFN26EivYB7VAyaaYNzSRDkhHK0E9w40IRt36RO//GtJ2Fth64cDjnXu69J0wEN9bzvlFhbX1jc6u4XdrZ3ds/KB8etYxKNWVNqoTSnZAYJrhkTcutYJ1EMxKHgrXD8c3Mbz8xbbiSj3aSsCAmQ8kjTol10sOdkv1yxat6c+BV4uekAjka/fJXb6BoGjNpqSDGdH0vsUFGtOVUsGmplxqWEDomQ9Z1VJKYmSCbnzrFZ04Z4EhpV9Liufp7IiOxMZM4dJ0xsSOz7M3E/7xuaqPrIOMySS2TdLEoSgW2Cs/+xgOuGbVi4gihmrtbMR0RTah16ZRcCP7yy6ukVav6l9WL+1ql7uVxFOEETuEcfLiCOtxCA5pAYQjP8ApvSKAX9I4+Fq0FlM8cwx+gzx88KI24</latexit>

Mon
<latexit sha1_base64="GGOnqdD4D+0nW+2UOaxn4UxjZwI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGfBwDgniMaB6QLGF20psMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GNzO//YRK81g+mkmCfkSHkoecUWOlh1vF++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbRqVe+yenFfq9TdPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAueY2v</latexit>

Fri
<latexit sha1_base64="GGOnqdD4D+0nW+2UOaxn4UxjZwI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGfBwDgniMaB6QLGF20psMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GNzO//YRK81g+mkmCfkSHkoecUWOlh1vF++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbRqVe+yenFfq9TdPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAueY2v</latexit>

Fri
<latexit sha1_base64="RmE9yv94wUhiIt9wjtGa4nNmYs0=">AAAB6nicbVDLSgMxFL2pr1pfVZdugkVwVWYKPpYFN26EivYB7VAyaaYNzSRDkhHK0E9w40IRt36RO//GtJ2Fth64cDjnXu69J0wEN9bzvlFhbX1jc6u4XdrZ3ds/KB8etYxKNWVNqoTSnZAYJrhkTcutYJ1EMxKHgrXD8c3Mbz8xbbiSj3aSsCAmQ8kjTol10sOdkv1yxat6c+BV4uekAjka/fJXb6BoGjNpqSDGdH0vsUFGtOVUsGmplxqWEDomQ9Z1VJKYmSCbnzrFZ04Z4EhpV9Liufp7IiOxMZM4dJ0xsSOz7M3E/7xuaqPrIOMySS2TdLEoSgW2Cs/+xgOuGbVi4gihmrtbMR0RTah16ZRcCP7yy6ukVav6l9WL+1ql7uVxFOEETuEcfLiCOtxCA5pAYQjP8ApvSKAX9I4+Fq0FlM8cwx+gzx88KI24</latexit>

Mon
<latexit sha1_base64="RmE9yv94wUhiIt9wjtGa4nNmYs0=">AAAB6nicbVDLSgMxFL2pr1pfVZdugkVwVWYKPpYFN26EivYB7VAyaaYNzSRDkhHK0E9w40IRt36RO//GtJ2Fth64cDjnXu69J0wEN9bzvlFhbX1jc6u4XdrZ3ds/KB8etYxKNWVNqoTSnZAYJrhkTcutYJ1EMxKHgrXD8c3Mbz8xbbiSj3aSsCAmQ8kjTol10sOdkv1yxat6c+BV4uekAjka/fJXb6BoGjNpqSDGdH0vsUFGtOVUsGmplxqWEDomQ9Z1VJKYmSCbnzrFZ04Z4EhpV9Liufp7IiOxMZM4dJ0xsSOz7M3E/7xuaqPrIOMySS2TdLEoSgW2Cs/+xgOuGbVi4gihmrtbMR0RTah16ZRcCP7yy6ukVav6l9WL+1ql7uVxFOEETuEcfLiCOtxCA5pAYQjP8ApvSKAX9I4+Fq0FlM8cwx+gzx88KI24</latexit>

Mon
<latexit sha1_base64="GGOnqdD4D+0nW+2UOaxn4UxjZwI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGfBwDgniMaB6QLGF20psMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GNzO//YRK81g+mkmCfkSHkoecUWOlh1vF++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbRqVe+yenFfq9TdPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAueY2v</latexit>

Fri
<latexit sha1_base64="GGOnqdD4D+0nW+2UOaxn4UxjZwI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGfBwDgniMaB6QLGF20psMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GNzO//YRK81g+mkmCfkSHkoecUWOlh1vF++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbRqVe+yenFfq9TdPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAueY2v</latexit>

Fri

<latexit sha1_base64="J05nTw2SrkxsMUMeS8m46IKwLt0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozgsvNgAc9JmAWSIbQ06lJ2vQsdPcIccgTePGgiFcfwJNP4s2jb2JnOWjiDw0f/19FV5UXC660bX9ZmYXFpeWV7GpubX1jcyu/vVNTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lKK/foVQ8Cm/0IEY3oN2Q+5xRbawKtvMFu2iPRebBmULh4uP+++p9Ly2385+tTsSSAEPNBFWq6dixdlMqNWcCh7lWojCmrE+72DQY0gCVm44HHZJD43SIH0nzQk3G7u+OlAZKDQLPVAZU99RsNjL/y5qJ9s/dlIdxojFkk4/8RBAdkdHWpMMlMi0GBiiT3MxKWI9KyrS5Tc4cwZldeR5qx0XntHhSsQslGybKwj4cwBE4cAYluIYyVIEBwgM8wbN1az1aL9brpDRjTXt24Y+stx/rJJCv</latexit>e<latexit sha1_base64="J05nTw2SrkxsMUMeS8m46IKwLt0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozgsvNgAc9JmAWSIbQ06lJ2vQsdPcIccgTePGgiFcfwJNP4s2jb2JnOWjiDw0f/19FV5UXC660bX9ZmYXFpeWV7GpubX1jcyu/vVNTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lKK/foVQ8Cm/0IEY3oN2Q+5xRbawKtvMFu2iPRebBmULh4uP+++p9Ly2385+tTsSSAEPNBFWq6dixdlMqNWcCh7lWojCmrE+72DQY0gCVm44HHZJD43SIH0nzQk3G7u+OlAZKDQLPVAZU99RsNjL/y5qJ9s/dlIdxojFkk4/8RBAdkdHWpMMlMi0GBiiT3MxKWI9KyrS5Tc4cwZldeR5qx0XntHhSsQslGybKwj4cwBE4cAYluIYyVIEBwgM8wbN1az1aL9brpDRjTXt24Y+stx/rJJCv</latexit>e

<latexit sha1_base64="0BC+6LFSIm9Z2wkHM3zQvtXlubk=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozgsvNgAc9JmAWSIbQ06lJ2vQsdPcIccgTePGgiFcfwJNP4s2jb2JnOWjiDw0f/19FV5UXC660bX9ZmYXFpeWV7GpubX1jcyu/vVNTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lKK/foVQ8Cm/0IEY3oN2Q+5xRbawKbecLdtEei8yDM4XCxcf999X7Xlpu5z9bnYglAYaaCapU07Fj7aZUas4EDnOtRGFMWZ92sWkwpAEqNx0POiSHxukQP5LmhZqM3d8dKQ2UGgSeqQyo7qnZbGT+lzUT7Z+7KQ/jRGPIJh/5iSA6IqOtSYdLZFoMDFAmuZmVsB6VlGlzm5w5gjO78jzUjovOafGkYhdKNkyUhX04gCNw4AxKcA1lqAIDhAd4gmfr1nq0XqzXSWnGmvbswh9Zbz/lFJCr</latexit>a<latexit sha1_base64="0BC+6LFSIm9Z2wkHM3zQvtXlubk=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozgsvNgAc9JmAWSIbQ06lJ2vQsdPcIccgTePGgiFcfwJNP4s2jb2JnOWjiDw0f/19FV5UXC660bX9ZmYXFpeWV7GpubX1jcyu/vVNTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lKK/foVQ8Cm/0IEY3oN2Q+5xRbawKbecLdtEei8yDM4XCxcf999X7Xlpu5z9bnYglAYaaCapU07Fj7aZUas4EDnOtRGFMWZ92sWkwpAEqNx0POiSHxukQP5LmhZqM3d8dKQ2UGgSeqQyo7qnZbGT+lzUT7Z+7KQ/jRGPIJh/5iSA6IqOtSYdLZFoMDFAmuZmVsB6VlGlzm5w5gjO78jzUjovOafGkYhdKNkyUhX04gCNw4AxKcA1lqAIDhAd4gmfr1nq0XqzXSWnGmvbswh9Zbz/lFJCr</latexit>a

<latexit sha1_base64="CzvqyGRP5uv8og7V8pKVVJ2sa28=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozgsvNgAc9JmAWSIbQ06lJ2vQsdPcIccgTePGgiFcfwJNP4s2jb2JnOWjiDw0f/19FV5UXC660bX9ZmYXFpeWV7GpubX1jcyu/vVNTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lKK/foVQ8Cm/0IEY3oN2Q+5xRbayK184X7KI9FpkHZwqFi4/776v3vbTczn+2OhFLAgw1E1SppmPH2k2p1JwJHOZaicKYsj7tYtNgSANUbjoedEgOjdMhfiTNCzUZu787UhooNQg8UxlQ3VOz2cj8L2sm2j93Ux7GicaQTT7yE0F0REZbkw6XyLQYGKBMcjMrYT0qKdPmNjlzBGd25XmoHRed0+JJxS6UbJgoC/twAEfgwBmU4BrKUAUGCA/wBM/WrfVovVivk9KMNe3ZhT+y3n4A5piQrA==</latexit>

b
<latexit sha1_base64="CzvqyGRP5uv8og7V8pKVVJ2sa28=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozgsvNgAc9JmAWSIbQ06lJ2vQsdPcIccgTePGgiFcfwJNP4s2jb2JnOWjiDw0f/19FV5UXC660bX9ZmYXFpeWV7GpubX1jcyu/vVNTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lKK/foVQ8Cm/0IEY3oN2Q+5xRbayK184X7KI9FpkHZwqFi4/776v3vbTczn+2OhFLAgw1E1SppmPH2k2p1JwJHOZaicKYsj7tYtNgSANUbjoedEgOjdMhfiTNCzUZu787UhooNQg8UxlQ3VOz2cj8L2sm2j93Ux7GicaQTT7yE0F0REZbkw6XyLQYGKBMcjMrYT0qKdPmNjlzBGd25XmoHRed0+JJxS6UbJgoC/twAEfgwBmU4BrKUAUGCA/wBM/WrfVovVivk9KMNe3ZhT+y3n4A5piQrA==</latexit>

b

<latexit sha1_base64="zH0S0AIlUg+44hBdj3PNb3mcE+I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozgsvNgAc9JmAWSIbQ06lJ2vQsdPcIccgTePGgiFcfwJNP4s2jb2JnOWjiDw0f/19FV5UXC660bX9ZmYXFpeWV7GpubX1jcyu/vVNTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lKK/foVQ8Cm/0IEY3oN2Q+5xRbawKa+cLdtEei8yDM4XCxcf999X7Xlpu5z9bnYglAYaaCapU07Fj7aZUas4EDnOtRGFMWZ92sWkwpAEqNx0POiSHxukQP5LmhZqM3d8dKQ2UGgSeqQyo7qnZbGT+lzUT7Z+7KQ/jRGPIJh/5iSA6IqOtSYdLZFoMDFAmuZmVsB6VlGlzm5w5gjO78jzUjovOafGkYhdKNkyUhX04gCNw4AxKcA1lqAIDhAd4gmfr1nq0XqzXSWnGmvbswh9Zbz/oHJCt</latexit>c<latexit sha1_base64="zH0S0AIlUg+44hBdj3PNb3mcE+I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozgsvNgAc9JmAWSIbQ06lJ2vQsdPcIccgTePGgiFcfwJNP4s2jb2JnOWjiDw0f/19FV5UXC660bX9ZmYXFpeWV7GpubX1jcyu/vVNTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lKK/foVQ8Cm/0IEY3oN2Q+5xRbawKa+cLdtEei8yDM4XCxcf999X7Xlpu5z9bnYglAYaaCapU07Fj7aZUas4EDnOtRGFMWZ92sWkwpAEqNx0POiSHxukQP5LmhZqM3d8dKQ2UGgSeqQyo7qnZbGT+lzUT7Z+7KQ/jRGPIJh/5iSA6IqOtSYdLZFoMDFAmuZmVsB6VlGlzm5w5gjO78jzUjovOafGkYhdKNkyUhX04gCNw4AxKcA1lqAIDhAd4gmfr1nq0XqzXSWnGmvbswh9Zbz/oHJCt</latexit>c

<latexit sha1_base64="TF/mqMZL1KiGLNixcuPpg6BcMtw=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozgsvNgAc9JmAWSIbQ01NJ2vT0DN09QhzyBF48KOLVB/Dkk3jz6JvYWQ6a+EPDx/9X0VXlx5wp7ThfVmZhcWl5JbuaW1vf2NzKb+/UVJRIilUa8Ug2fKKQM4FVzTTHRiyRhD7Hut+/HOX1O5SKReJGD2L0QtIVrMMo0caqBO18wSk6Y9nz4E6hcPFx/331vpeW2/nPVhDRJEShKSdKNV0n1l5KpGaU4zDXShTGhPZJF5sGBQlReel40KF9aJzA7kTSPKHtsfu7IyWhUoPQN5Uh0T01m43M/7JmojvnXspEnGgUdPJRJ+G2juzR1nbAJFLNBwYIlczMatMekYRqc5ucOYI7u/I81I6L7mnxpOIWSg5MlIV9OIAjcOEMSnANZagCBYQHeIJn69Z6tF6s10lpxpr27MIfWW8/6fCQrw==</latexit>

d
<latexit sha1_base64="TF/mqMZL1KiGLNixcuPpg6BcMtw=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozgsvNgAc9JmAWSIbQ01NJ2vT0DN09QhzyBF48KOLVB/Dkk3jz6JvYWQ6a+EPDx/9X0VXlx5wp7ThfVmZhcWl5JbuaW1vf2NzKb+/UVJRIilUa8Ug2fKKQM4FVzTTHRiyRhD7Hut+/HOX1O5SKReJGD2L0QtIVrMMo0caqBO18wSk6Y9nz4E6hcPFx/331vpeW2/nPVhDRJEShKSdKNV0n1l5KpGaU4zDXShTGhPZJF5sGBQlReel40KF9aJzA7kTSPKHtsfu7IyWhUoPQN5Uh0T01m43M/7JmojvnXspEnGgUdPJRJ+G2juzR1nbAJFLNBwYIlczMatMekYRqc5ucOYI7u/I81I6L7mnxpOIWSg5MlIV9OIAjcOEMSnANZagCBYQHeIJn69Z6tF6s10lpxpr27MIfWW8/6fCQrw==</latexit>

d

Figure 1.1: Consider a two-week travel schedule where an individual based at A needs to travel to B
and return to A on Monday and Friday, respectively. In this context, � represents a flight from A to
B, and

�

symbolizes a flight from B to A. There are five round-trip tickets available: tickets a, b, and
d are operated by airline 1, while tickets c and e are by airline 2. Tickets a, b, and c are relatively
more affordable, as they include a weekend stay. For a standard round-trip covering the two weeks,
one would typically choose tickets d and e, totaling a cost of $450. However, a traveler can utilize
nested ticketing strategies by purchasing round-trip tickets a and b instead, at a total cost of $250. It
is important to note that tickets a and b are nested within airline 1. To avoid nesting within any single
airline, employing interleaved ticketing, the most cost-effective solution is to purchase round-trip tickets
a and c, resulting in a total expense of $300.

In this paper, we begin by examining an empirical scenario and subsequently model optimizing the
cost of buying some round trip tickets as matching problems. We frame the problem as identifying the
minimum weight matching satisfying some label and color constraints. Moreover, we provide a detailed
discussion of various specific scenarios arising from two key conditions: (1) whether there is a single
traveler or multiple travelers, and (2) whether nested ticketing within a single airline is allowed or
forbidden.

Our contribution We show that the optimizing the round-trip itinerary of two people allowing nested
ticketing is NP-hard. In contrast, for fixed number of airlines, one obtain polynomial time solvability if
we only allow interleaved ticketing.

2 Preliminaries
Let [n] = {1, . . . , n} to denote all positive integers up to n. We consider multigraphs where there can be
parallel edges and self-loops.
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Travelers 1 2 p ≥ 3
Nested ticketing n2+o(1) NP-hard NP-hard

Interleaved ticketing O(nk) O(n2k) O(npk)

Figure 2.1: The computational complexity of finding the optimum cost solution to the general scenario
if nested ticketing or interleaved ticketing is allowed, for k airlines, where k is a constant.

A matching is a set of disjoint edges. The matching is perfect if every vertex is contained in some
edge of the matching. The bipartite perfect matching (BPM) problem is to find a perfect matching in a
bipartite (multi)graph.

2.1 Problem Setup

We also establish three progressively more general scenarios.
The first scenario, referred to as the solo scenario, involves determining the optimal set of tickets for

an individual who requires multiple round trips to the same city, a situation commonly faced by business
travelers.

In the next scenario, we introduce the dual scenario, which considers a couple in a long-distance
relationship, residing in separate home cities. They aim to visit each other every weekend, with one
partner flying to the other’s city each Friday and returning on Sunday. This scenario is an extension of
the solo scenario, as it can be reduced to the solo case by assigning an infinite cost to the second person’s
ticket. Additionally, within the dual scenario, we define a fair dual scenario where each individual is
required to fly an equal number of times, assuming their meetings are an even number.

The general scenario, accommodating multiple travelers. Imagine a company with a client in city
C0 and p agents based in cities C1, . . . , Cp. The client requires the presence of some agent each week
for the next n weeks, who can be different each week. Every Monday, an agent travels to the client’s
city, returning on Friday. The company’s objective is to strategically schedule agents’ visits and purchase
tickets in a way that minimizes the total cost of travel.

One can observe when p = 1, the general scenario is the solo scenario.
It is somewhat less apparent, but when p = 2, the general scenario is the dual scenario. In the

dual scenario, two individuals travel to each other’s cities, rather than to a separate third location.
Nonetheless, in the general scenario, the specific destination of each agent’s travel is not the primary
concern. The crucial aspect is that if an agent does travel, their departure and return city remain
consistent, aligning with the conditions of the dual scenario.

The general scenario where only the simplest ticket buying strategy is allowed (buy a round trip
ticket for each week) is a simple assignment problem. The objective is to assign each week to an agent
such that the cost, defined as the round-trip expense for that agent in a given week, is minimized.

This is a trivial assignment problem. A simple greedy algorithm works: for each week i, we de-
termine which agent incurs the lowest cost to fly and assign that agent to the week. This process is
repeated for each subsequent week.

When considering nested ticketing, the problem can still be framed as an assignment problem, albeit
with an altered cost structure. The task remains to assign specific weeks to agents. However, in this
context, the cost of each assignment is contingent upon the specific set of weeks allocated to an agent.
Once an assignment is established, the cost for each agent can be calculated using an algorithm designed
to solve the solo scenario.

In the next section, we model our scenarios as graph matching problems with extra constraints. As
a preview, we show the computational complexity of solving different scenarios in Figure 2.1.
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2.2 Model

Consider the general scenario. For a schedule spanning n weeks, we build a multigraph comprising 2n
vertices. The edges of this graph are labeled by a function ℓ : E→ [p], where each label corresponds to a
specific agent. In this representation, the (2i−1)-th vertex signifies the outbound flight (departing from
the agent’s location) in the i-th week, while the (2i)-th vertex denotes the inbound flight (returning to
the agent’s location) in the same week. Here, i ranges from 1 to n, inclusively.

In a labelled graph where the vertices are [2n], a matching is homogeneous if (2i − 1) and (2i) are
covered by edges of the same label, for each i. A round-trip ticket for agent q, originating in the i-th
week and returning in the j-th week with a cost of c, is modeled as an undirected edge connecting
vertices (2i − 1) and (2 j), bearing the label q and assigned the weight c. In a similar vein, a one-way
ticket is represented by a self-loop. Note the graph is a bipartite graph. A homogeneous matching make
sure the in and out flight of a week is taken by the same agent. Perfect matching forces each flight has
to be taken. In order to minimize the total cost of the tickets, it translates to finding a homogeneous
perfect matching of minimum weight.

Therefore, we are interested in solving the following problem

Problem 1 (Minimum weight homogeneous BPM (HM(k)))
Input: A bipartite graph G = ([2n], E) where the bipartition is all the even vertices and all the odd vertices.
There is a label function on the edges ℓ : E→ [k], and there is a weight function w : E→ R.
Output: A homogeneous perfect matching of minimum weight.

Now, if we impose a restriction to avoid nested ticketing for each airline, this can be modeled by
introducing a color, to each edge. Specifically, for each ticket, we assign a color corresponding to its
respective airline.

We say a matching M of G = ([2n], E) is linear, if for any two edges of the same color {a, b} , {c, d} ∈
M , we have [a, b]∩ [c, d] = ;. Here [a, b] means the real interval from a to b.

To minimize the total cost of tickets in the general scenario that also does not allow nested ticketing
(but allows interleaved ticketing), is equivalent to the following algorithmic problem.

Problem 2 (Minimum weight linear homogenous BPM (LM(k, p))
Input: A bipartite graph G = ([2n], E), an edge weight function w : E→ R, edge label function ℓ : E→ [p]
and edge color function c : E→ [k].
Output: A linear homogenous perfect matching M of minimum weight.

Finally, we want to add an additional problem just to handle the fair dual scenario, allowing only
interleaved ticketing.

Problem 3 (Minimum weight fair linear homogenous BPM (FM(k))
Input: A bipartite graph G = ([2n], E) where n is an even number, an edge weight function w : E → R,
edge label function ℓ : E→ [2] and edge color function c : E→ [k].
Output: A linear homogenous perfect matching M, so either label 0 or label 1 vertices appears exactly n/2
times. Under previous constraints, the weight is minimized.

In a solution, we say a vertex has label (color) k, if it is contained in an edge of label (color) k. In
a solution, a vertex is the start vertex, if it is not the larger numbered vertex. Otherwise, it is the end
vertex. Note in particular, this means a vertex with a self-loop is an end vertex.
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f
<latexit sha1_base64="jmcSA9oCUKKXH1wJsS0d40PSWd0=">AAAB6HicbVA7SwNBEJ6LryS+opY2h0GwkHAn+CgDNpYJmAckR9jbm0vW7O0du3tCONLYWNhYKGJr75+x89fo5lFo9IOBj++bYWY+P+FMacf5tHJLyyura/lCcX1jc2u7tLPbVHEqKTZozGPZ9olCzgQ2NNMc24lEEvkcW/7wcuK3blEqFotrPUrQi0hfsJBRoo1UD3ulslNxprD/EndOytXCffD+dXdc65U+ukFM0wiFppwo1XGdRHsZkZpRjuNiN1WYEDokfewYKkiEysumh47tQ6MEdhhLU0LbU/XnREYipUaRbzojogdq0ZuI/3mdVIcXXsZEkmoUdLYoTLmtY3vytR0wiVTzkSGESmZutemASEK1yaZoQnAXX/5LmicV96xyWjdpODBDHvbhAI7AhXOowhXUoAEUEB7gCZ6tG+vRerFeZ605az6zB79gvX0DjqiQbA==</latexit>

f

<latexit sha1_base64="0BC+6LFSIm9Z2wkHM3zQvtXlubk=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozgsvNgAc9JmAWSIbQ06lJ2vQsdPcIccgTePGgiFcfwJNP4s2jb2JnOWjiDw0f/19FV5UXC660bX9ZmYXFpeWV7GpubX1jcyu/vVNTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lKK/foVQ8Cm/0IEY3oN2Q+5xRbawKbecLdtEei8yDM4XCxcf999X7Xlpu5z9bnYglAYaaCapU07Fj7aZUas4EDnOtRGFMWZ92sWkwpAEqNx0POiSHxukQP5LmhZqM3d8dKQ2UGgSeqQyo7qnZbGT+lzUT7Z+7KQ/jRGPIJh/5iSA6IqOtSYdLZFoMDFAmuZmVsB6VlGlzm5w5gjO78jzUjovOafGkYhdKNkyUhX04gCNw4AxKcA1lqAIDhAd4gmfr1nq0XqzXSWnGmvbswh9Zbz/lFJCr</latexit>a<latexit sha1_base64="0BC+6LFSIm9Z2wkHM3zQvtXlubk=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozgsvNgAc9JmAWSIbQ06lJ2vQsdPcIccgTePGgiFcfwJNP4s2jb2JnOWjiDw0f/19FV5UXC660bX9ZmYXFpeWV7GpubX1jcyu/vVNTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lKK/foVQ8Cm/0IEY3oN2Q+5xRbawKbecLdtEei8yDM4XCxcf999X7Xlpu5z9bnYglAYaaCapU07Fj7aZUas4EDnOtRGFMWZ92sWkwpAEqNx0POiSHxukQP5LmhZqM3d8dKQ2UGgSeqQyo7qnZbGT+lzUT7Z+7KQ/jRGPIJh/5iSA6IqOtSYdLZFoMDFAmuZmVsB6VlGlzm5w5gjO78jzUjovOafGkYhdKNkyUhX04gCNw4AxKcA1lqAIDhAd4gmfr1nq0XqzXSWnGmvbswh9Zbz/lFJCr</latexit>a
<latexit sha1_base64="CzvqyGRP5uv8og7V8pKVVJ2sa28=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozgsvNgAc9JmAWSIbQ06lJ2vQsdPcIccgTePGgiFcfwJNP4s2jb2JnOWjiDw0f/19FV5UXC660bX9ZmYXFpeWV7GpubX1jcyu/vVNTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lKK/foVQ8Cm/0IEY3oN2Q+5xRbayK184X7KI9FpkHZwqFi4/776v3vbTczn+2OhFLAgw1E1SppmPH2k2p1JwJHOZaicKYsj7tYtNgSANUbjoedEgOjdMhfiTNCzUZu787UhooNQg8UxlQ3VOz2cj8L2sm2j93Ux7GicaQTT7yE0F0REZbkw6XyLQYGKBMcjMrYT0qKdPmNjlzBGd25XmoHRed0+JJxS6UbJgoC/twAEfgwBmU4BrKUAUGCA/wBM/WrfVovVivk9KMNe3ZhT+y3n4A5piQrA==</latexit>

b
<latexit sha1_base64="CzvqyGRP5uv8og7V8pKVVJ2sa28=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozgsvNgAc9JmAWSIbQ06lJ2vQsdPcIccgTePGgiFcfwJNP4s2jb2JnOWjiDw0f/19FV5UXC660bX9ZmYXFpeWV7GpubX1jcyu/vVNTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lKK/foVQ8Cm/0IEY3oN2Q+5xRbayK184X7KI9FpkHZwqFi4/776v3vbTczn+2OhFLAgw1E1SppmPH2k2p1JwJHOZaicKYsj7tYtNgSANUbjoedEgOjdMhfiTNCzUZu787UhooNQg8UxlQ3VOz2cj8L2sm2j93Ux7GicaQTT7yE0F0REZbkw6XyLQYGKBMcjMrYT0qKdPmNjlzBGd25XmoHRed0+JJxS6UbJgoC/twAEfgwBmU4BrKUAUGCA/wBM/WrfVovVivk9KMNe3ZhT+y3n4A5piQrA==</latexit>

b<latexit sha1_base64="csxElSjUOyH73ai6WmVCydPvUNY=">AAAB8nicbVDLSsNAFJ3UV62vqDvdBIvgQkoi+NgIBRFcuGjBPiApZTK9aYdOZsLMRCihX+DajQtF3PoX/oE7/8JPcPpYaOuBC4dz7uXee8KEUaVd98vKLSwuLa/kVwtr6xubW/b2Tl2JVBKoEcGEbIZYAaMcappqBs1EAo5DBo2wfzXyG/cgFRX8Tg8SaMW4y2lECdZG8q/b3mWQwXEUDNt20S25YzjzxJuSYtmufn/c7j1U2vZn0BEkjYFrwrBSvucmupVhqSlhMCwEqYIEkz7ugm8oxzGoVjY+eegcGqXjREKa4toZq78nMhwrNYhD0xlj3VOz3kj8z/NTHV20MsqTVAMnk0VRyhwtnNH/TodKIJoNDMFEUnOrQ3pYYqJNSgUTgjf78jypn5S8s9Jp1aThognyaB8doCPkoXNURjeogmqIIIEe0TN6sbT1ZL1ab5PWnDWd2UV/YL3/ALmek9o=</latexit>

E1 = {e, f}
<latexit sha1_base64="csxElSjUOyH73ai6WmVCydPvUNY=">AAAB8nicbVDLSsNAFJ3UV62vqDvdBIvgQkoi+NgIBRFcuGjBPiApZTK9aYdOZsLMRCihX+DajQtF3PoX/oE7/8JPcPpYaOuBC4dz7uXee8KEUaVd98vKLSwuLa/kVwtr6xubW/b2Tl2JVBKoEcGEbIZYAaMcappqBs1EAo5DBo2wfzXyG/cgFRX8Tg8SaMW4y2lECdZG8q/b3mWQwXEUDNt20S25YzjzxJuSYtmufn/c7j1U2vZn0BEkjYFrwrBSvucmupVhqSlhMCwEqYIEkz7ugm8oxzGoVjY+eegcGqXjREKa4toZq78nMhwrNYhD0xlj3VOz3kj8z/NTHV20MsqTVAMnk0VRyhwtnNH/TodKIJoNDMFEUnOrQ3pYYqJNSgUTgjf78jypn5S8s9Jp1aThognyaB8doCPkoXNURjeogmqIIIEe0TN6sbT1ZL1ab5PWnDWd2UV/YL3/ALmek9o=</latexit>

E1 = {e, f}
<latexit sha1_base64="zH0S0AIlUg+44hBdj3PNb3mcE+I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozgsvNgAc9JmAWSIbQ06lJ2vQsdPcIccgTePGgiFcfwJNP4s2jb2JnOWjiDw0f/19FV5UXC660bX9ZmYXFpeWV7GpubX1jcyu/vVNTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lKK/foVQ8Cm/0IEY3oN2Q+5xRbawKa+cLdtEei8yDM4XCxcf999X7Xlpu5z9bnYglAYaaCapU07Fj7aZUas4EDnOtRGFMWZ92sWkwpAEqNx0POiSHxukQP5LmhZqM3d8dKQ2UGgSeqQyo7qnZbGT+lzUT7Z+7KQ/jRGPIJh/5iSA6IqOtSYdLZFoMDFAmuZmVsB6VlGlzm5w5gjO78jzUjovOafGkYhdKNkyUhX04gCNw4AxKcA1lqAIDhAd4gmfr1nq0XqzXSWnGmvbswh9Zbz/oHJCt</latexit>c<latexit sha1_base64="zH0S0AIlUg+44hBdj3PNb3mcE+I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozgsvNgAc9JmAWSIbQ06lJ2vQsdPcIccgTePGgiFcfwJNP4s2jb2JnOWjiDw0f/19FV5UXC660bX9ZmYXFpeWV7GpubX1jcyu/vVNTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lKK/foVQ8Cm/0IEY3oN2Q+5xRbawKa+cLdtEei8yDM4XCxcf999X7Xlpu5z9bnYglAYaaCapU07Fj7aZUas4EDnOtRGFMWZ92sWkwpAEqNx0POiSHxukQP5LmhZqM3d8dKQ2UGgSeqQyo7qnZbGT+lzUT7Z+7KQ/jRGPIJh/5iSA6IqOtSYdLZFoMDFAmuZmVsB6VlGlzm5w5gjO78jzUjovOafGkYhdKNkyUhX04gCNw4AxKcA1lqAIDhAd4gmfr1nq0XqzXSWnGmvbswh9Zbz/oHJCt</latexit>c

<latexit sha1_base64="TF/mqMZL1KiGLNixcuPpg6BcMtw=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozgsvNgAc9JmAWSIbQ01NJ2vT0DN09QhzyBF48KOLVB/Dkk3jz6JvYWQ6a+EPDx/9X0VXlx5wp7ThfVmZhcWl5JbuaW1vf2NzKb+/UVJRIilUa8Ug2fKKQM4FVzTTHRiyRhD7Hut+/HOX1O5SKReJGD2L0QtIVrMMo0caqBO18wSk6Y9nz4E6hcPFx/331vpeW2/nPVhDRJEShKSdKNV0n1l5KpGaU4zDXShTGhPZJF5sGBQlReel40KF9aJzA7kTSPKHtsfu7IyWhUoPQN5Uh0T01m43M/7JmojvnXspEnGgUdPJRJ+G2juzR1nbAJFLNBwYIlczMatMekYRqc5ucOYI7u/I81I6L7mnxpOIWSg5MlIV9OIAjcOEMSnANZagCBYQHeIJn69Z6tF6s10lpxpr27MIfWW8/6fCQrw==</latexit>

d
<latexit sha1_base64="TF/mqMZL1KiGLNixcuPpg6BcMtw=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozgsvNgAc9JmAWSIbQ01NJ2vT0DN09QhzyBF48KOLVB/Dkk3jz6JvYWQ6a+EPDx/9X0VXlx5wp7ThfVmZhcWl5JbuaW1vf2NzKb+/UVJRIilUa8Ug2fKKQM4FVzTTHRiyRhD7Hut+/HOX1O5SKReJGD2L0QtIVrMMo0caqBO18wSk6Y9nz4E6hcPFx/331vpeW2/nPVhDRJEShKSdKNV0n1l5KpGaU4zDXShTGhPZJF5sGBQlReel40KF9aJzA7kTSPKHtsfu7IyWhUoPQN5Uh0T01m43M/7JmojvnXspEnGgUdPJRJ+G2juzR1nbAJFLNBwYIlczMatMekYRqc5ucOYI7u/I81I6L7mnxpOIWSg5MlIV9OIAjcOEMSnANZagCBYQHeIJn69Z6tF6s10lpxpr27MIfWW8/6fCQrw==</latexit>

d

(a) The color class E1 for the rainbow match-
ing problem.

<latexit sha1_base64="ASG+pty4p7Zepzo0iy2GcscwO/0=">AAAB6nicbZDJSgNBEIZrEpcYt6h48tIYBE9hRnA5Brx4jGgWSIbQ06kkTXp6hu4eIQx5BC8eFPHqi/gKHgRPPop2loMm/tDw8f9VdFUFseDauO6nk8kuLa+s5tby6xubW9uFnd2ajhLFsMoiEalGQDUKLrFquBHYiBXSMBBYDwaX47x+h0rzSN6aYYx+SHuSdzmjxlo3STtoF4puyZ2ILII3g2I5+/H9tv+FlXbhvdWJWBKiNExQrZueGxs/pcpwJnCUbyUaY8oGtIdNi5KGqP10MuqIHFmnQ7qRsk8aMnF/d6Q01HoYBrYypKav57Ox+V/WTEz3wk+5jBODkk0/6iaCmIiM9yYdrpAZMbRAmeJ2VsL6VFFm7HXy9gje/MqLUDspeWel02uvWHZhqhwcwCEcgwfnUIYrqEAVGPTgHh7hyRHOg/PsvExLM86sZw/+yHn9AfJ1kfU=</latexit>ub
<latexit sha1_base64="ASG+pty4p7Zepzo0iy2GcscwO/0=">AAAB6nicbZDJSgNBEIZrEpcYt6h48tIYBE9hRnA5Brx4jGgWSIbQ06kkTXp6hu4eIQx5BC8eFPHqi/gKHgRPPop2loMm/tDw8f9VdFUFseDauO6nk8kuLa+s5tby6xubW9uFnd2ajhLFsMoiEalGQDUKLrFquBHYiBXSMBBYDwaX47x+h0rzSN6aYYx+SHuSdzmjxlo3STtoF4puyZ2ILII3g2I5+/H9tv+FlXbhvdWJWBKiNExQrZueGxs/pcpwJnCUbyUaY8oGtIdNi5KGqP10MuqIHFmnQ7qRsk8aMnF/d6Q01HoYBrYypKav57Ox+V/WTEz3wk+5jBODkk0/6iaCmIiM9yYdrpAZMbRAmeJ2VsL6VFFm7HXy9gje/MqLUDspeWel02uvWHZhqhwcwCEcgwfnUIYrqEAVGPTgHh7hyRHOg/PsvExLM86sZw/+yHn9AfJ1kfU=</latexit>ub

<latexit sha1_base64="wF7rYZ9qwUkGhJiI2+NzIClbkkE=">AAAB6nicbZDJSgNBEIZrEpcYt6h48tIYBE9hRnA5Brx4jGgWSIbQ06kkTXp6hu4eIQx5BC8eFPHqi/gKHgRPPop2loMm/tDw8f9VdFUFseDauO6nk8kuLa+s5tby6xubW9uFnd2ajhLFsMoiEalGQDUKLrFquBHYiBXSMBBYDwaX47x+h0rzSN6aYYx+SHuSdzmjxlo3SZu2C0W35E5EFsGbQbGc/fh+2//CSrvw3upELAlRGiao1k3PjY2fUmU4EzjKtxKNMWUD2sOmRUlD1H46GXVEjqzTId1I2ScNmbi/O1Iaaj0MA1sZUtPX89nY/C9rJqZ74adcxolByaYfdRNBTETGe5MOV8iMGFqgTHE7K2F9qigz9jp5ewRvfuVFqJ2UvLPS6bVXLLswVQ4O4BCOwYNzKMMVVKAKDHpwD4/w5AjnwXl2XqalGWfWswd/5Lz+APDxkfQ=</latexit>ua
<latexit sha1_base64="wF7rYZ9qwUkGhJiI2+NzIClbkkE=">AAAB6nicbZDJSgNBEIZrEpcYt6h48tIYBE9hRnA5Brx4jGgWSIbQ06kkTXp6hu4eIQx5BC8eFPHqi/gKHgRPPop2loMm/tDw8f9VdFUFseDauO6nk8kuLa+s5tby6xubW9uFnd2ajhLFsMoiEalGQDUKLrFquBHYiBXSMBBYDwaX47x+h0rzSN6aYYx+SHuSdzmjxlo3SZu2C0W35E5EFsGbQbGc/fh+2//CSrvw3upELAlRGiao1k3PjY2fUmU4EzjKtxKNMWUD2sOmRUlD1H46GXVEjqzTId1I2ScNmbi/O1Iaaj0MA1sZUtPX89nY/C9rJqZ74adcxolByaYfdRNBTETGe5MOV8iMGFqgTHE7K2F9qigz9jp5ewRvfuVFqJ2UvLPS6bVXLLswVQ4O4BCOwYNzKMMVVKAKDHpwD4/w5AjnwXl2XqalGWfWswd/5Lz+APDxkfQ=</latexit>ua

<latexit sha1_base64="PmVOO5ZvqWzlzRvi8uuiP8pBhIg=">AAAB6nicbZDJSgNBEIZrjEuMW1Q8eWkMgqcwI7gcA148RjQLJEPo6VSSJj09Q3dPIAx5BC8eFPHqi/gKHgRPPop2loMm/tDw8f9VdFUFseDauO6ns5RZXlldy67nNja3tnfyu3tVHSWKYYVFIlL1gGoUXGLFcCOwHiukYSCwFvSvxnltgErzSN6ZYYx+SLuSdzijxlq3g5bXyhfcojsRWQRvBoVS5uP77eALy638e7MdsSREaZigWjc8NzZ+SpXhTOAo10w0xpT1aRcbFiUNUfvpZNQRObZOm3QiZZ80ZOL+7khpqPUwDGxlSE1Pz2dj87+skZjOpZ9yGScGJZt+1EkEMREZ703aXCEzYmiBMsXtrIT1qKLM2Ovk7BG8+ZUXoXpa9M6LZzdeoeTCVFk4hCM4AQ8uoATXUIYKMOjCPTzCkyOcB+fZeZmWLjmznn34I+f1B6m3kcU=</latexit>v1
<latexit sha1_base64="PmVOO5ZvqWzlzRvi8uuiP8pBhIg=">AAAB6nicbZDJSgNBEIZrjEuMW1Q8eWkMgqcwI7gcA148RjQLJEPo6VSSJj09Q3dPIAx5BC8eFPHqi/gKHgRPPop2loMm/tDw8f9VdFUFseDauO6ns5RZXlldy67nNja3tnfyu3tVHSWKYYVFIlL1gGoUXGLFcCOwHiukYSCwFvSvxnltgErzSN6ZYYx+SLuSdzijxlq3g5bXyhfcojsRWQRvBoVS5uP77eALy638e7MdsSREaZigWjc8NzZ+SpXhTOAo10w0xpT1aRcbFiUNUfvpZNQRObZOm3QiZZ80ZOL+7khpqPUwDGxlSE1Pz2dj87+skZjOpZ9yGScGJZt+1EkEMREZ703aXCEzYmiBMsXtrIT1qKLM2Ovk7BG8+ZUXoXpa9M6LZzdeoeTCVFk4hCM4AQ8uoATXUIYKMOjCPTzCkyOcB+fZeZmWLjmznn34I+f1B6m3kcU=</latexit>v1

<latexit sha1_base64="Naw1ToYYeXGrzJu5KjVjnw5rlcU=">AAAB6nicbZDJSgNBEIZrEpcYt6h48tIYBE9hRnA5Brx4jGgWSIbQ06kkTXp6hu4eIQx5BC8eFPHqi/gKHgRPPop2loMm/tDw8f9VdFUFseDauO6nk8kuLa+s5tby6xubW9uFnd2ajhLFsMoiEalGQDUKLrFquBHYiBXSMBBYDwaX47x+h0rzSN6aYYx+SHuSdzmjxlo3SdtrF4puyZ2ILII3g2I5+/H9tv+FlXbhvdWJWBKiNExQrZueGxs/pcpwJnCUbyUaY8oGtIdNi5KGqP10MuqIHFmnQ7qRsk8aMnF/d6Q01HoYBrYypKav57Ox+V/WTEz3wk+5jBODkk0/6iaCmIiM9yYdrpAZMbRAmeJ2VsL6VFFm7HXy9gje/MqLUDspeWel02uvWHZhqhwcwCEcgwfnUIYrqEAVGPTgHh7hyRHOg/PsvExLM86sZw/+yHn9AagxkcQ=</latexit>u1
<latexit sha1_base64="Naw1ToYYeXGrzJu5KjVjnw5rlcU=">AAAB6nicbZDJSgNBEIZrEpcYt6h48tIYBE9hRnA5Brx4jGgWSIbQ06kkTXp6hu4eIQx5BC8eFPHqi/gKHgRPPop2loMm/tDw8f9VdFUFseDauO6nk8kuLa+s5tby6xubW9uFnd2ajhLFsMoiEalGQDUKLrFquBHYiBXSMBBYDwaX47x+h0rzSN6aYYx+SHuSdzmjxlo3SdtrF4puyZ2ILII3g2I5+/H9tv+FlXbhvdWJWBKiNExQrZueGxs/pcpwJnCUbyUaY8oGtIdNi5KGqP10MuqIHFmnQ7qRsk8aMnF/d6Q01HoYBrYypKav57Ox+V/WTEz3wk+5jBODkk0/6iaCmIiM9yYdrpAZMbRAmeJ2VsL6VFFm7HXy9gje/MqLUDspeWel02uvWHZhqhwcwCEcgwfnUIYrqEAVGPTgHh7hyRHOg/PsvExLM86sZw/+yHn9AagxkcQ=</latexit>u1

<latexit sha1_base64="hSvOSR48wzU+DjbI4DXckNc0u34=">AAAB6nicbZDLSsNAFIZPWi+13qriyk2wCK5KInhZFty4rGgv0IYymZy0QyeTMDMRSugjuHGhiFtfxFdwIbjyUXR6WWjrDwMf/38Oc87xE86UdpxPK5dfWl5ZLawV1zc2t7ZLO7sNFaeSYp3GPJYtnyjkTGBdM82xlUgkkc+x6Q8ux3nzDqVisbjVwwS9iPQECxkl2lg3aTfolspOxZnIXgR3BuVq/uP7bf8La93SeyeIaRqh0JQTpdquk2gvI1IzynFU7KQKE0IHpIdtg4JEqLxsMurIPjJOYIexNE9oe+L+7shIpNQw8k1lRHRfzWdj87+snerwwsuYSFKNgk4/ClNu69ge720HTCLVfGiAUMnMrDbtE0moNtcpmiO48ysvQuOk4p5VTq/dctWBqQpwAIdwDC6cQxWuoAZ1oNCDe3iEJ4tbD9az9TItzVmznj34I+v1B/V9kfc=</latexit>ud
<latexit sha1_base64="hSvOSR48wzU+DjbI4DXckNc0u34=">AAAB6nicbZDLSsNAFIZPWi+13qriyk2wCK5KInhZFty4rGgv0IYymZy0QyeTMDMRSugjuHGhiFtfxFdwIbjyUXR6WWjrDwMf/38Oc87xE86UdpxPK5dfWl5ZLawV1zc2t7ZLO7sNFaeSYp3GPJYtnyjkTGBdM82xlUgkkc+x6Q8ux3nzDqVisbjVwwS9iPQECxkl2lg3aTfolspOxZnIXgR3BuVq/uP7bf8La93SeyeIaRqh0JQTpdquk2gvI1IzynFU7KQKE0IHpIdtg4JEqLxsMurIPjJOYIexNE9oe+L+7shIpNQw8k1lRHRfzWdj87+snerwwsuYSFKNgk4/ClNu69ge720HTCLVfGiAUMnMrDbtE0moNtcpmiO48ysvQuOk4p5VTq/dctWBqQpwAIdwDC6cQxWuoAZ1oNCDe3iEJ4tbD9az9TItzVmznj34I+v1B/V9kfc=</latexit>ud
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(b) The transformed gadget.

Figure 3.1: The reduction gadget.

3 Minimum weight homogeneous BPM
We set up the problem with a bipartite graph G = ([2n], E). For simplicity, it is more helpful to consider
the vertices partitions to be U = {u1, . . . , un} and V = {v1, . . . , vn}, where ui and vi are supposed to be
contained in edges of the same label. We use G[U] to mean the induced subgraph of G on the vertex set
U .

HM(1) is the standard minimum weight bipartite perfect matching problem, which can be solved in
polynomial time [14]. Next, we will show HM(2) is a NP-hard problem. Since HM(i) is no harder than
HM( j) for i ≤ j, it proves HM(k) is NP-hard for all k ≥ 2.

For the reduction, we need a few definitions. A matching is called a rainbow matching, if each edge
in the matching has a different color.

Problem 4 (At-most-2 Rainbow BPM (A2RBPM))
Input: A bipartite graph G = (V, E) with vertex bipartition A and B. The edges are partitioned into color
classes E1, . . . , Em, such that |Ei|= 2 for each i. Also, the edges in each Ei are disjoint.
Output: A perfect matching M that is a rainbow matching.

A2RBPM is known to be NP-complete [8]. We will reduce A2RBPM to HM(2).

Theorem 3.1 HM(2) is NP-Hard.

Proof: We begin the description of the reduction to A2RBPM. Let G = (A∪ B, E), E1, . . . , Em be an
instance of A2RBPM. We want to construct an instance to HM(2), with input H = (U ∪ V, F), label
function ℓ and weight function w, such that G has a rainbow perfect matching if and only if the H has
a homogenous matching. Note our weight function will just be the all 0 weight function.

The idea is each color class in G transforms into two vertices in H.
For each vertex a ∈ A, we construct two vertices ua ∈ U and va ∈ V . va is there only for formality.

We add self-loops of each label to va. Similarly, for each vertex b ∈ B, we construct ub ∈ U and vb ∈ V
where ub has a self-loop of each label. We call va and ub dummy vertices.

For each color class Ei = {e, f }, we create vertices ui and vi and add to U and V , respectively. We
add an edge between ui and vi for each label. Assuming that e = {a, b} and f = {c, d}. We add edges
uavi and vbui of label 0. We also add edges uc vi and vdui of label 1. This forms a single gadget. This
reduction takes polynomial time.

We show that a rainbow matching in G exists if and only if a homogeneous perfect matching in H
exists.

Without loss of generality, assume the rainbow matching in G using edges ai bi ∈ Ei for i from 1 to
n. This would imply a homogeneous perfect matching in H as follows: ui and vi is matched to uai

, and
vbi

, and has the same label (either 0 or 1 depending on construction). By our construction, ua and vb
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are matched for a ∈ A and b ∈ B. For all color classes E j , we add u j v j into the matching. Finally, for
each dummy vertex, add the self-loop with the corresponding vertex’s label.

On the other hand, suppose H has a homogeneous perfect matching M . We construct a rainbow
perfect matching M ′ in G. We look at each i where ui vi ̸∈ M . Because M is a perfect matching, then
ui matched with va and vi matched with ub for some a and b. We add the edge e = ab to M ′. M ′ is a
rainbow matching since the edges do not have the same color. M ′ is a perfect matching, since if ua is
matched in M for a ∈ A, then a is also matched in M ′. It holds true for vb where b ∈ B.

Hence, this shows A2RBPM reduces to HM(2), and therefore HM(2) is NP-hard. □

4 Minimum weight linear homogeneous BPM
In this section, we show a polynomial time algorithm for LM(k, p) for fixed k and p.

4.1 Single label

For ease of understanding, we start our discussion with the scenario involving only a single label. In
this case, the primary focus is on colors rather than labels. We build a solution through dynamic pro-
gramming.

Imagine building the solution incrementally by sequentially inspecting vertices from 1 to n. At the
i-th step, the task is to determine the color of the vertex and decide whether this vertex represents the
start or end of an edge of that color. We then move to the next vertex and continue this process until
a complete solution is formed. Every solution can be constructed in this manner: one simply needs to
take any given solution and follow its pattern, performing the construction sequentially from vertices 1
to n. What information is required for each decision? As an example, if we chose the vertex to have the
color red, if the last red vertex is not an end vertex of an edge, then the current vertex has to be an end
vertex of a red edge.

Consequently, when assigning a specific color to a vertex, it is imperative to know the location of
the previous vertex of the same color and whether it is an end vertex.

Therefore, we are able to derive the required dynamic programming formulation. This information
can be effectively encoded using two vectors, A and B. Here, Ai represents the index of the preceding
vertex with color i, while Bi is assigned the value of 1 if the preceding vertex of color i is a start vertex,
and 0 if otherwise.

Formally, let A ∈ ([2n]∪ {∞})k. We say A is valid, if all the non-infinity elements in A are distinct.
Let A be all the valid vectors. We let Am to be all valid vectors where the maximum element is m.
B ∈ {0, 1}k. Define M(A, B) to be the set of feasible solutions such that the last vertex before m of color
i is Ai , and there is an edge {Ai , t} for some t > i if and only if Bi = 0. Note if there is no vertex before
m of color i, Ai would be ∞. Define D[A, B, m] = minM∈M(A,B)w(M[Vm]), where Vm are the first m
vertices.

The solution to our problem is precisely min{D[A, B, 2n] | A ∈ A2n, B ∈ {0,1}k}. We describe the
recurrence relation, where A is a valid vector with max(A) = m, and Ai = m.

First, in order to construct a solution captured by D[A, B, m], we can look at what is happening
before, at D[A′, B′, m− 1]. Observe here A′j = A j for all j ̸= i, and B′j = B j for all j ̸= i. Therefore, we
just have to know about A′i and B′i . We consider two different cases. If Bi = 1, then this implies m is an
end vertex of color i, and we can ask where is the start vertex. Again, there are two cases: either the
start vertex is m, or the start vertex is before m. In the first case, we can see A′i to be anything other than
the positive elements in A′j and B′i = 1. In the second case, we would mark A′i to be any valid number,
and set B′i = 0. Subsequently, if Bi = 0, this situation becomes straightforward. We simply choose A′i to
be any valid number and then set B′i = 1.
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D[A, B, m]:
if m= 0 :

return 0
i← the index where Ai = m
A′← A
B′← B
X ← ;
N ← [m− 1] \ {A j | j ∈ [k]} ∪ {∞}
for n′ in N :

A′i ← n′

if Bi = 0:
B′i ← 1
X ← X ∪ {D[A′, B′, m− 1]}

if Bi = 1:
B′i ← 0
X ← X ∪ {D[A′, B′, m− 1] +w(e(A′i , m, i))}
B′i ← 1
X ← X ∪ {D[A′, B′, m− 1] +w(e(m, m, i))}

return min(X )

Figure 4.1: Pseudocode to find the optimal value. Assume e(a, b, i) returns the edge between a and b
with color i.

The base case is when m = 0, which we would define it to be 0. The pseudocode can be seen in
Figure 4.1.

Observe that the number of states in the dynamic program initially appears to be O(nk2kn). How-
ever, the last parameter is actually determined by the first vector, reducing the number of states to
O(nk2k). To compute a single state, we require O(n) time. Thus, the total running time would be
O(nk+12k). A more refined analysis, however, allows us to eliminate a factor of n.

Consider a graph representing the states in the dynamic program. There is an edge from state
(A′, B′, m− 1) to state (A, B, m) if D[A, B, m] calls D[A′, B′, m− 1]. We assert that this graph has at most
O(knk2k) edges. Indeed, for a given (A′, B′, m− 1), there are at most 2k different (A, B, m) that depend
on it. This is because A can differ from A′ in only one coordinate, and if different, that coordinate
must be m. Thus, the number of possible A is at most k. Similarly, B and B′ can differ in at most one
position, which must align with the same position of A, allowing at most 2 choices. As such, the number
of outgoing edges from (A′, B′, m − 1) is at most 2k. Consequently, the dynamic program operates in
O(knk2k) time. For a fixed k, the runtime is O(nk), leading us to the following theorem.

Theorem 4.1 LM(k, 1) can be solved in O(nk) time for a graph on n vertices for fixed k.

4.2 Multiple labels

The idea is basically identical to the single label version. However, we now need to concurrently track
both the color and label of each vertex. We define the ordered pair comprising the color and label of a
vertex as the vertex’s signature. For instance, a vertex with label i and color j possesses the signature
(i, j).

In place of the vectors A and B, we now require matrices A and B. Here, Ai, j represents the last
vertex that holds the signature (i, j), while matrix B indicates whether the last vertex with signature
(i, j) is an end vertex. The complete pseudocode for this dynamic programming approach is provided
in Figure 4.2. The primary modification from the single label version is the enforcement that the label
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of vertex (2i − 1) must match that of vertex (2i). Utilizing a similar process, we arrive at our main
theorem.

D[A, B, m]:
if m= 0 :

return 0
i, q← the index where Ai,q = m
A′← A
B′← B
X ← ;
〈〈Make sure the labels are the same.〉〉
if i%2= 0 and m− 1 ̸∈ {A j,q| j ∈ [k]}:

N ← {m− 1}
else:

N ← [m− 1] \ {A j,q′ | j ∈ [k], q′ ∈ [p]} ∪ {∞}
for n′ in N :

A′i,q ← n′

if Bi,q = 0:
B′i,q ← 1
X ← X ∪ {D[A′, B′, m− 1]}

if Bi,q = 1:
B′i,q ← 0
X ← X ∪ {D[A′, B′, m− 1] +w(e(A′i,q, m, i, q))}
B′i,q ← 1
X ← X ∪ {D[A′, B′, m− 1] +w(e(m, m, i, q))}

return min(X )

Figure 4.2: Pseudocode to find the optimal value for multiple labels. Assuming e(a, b, i, q) returns the
edge between a and b with color i and label q.

Theorem 4.2 LM(k, p) can be solved in O(nkp) time for a graph on n vertices when k and p are fixed.

Remark If we define kq to be the number of possible colors when fixing the label to be q, then the

running time would be O(n
∑p

q=1 kq).

Furthermore, it is straightforward to observe that FM(k) can be resolved by additionally recording
the number of occurrences of label 0 in the solution. This modification results in an increase in the
running time by an additional factor of O(n) compared to LM(k, 2). Consequently, we establish the
following theorem.

Theorem 4.3 FM(k) can be solved in O(n2k+1) time for fixed k.

5 Experiments
We acquired a dataset of airfare prices from Google Flights, which includes the ticket information from
New York to Los Angeles for ten weeks starting from March 11, 2024 (Monday). During the data
collection, we limited the airlines to three commonly seen carriers on this route, namely American,
United, and Delta, and the tickets were specifically for flights departing on Monday and returning on
Friday.

For comparative analysis, we conducted three distinct experimental sets. In the first strategy, termed
‘simple round trip’, we purchased round-trip tickets on a weekly basis without allowing for any nesting.
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In the second strategy, we permitted interleaved ticketing. The third and final strategy allowed for
nested ticketing. The outcomes of these different strategies are detailed in Table 1.

Price
Week Count

4 weeks 5 weeks 6 weeks 7 weeks 8 weeks

Simple Round Trip 1352 1687 2022 2366 2701
Interleaved Ticketing 1221 1501 1836 2137 2424

Nested Ticketing 1193 1464 1798 2098 2387

Table 1: The cost for solo scenario, in US dollars.

Price
Week Count

4 weeks 5 weeks 6 weeks 7 weeks 8 weeks

Simple Round Trip 1297 1632 1967 2311 2646
Interleaved Ticketing 1183 1463 1753 2043 2378

Nested Ticketing 1183 1463 1753 2043 2378

Table 2: The cost for dual scenario, in US dollars.

As indicated in Table 1, for purchasing tickets across consecutive weeks of future travel, interleaved
ticketing typically offers a savings of about 10% compared to the simple round trip strategy. While
nested ticketing may be more cost-effective, this method is prohibited by airlines. With only a marginal
price difference compared to nested ticketing, interleaved ticketing emerges as the more advantageous
ticket-purchasing strategy for compliance with airline policies.

In the dual scenario, further experiments were conducted and comparatively analyzed. The results
of these experiments are displayed in Table 2.

The findings align with our expectations. Similar to the solo scenario, interleaved ticketing in the
dual scenario yields savings of over 10% compared to simple round trips. Interestingly, for our specific
data, nested ticketing is not more cost-effective than interleaved ticketing, despite differences in flight
selections under varying constraints. This suggests that the optimal solution might inherently exclude
any nesting within airlines.

When considering fairness between two individuals, we documented the results under a specific
scenario where both parties fly an equal number of times over a six-week period. The results are as
follows: the cost for a simple round trip totaled $1967, while both interleaved and nested ticketing
strategies resulted in a cost of $1764, approximately 10% less expensive.

Acknowledgements. Chao like to thank Lingyu Xu for the inspiration of the problem, Naonori
Kakimura for helpful pointers related to constrained matchings, and美卡论坛, where he learned about
airline booking ploys.
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